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Preface 


The present book originates from a report issued in 1944 under the 
auspices of the Office of Scientific Research and Development. Much 
material has been added and the original text has been almost entirely 
rewritten. The book treats basic aspects of the dynamics of com¬ 
pressible fluids in mathematical form; it attempts to present a 
systematic theory of nonlinear wave propagation, particularly in 
relation to gas dynamics. Written in the form of an advanced text¬ 
book, it accounts for classical as well as some recent developments, 
and, as the authors hope, it reflects some progress in the scientific 
penetration of the subject matter. On the other hand, no attempt 
has been made to cover the whole field of nonlinear wave propagation 
or to provide summaries of results which could be used as recipes for 
attacking specific engineering problems. 

The book has been v/ritten by mathematicians seeking to under¬ 
stand in a rational way a fascinating field of physical reality, and 
willing to accept compromise with empirical approach. The authors 
hope that it will be helpful to engineers, physicists, and mathemati¬ 
cians alike, and that it will not be rejected by mathematicians as too 
heavily loaded with physical assumptions or by others as too strictly 
mathematical. 

Dynamics of compressible fluids, like other subjects in which the 
nonlinear character of the basic equations plays a decisive role, is far 
from the perfection envisaged by Laplace as the goal of a mathe¬ 
matical theory. Classical mechanics and mathematical physics 
predict phenomena on the basis of general differential equations and 
specific boundary and initial conditions. In contrast, the subject of 
this book largely defies such claims. Important branches of gas 
dynamics still center around special types of problems, and general 
features of connected theory are not always clearly discernible. 
Nevertheless, the authors have attempted to develop and to empha¬ 
size as much as possible such general viewpoints, and they hope that 
this effort will stimulate further advances in this direction. 
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In a field which during recent years has attracted so many workers 
and in which such diverse practical and theoretical interests have 
asserted themselves, the authors found a balanced survey impossible; 
instead they have followed a path dictated largely by their personal 
interests and experience. The names of scientists with whom the 
authors happened to be in close contact appear frequently; names of 
others may ha^e been omitted. No fair appraisal could be made of 
the merits of many recent contributions. This is true in particular of 
the large number of reports issued during the war by various agencies 
and still not freely accessible. In order to avoid further delay, the 
authors are publishing this book without a complete survey of the 
literature. 

The book was prepared for publication with the cooperation of 
members of the staff of the Institute for Mathematics and Mechanics 
in New York University. The main burden of the editorial work, done 
for the original report by R. Shaw, has been carried by Cathleen Synge 
Morawetz, who has also contributed constructive criticism in many 
details, and whose understanding and competent assistance have been 
invaluable. L. J. Savage cooperated actively in rewriting the first 
chapter and other parts of the original report. D. A. Flanders has 
helped greatly by reading parts of the manuscript and suggesting 
important improvements. W. Y. Chen, W. M. Hirsch, E. Isaacson, 
A. I^eitner, S. C. Lowell, and M. Sion have assisted in this publication 
by reading proofs and making useful suggestions. The drawings, 
many of which represent actual conditions, have been carried out by 
G. W. Evans and J. R. Knudsen. The preparation of the manuscript 
was in the competent hands of Edythe Rodermund and Harriet 
Schoverling. 

Much more than a formal acknowledgement is due to the Office of 
Naval Research, not only for the generous support under Contract 
N6ori-201, Task Order No. 1, which made possible the preparation of 
the book, but also for the stimulating active interest of its staff mem¬ 
bers in the progress of the work. 

Thanks also should be expressed to Interscience Publishers for the 
cooperative attitude of their staff, and for the genuine interest of their 
officers in the promotion of scientific publications. 

The book is dedicated to Warren Weaver. As chief of the Applied 
Mathematics Panel during the war, he rendered very great services, 
not only for the problems of the day, but even more so for the lasting 
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benefit of the mathematical sciences. For us personally his steady 
interest in the present work has been a source of encouragement. 
Thus the dedication of the book is as well a token of friendship as a 
tribute to a man whose energy and vision have contributed so much 
to the recent development of applied mathematics in this country. 

R. CouRANT and K. 0. Friedrichs 


August, 194s 
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CHAPTER I 


Compressible Fluids 


Violent disturbances—such as result from detonation of ex¬ 
plosives, from the flow* through rocket nozzles, from supersonic 
flight of projectiles, or from impact on solids—differ greatly from the 
“linear” phenomena of sound, light, or electromagnetic signals. 
In contrast to the latter, their propagation is governed by nonlinear 
differential equations, and as a consequence the familiar laws of 
superposition, reflection, and refraction cease to be valid; but even 
more novel features appear, among which the occurrence of shock 
fronts is the most conspicuous. Across shock fronts the medium 
undergoes sudden and often considerable changes in velocity, 
pressure, and temperature. Even when the start of the motion is 
perfectly continuous, shock discontinuities may later arise automati¬ 
cally. Yet, under other conditions, just the opposite may happen; 
initial discontinuities may be smoothed out immediately. Both these 
possibilities are essentially connected with the nonlinearity of the 
underlying equations. 

Nature confronts the observer with a wealth of nonlinear wave 
phenomena, not only in the flow of compressible fluids, but also in 
many other cases of practical interest. One example, rather different 
from those mentioned above, is the catastrophic pressure in a crowd 
of panicky people who rush toward a narrow exit or other obstruc¬ 
tion. If they move at a speed exceeding that at which warnings are 
passed backward, a pressure wave arises much like that behind a shock 
front receding from a wall. Related phenomena, such as congestion 
in traffic, seem to be essentially due to similar conditions. In this 
book, however, we shall concentrate primarily on the theory of com¬ 
pressible fluids. 

Understanding and control of nonlinear wave motion is a matter 
of obvious importance. During a period beginning almost a hundred 
years ago, Stokes, Eamshaw, Riemann, Rankine, Hugoniot, Lord 
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Rayleigh, and later Hadamard and others wrote fundamental papers 
inaugurating this field of research. Then the development was left 
mainly to a small group of ingenious men in the fields of mechanics 
and engineering. During the last few years, however, when the 
barriers between applied and pure science were forced down, a wide¬ 
spread interest arose in nonlinear wave motion, particularly in shock 
waves and expansion waves. 

It is the puffiose of the present book to make the mathematical 
theory of nonlinear waves more accessible, giving particular atten¬ 
tion to some recent developments.* 

1, Qualitative differences between linear and nonlinear waves 

Some characteristics of nonlinear wave motion can be described 
in general terms. In linear wave motion, as, for example, in the 
transmission of sound, disturbances are always propagated with a 
definite speed (relative to the medium) which may vary within the 
medium. This “sound speed'' is a local property of the medium 
itself and remains the same for every conceivable linear wave motion 
in the medium. Such a sound speed also plays a role in nonlinear 
wave motion. Small disturbances or “wavelets," slightly modify¬ 
ing a given primary wave motion, are propagated with a certain 
speed, again called sound speed, though in this case the sound speed 
depends not only on the position within the medium but on the state 
of the medium induced by the primary motion. 

The distinctive feature of nonlinear waves, however, concerns dis¬ 
turbances or discontinuities which are not necessarily small. In 
linear wave motion any initial discontinuity across a surface is pre¬ 
served as a discontinuity and propagated with sound speed. Non¬ 
linear wave motion behaves in a different manner: Suppose there is 
an initial discontinuity between two regions of different pressures, 
densities, and flow velocities. Then there are the following alternative 
possibilities: either the initial discontinuity is resolved immediately 
and the disturbance, while propagated, becomes continuous, or the 
initial discontinuity is propagated through one or two shock fronts, 
advancing not at sonic but at supersonic speed relative to the medium 

* For the theory of compressible flow reference may be made to [3,4,5]; 
different approaches are given by Sauer [6] and Liepmann and Puckett [7]. 
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ahead of them. As previously stated, shock fronts are the most 
conspicuous phenomena occurring in nonlinear wave propagation, 
even without being caused by initial discontinuities they may 
appear and be propagated. The underlying mathematical fact is 
that, unlike linear partial differential equations, nonlinear equations 
often do not admit solutions which can be continuously extended 
wherever the differential equations themselves remain re^lar. 

Another striking difference between linear and nonlinear waves 
concerns the phenomenon of interaction: the principle of superposition 
holds for linear waves but not for nonlinear waves. As a consequence, 
for example, excess pressures of interfering sound waves are merely 
additive; in contrast to this fact, interaction and reflection of nonlinear 
waves may lead to enormous increases in pressure. 

A. General Equations of Flow. Thermodynamic Notions 
2. The medium 

We shall be primarily concerned with a moving fluid, though 
many of the results apply to other moving media (e.g. to a solid slab 
in longitudinal wave motion). In this section we shall set forth 
the properties of the medium that will be assumed throughout the 
book and we shall describe certain idealized media of special interest. 
Moreover, since gas dynamics is thoroughly interwoven with thermo¬ 
dynamical concepts, it is appropriate to insert here a collection of 
basic notions of thermodynamics in a suitable mathematical form.* 
Except where the motion is discontinuous, viscosity, heat con¬ 
duction, and deviation of the medium from thermodynamic equilib¬ 
rium (at any instant and any point) will be neglected. Some critical 
comments concerning the neglect of these phenomena will be made 
in later chapters. In particular it will be shown that viscosity a.nd 
heat conduction play an important role in forming and maintaining 

shock discontinuities. . , c • 

At each instant and each point of the fluid there is a definite state 

(of thermodynamic equilibrium) defined by: 
p the pressure, 

T the temperature, 

♦For textbooks on thermodynamics see Epstein [201 and Zemansky [211. 
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T the specific volume (i.e. volume per unit mass), 
p the density, with pr = 1, 

S the specific entropy, 

e the specific (internal) energy, and 

i the specific enthalpy,* defined by ^ = e + pr. 

It is known from thermodynamics that for any given medium only 
two of the parameters p, T, r, e, and S are independent. In fact 
they may all 06 considered as functions of r and S. 

The internal energy gained by the medium during a change from 
one state to another is the heat contributed to the medium plus the 
work done on the medium by compressive action of the pressure 
forces. For a change from one state to an immediately neighboring 
one this fundamental fact is expressed by the relation 

(2.01) de = TdS - pdr. 

In a reversible process, TdS is the heat acquired by conduction; 
in an irreversible process, TdS is greater than the heat so a(;quired. 
If the irreversible process is one that can be described as determined 
by the action of viscosity, then the excess of TdS over the lieat ac¬ 
quired by conduction may conveniently be interpreted as the heat 
produced by viscous forces. 

Suppose that for some medium we know how the specific energy e 
depends on r and S. Then the pressure p and temperature T may 
immediately be found on considering the meaning of relation (2.01). 
Thus 

(2.02) 1 T Cs j 

the subscripts indicating partial differentiation.** 

The functions giving p in terms of p, or r, and S, occurring so 
frequently in the theory of fluid flow, will consistently be denoted by 

(2.03) p = /(p, S); p = g{T, S). 

Extending slightly the conventional nomenclature, we shall call 
either of these equations the caloric equation of state of the medium. 

Neglecting viscosity and heat conduction is tantamount to 
assuming that as a particle of the medium moves about, the specific 

* The notion of enthalpy will be discussed in Section 9. 

Nearly everywhere in the book, we indicate partial derivatives by 
subscripts. 



THE MEDIUM 


5 


entropy at the moving particle remains constant, i.e. the changes in 
state at the particle are adiabatic. We shall, therefore, often be 
interested in /(p, S) and p(r, S) considered simply as functions of 
p and r respectively, with the specific entropy S fixed; indeed, in 
some cases these functions will be written in the abbreviated form 
/(p) and p(t). The equation p = /(p) = g{r) is then called the 
adiabatic equation. 

The word isentropic would perhaps be more accurate here than 
adiabatic. If, for example, heat conduction were absent but vis¬ 
cosity present, the changes would be adiabatic (heat not flowing to 
or from the particle), but not isentropic (the entropy at the par¬ 
ticle generally increasing). But we are reserving the word isentropic 
for another concept*, that of constant entropy throughout the medium. 

It is a fundamental property of all actual media that, entropy 
remaining constant, the pressure increases with increasing density 
(or decreasing specific volume), that is, 

(2.04) /p(p, S) >0; {7r(T, S) < 0, 

except in the limiting case p = 0, in which/p = 0. Because of (2.04) 
we can define a positive quantity c, with the dimension of speed, by 

(2.05) ^ " -Orir, S). 

dp 

This important quantity c is called the sound speed, a name which 
will be justified in Section 35, Chapter II; the quantity pc is fre¬ 
quently called the acoustic impedance. 

For any value of S, the function g{r, S) is generally convex 
downward. We therefore assume throughout this book, except 
where the contrary is noted, that 

(2.06) grrir, S) > 0. 

It is useful to recognize that together with (2.04), /,p(p, iS) > 0 implies 
(2.06). 

We make the additional assumption that, for constant specific 
volume, the pressure increases with entrbpy, 

(2.07) gair, S) > 0. 

From equations (2.02) we see that this assumption is equivalent to 
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assuming that, at constant entropy, the temperature increases with 
increasing density. 

For gases, for which the density may approach zero, we make 
the additional assumption 

(2.08) c -> 0 , rp -> 0 , T -> 0 , c 0 , as p 0 . 

The theory^ nonlinear wave motion can be carried quite far 
without further assumptions about the medium. There are, how¬ 
ever, various media of particular physical interest, which are de¬ 
scribed in Sections 3—6 (jn somewhat more detail than is necessary 
for the subsequent mathematical treatment). 

3, Ideal gases, poly tropic gases, and media with separable energy 

In practically all applications of the theory to gases the medium 
may, wdth sufficient accuracy, be assumed to be an ideal gas, that is 
a medium which satisfies the law^s of Boyle and Gay-Lussac as ex¬ 
pressed by the equation of state 

(3.01) pr = RT. 

Here the constant R may be taken to be the universal gas constant 
Rq divided by the effective molecular w eight of the particular gas. 

In an ideal gas the internal energy is a junction of the temperature 
alone, see Section 4 . If, in particular, the internal energy is simply 
proportional to the temperature T, the gas is called polytropic. For 
such gases we may write 

( 3 . 02 ) « = c,T, 

where the constant Cv is the specific heat at constant volume. The 
assumption that a gas is polytropic is made in most applications of the 
theory; it leads, together with ( 3 , 01 ), to the entropic equation 
of state 

(3.03) p = Up, S) = Ap\ 

in which the coefficient A depends on the entropy, S and the adia¬ 
batic exponent 7 is a constant between 1 and for media most usually 
occurring. Air at moderate temperatures may be considered poly¬ 
tropic with 7 = 1.4. 
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The equivalence of (3.02) and (3.03) will be proved in Section 4. 
Here we mention that c„ equals R/(ci — 1), so that 


(3.04) e = pr; 

7 - 1 

and 

(3.05) yl = (t - 1) exp c7'(S’ - ,So), 


with an appropriate constant Sq . 

The sound speed of a polytropic gas is, according to (2.05) and 
(3.03), characterized by the simple relations 

(3.0G) c = 7^P^~^ = TPr = yRT. 

For later reference we note for poly tropic gases: 


(3.07) 

(3.08) 

(3.09) 


A -( 7 - 1 ) _ ^ ^( 7 - 1 ) 

- T -- p , 

7 - 1 7—1 

RT = , 

p = Ap'^ = Ar~^ . 


It follows immediately from (3.09) that a poly tropic gas satisfies 
the monotonicity and convexity conditions (2.04) and (2.06). 

In terms of p and r, the energy is given by (3.04), the tempera¬ 
ture by (3.01), and the entropy by the relation 


(3.10) S - So = Cv\og {pr'^/iy - 1)1, 


which follows from (3,05) and (3.09). 

In gases the pressure depends noticeably on the specific entropy. 
However, in some cases, especially if the medium is a liquid, the 
influence of changes in entropy is negligible, so that p may be con¬ 
sidered a function of density (or specific volume) alone. In this case 
the entropic equation of state takes the form 

(3.11) V = /(p) or p = gir) 
and as a consequence of (2.01) and (2.02) 

(3.12) e = e‘‘’(T) + e®(60. 

Conversely separable energy as expressed by (3.12) implies (3.11). 
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Similarly, the condition that T depends only on S is equivalent to 
that of separable energy. 

The most important medium with approximately separable energy 
is water. For water the caloric equation of state has some resem¬ 
blance to that of a perfect gas: 


(3.13) 




V 



-B, 


where po is the density at 0° centigrade, and A,B, and y are practically 
independent of the entropy. The particular values for water are 
-y = 7, B = 3000 atm., A = 3001 atm., approximately. 


4. Mathematical comments on ideal gases 

It seems worth while, though it is not essential for the subsequent 
sections, to prove quite generally the fact that the internal energy 
of an ideal gas is a function of the temperature alone, and to establish 
the relationship between this function and the entropic equation of 
state. For any ideal gas, we obtain, using the value T = pr/R from 
(3.01) in (2.02), the linear partial differential equation for e, 

( 4 . 01 ) Res + rer = 0 , 

the general solution of which is 

(4.02) e = A(tH), 

where h is an arbitrary function and 

(4.03) H = exp(- S/R). 

The entropic equation of state is therefore 

(4.04) P = -e. = -/i'(rH)H = -ft'(p"‘H)H; 

here h' is the derivative of h. For an ideal gas it follows from (4.04) 
that the monotonicity and convexity conditions (2.04) and (2.06) 
are respectively equivalent to the conditions that the second deriva¬ 
tive of h be positive and the third derivative of h be negative, 

(4.05) > 0; V"(tH) < 0. 
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The temperature of an ideal gas is given by 


(4.06) 


T = es = 






Equation (4.06) shows that T like e depends only on tH. For any 
actual medium, T is a strictly decreasing function of this variable. 
Therefore, it is possible to solve (4.06) for tH in terms of T, and then 
by (4.02) to express e as a function of T. In other words, the specific 
energy of an ideal gas depends only on the temperature. 

According to (2.05) and (4.04) the sound speed for an ideal gas 
is given as a function of r and S by 

(4.07) c*(r, S) = fe"(rH)T*H*; 

thus the sound speed, like the specihc energy, depends ordy on the tem¬ 
perature. The connection of sound speed with energy and tem¬ 
perature in the case of an ideal gas is brought out by the equation 



= y{T)RT, 


in which the dimensionless quantity y{T) 
convenient abbreviation for 1 -r-- 


is here introduced as a 
Equation (4.08) is easily 


derived from (4.07) by verifying Cr -t- RTr = —/i"(tH)tH and RT = 
— re, from (4.04) and (4.08). 

We note that 


(4.09) 


de _ R 

dT “ y{T) - 1 


is the “specific heat at constant volume,” see Section 9. 

For a polytropic gas, that is an ideal gas for which e is simply 
proportional to T as expressed through (3.02), the function y{T) 
is constant. In fact from (4.08) and (3.02), 

(4.10) 7 = 1-1- i2c7\ 

or c, = R/{y — 1), as mentioned earlier. 
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Since Cv and R are positive, 

(4.11) 7 > 1;* 

where the elementary kinetic theory of gases applies it is known that 

(4.12) 7 < I- 

Inserting (4.02> and (4.06) in (3.02), we obtain by (4.10) 

(4.13) h'irll) = - (7 - 1) (rH)“’;i(rH). 

Therefore 



where the presence of the constant Ho reflects the fact that the specific 
entropy is defined only within an arbitrary constant. 

From (4.04) we then have 

(4.15) V = A(S)t'\ 

where A{S) is given by 

A = A(5) = (7 -- = (7 - 1) exp (c 7'(-5 - -So)), 

in accordance with (4.02) and (3.05). Relation (4.15) is equivalent 
to (3.03). This form of the caloric equation of state is thus derived 
from the basic assumption (3.02). 

5. Solids which do not satisfy Hookers law 

In contrast to fluids, solids resist shear so that the thermodynamic 
description of a solid (involving, as it does, many components of 
stress and strain) is much more complicated than that of a fluid. 
But if attention is confined to plane longitudinal waves moving nor- 

* Frequently, in particular in the theory of subsonic flow, see [12], the 
adiabatic equation p — gir) is approximated by the equation 

p = —k^(T — To) 4- g{To)f 

which does not satisfy condition (2.06). Aside from an additive constant, 
this relation between p and t would correspond to a polytropic gas with 

- 1 . 


y * 
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mal to the faces of a slab, no shearing forces arise. Then there is 
quite a good analogy between elastic solids and fluids. Neglecting 
the effects of changes of entropy, the state at a cross section of the 
slab is characterized by two variables p and r analogous to the pres¬ 
sure and specific volume of a fluid. In this context p denotes the 
negative of the ^'engineering stress,’^ i.e., the negative of the force 
acting in the normal direction on the cross section of the slab divided 
by the original area of the cross section of the unstrained slab; and 

r = ro(l + «), 

where tq is the specific volume of the unstrained slab and e is the strain. 
The entropic equation of state almost always used for an elastic 
solid slab is expressed by Hooke’s law, which in our notation is 

E 

(5.01) P = (i-o - r)-. 


where E is Young’s modulus. 

When Hooke’s law applies, the wave motion is linear; more ac¬ 
curately, but somewhat in anticipation of Chapter II, this motion 
is linear from the Lagrangian but not from the Hulerian point of 
view. Therefore, our special concern is with solids to which Hooke s 
law does not apply, that is, solids with a more general caloric equa¬ 
tion of state than (5.01); 

(5.02) P = !)'(’■)• 

Just as in the case of a fluid, we shall assume p to decrease with 
increasing t. W^e shall also assume that p, as a function of t, is 
never convex away from the p-axis and that it vanishes at t = to . 
These assumptions are formally expressed by 

(/'(t) < 0 


(5.03) 


Sf(To) = 0 

g"{T) < 0 for T < To 
> 0 for T > To. 


These conditions imply that, except for terms of higher than the 
second order, the solid satisfies Hooke’s law in the neighborhood of 
TO . Note also that the last part of (5.03) is in contrast to (2.06). 
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Though not themselves plastic, these solids to which Hooke's 
law does not apply have played a role in some studies of plasticity. 
For more details see the appendix to Chapter III, in which there 
is a graph of a typical “non-Hookian" equation of state. 


6, Discrete media 

Wave motion can be studied in a medium consisting of a chain of 
masses connected with one another by springs which do not, 
in general, obey Hookeis law. There is a definite analogy be¬ 
tween such discrete media and the continuous media which are our 
immediate object of interest. This analogy can be exploited in 
either direction; in some computations it proves advantageous to 
approximate a continuous medium by a discrete one and vice versa, 
see e.g. [58]. 

7. Differential equations of motion* 

The questions to be studied in this book are intimately associated 
with the general framework of the differential equations of fluid dy¬ 
namics, which govern the motion of the medium except at discon¬ 
tinuities. This system of equations expresses: 

a. The principle of conservation of mass, 

b. Newton's law of conservation of momentum, 

c. The condition that changes of state are adiabatic, 

d. The particular form of the equation of state. 

The differential equations, together with appropriate initial and 
boundary conditions, determine an individual phenomenon. 

In the remaining sections of this chapter a brief survey of classical 
results about the equations of hydrodynamics is given in a form 
suitable for our purposes. 

The equations of fluid dynamics can be expressed in two different 
forms, Lagrange^s form and Eulefs form. The .equations in 
Lagrangian form describe the motion in terms of the paths of the 
individual particles of the gas, i.e., the coordinates x, y, z of the par¬ 
ticle as functions of the time t and three parameters a, 6, c which 

♦ For this section see Lamb [17] and Milne-Thomson [18] in the bibliography. 
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characterize the individual particle; a, i>, c are often chosen as the 
coordinates of the particle at the time t = 0. In Lapange^s represen¬ 
tation differentiation with respect to the time t will be denoted by 
a dot (•)• 

In most cases, however, Euler’s representation is preferable both 
from a mathematical and from a physical point of view. Attention 
is directed to definite points {x, y, z) and to what happens at these 
points in the course of time t. The motion is then described by 
giving as functions of x, 2/> 2 , and t the velocity components Uj v, w 
of the particle that happens to be at the point {x, y, z) at the time t. 
In Euler’s representation differentiation with respect to the inde¬ 
pendent variables x, 2 /, 2 , t will be denoted by subscripts. The 
transition from Euler’s representation to Lagrange’s is effected by 
solving the system of ordinary differential equations 

X = u{x, y, z, t) 

(7.01) y = y, 2 , 0 

2 = w{x, y, z, t)\ 

the constants of integration may be taken as parameters o, h, c. 
The converse transition is effected by eliminating a, b, c from the 
equations (7.01) and those obtained by differentiating (7.01). 

In Lagrangian form the equations of fluid dynamics are: 

(7.02) (pA) = 0 

(Conservation of mass) 

(Here A = ^ denotes the Jacobian of the function i(o, b, c, t), 

a(o, b, c) 

y(a, b, c,t),z{a, b, c,t).) 

pf + P» = 0 

(7.03) Pi+ Py = 0 

pz + p, = 0 

(Conservation of momentum) 

(It is assumed here that no force other than the pressure gradient 
is acting. To be sure, the external force of gravity will generally be 
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present, but in most applications it can cither be neglected altogether or 
handled separately, see Milne-Thomson [18].) 

(7.04) >8=0 

(Changes of state are adiabatic) 

(7.05) V = /(p> 

(Caloric equation of state). 

The derivatives of the pressure p in equations (7.03) refer to 
X, y, z, t as independent variables. An explicit expression in the 
variables a, 6, c, ^ by px = Pa^x + Pbhx + PcCx , etc. will lead to involved 
nonlinear terms, for ax , 5x , • • • are to be expressed by the derivatives 
of the inverse functions x(a, 5, c, 0, Usually, therefore, the 

Lagrangian representation is too cumbersome. This objection does 
not hold for motions symmetrical enough to be characterized by 
merely one space coordinate; in these cases the Lagrangian representa¬ 
tion is, as we shall see, often advantageous. 

For motion involving more than one space coordinate it is gen¬ 
erally preferable to write the equations in Eulerian form. Each of 
Euler’s equations is derived directly from the corresponding equation 
of Lagrange by means of the identity 

(7.06) F = Ft + uFx + vFy + wF ,, 

which applies to any function F defined for the particles of the 
medium. We further note the identity 

(7.07) A = (Wx + Vy + tP,)A, 

which is easily verified. 

In the absence of external forces Euler^s equations are: 

(7.08.1) pt + upx + vpy + wpz + p(wx + Vy + IP,) =0 

or 

Pt + (pw)* + {pv)v + (pw). = 0 

(Conservation of mass), 


(7.08.2) 
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M( + UUx + VUy + WUx H- Px = 0 

p 

(7.09.1) Vi + uVx + vVy + ipy* + -Pk = 0 

P 

Wt + uwx + vWy + vnv, + - Pi = 0 

P 


or, by (7.08.2) 

{pu)t + (pw*)i + {pvu)y + {pwu)x + Pi =0 
(7.09.2) {pv)t + {puv)x + {pv)y + {pwv)x + P» =0 
{pw)t + {puw)x + {pvw)y + (pw*)i + Pi =0 

(Conservation of momentum), 

(7.10) P = /(P, S) 

(Caloric equation of state), 

(7.11) St + uSx + vSy + wSx = 0 

(Changes of state are adiabatic). 

It is satisfying to note that the number of equations (six) both in 
Lagrange’s and in Euler’s system is equal to the number of un¬ 
knowns. We may, therefore, expect that appropriate initial and 
boundary conditions lead to unique behavior (for the regions 
of continuous motion) without recourse to any further physical 
principles. It is generally more convenient to think of either system 
as consisting of only five equations in five unknowns, because p is 
easily eliminated from the equations of conservation of momentum 
by means of (2.05), since 

c’(p, S) = fpip, S); 

(7 12) 

Px = c*(p, S)px; Py = c*(p, S)py ; p* =c*(p, S)px. 

8. Conservation of energy 

The condition (7.11) that changes of state are adiabatic can be 
derived from the assumption that the gain of total energy of a gas 
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Kx + y + 2 ) + e> Y ^ , (■ 2 ) ]. Thus our as- 

volume per unit time is -[{px)s + ipyh + 
sumption leads to the relation 

(8.01) p^ot + (p^)* + ^ 

(Conservation of energy). 

Carrying out the differentiations, Q7)^ry“tion^(8.0C 

de = r^pdp + TdS, and relations (7.01) and f/.u/;, reia 

becomes .. _ 

pliS + W + “ + fp + + P.i + «>.«+ _ ■ 

n (7 021 and (7.03) this relation reduces to relation (7 04), S 0, 

* fVic* fact that the changes of state are adiabatic. 

be give n a concisej ovm by emp ^ ® ^ ^ g ^ p^, about which 

Jilt s^d ii Section 9. Relation (8.01) can then by (7.08) 
be reduced to 


( 8 . 02 . 1 ) 


plig'li + pTSt + pwtk* + 


+ pt>Ug* + it + + it - 0 


or by (7.08.2) 

{pUg* 4- el}< + 

(8.02.2) + i]}^ + {p«[ig* + il}. = 0- 

Incident. 

&.■"+ t). + (>).; ■» 

expressions change when t e m member of rela- 

wlL the conetant veloeity (». , ». , Jh^R „ 

tion (8.02) when reterrcd to ^Heft J.embe„ 

from the original expression only by ^ (7.08), (7.09), 

oi (7.09). and, therefore, the system of equations (i.u 1, 

(8.02) does remain invariaat. 
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y. Enthalpy 


In terms of the specific enthalpy defined by 


(9.01) i e + pr, 

the fundamental equation (2.01) takes the form 


(9.02) di = rdp + TdS, 

For adiabatic changes, dS = 0, we have by (2.05) 
(9.03) di = cVdp. 

Our assumption for gases (2.08) leads to the relation 


(9.04) ^ > 0 as p -> 0. 

In an ideal gas, i is evidently a function of the temperature. 
From (4.09), (3.01), and (9.01) we have 


(9.05) 


di __ yR 
dT " 7^1 * 


This quantity is called ‘'specific heat at constant pressure.” Com¬ 
parison of formulas (9.05) and (4.09) shows that 7 is the ratio of 
the two specific heats. 

Specializing to a poly tropic gas we obtain from (3.07), (3.08), (3.09), 
and (9.01) 


(9.06) 


i = 


- 1 


^(S)p-^ = 


7-1 

7 


RT 


7—1 


pr = 


7 — 1 


Introducing the specific enthalpy proves particularly helpfid in 
situations in which the entropy S is constant, for example, at a given 
particle, or along a streamline in steady flow, or throughout the 
medium in isentropic flow, see Section 14. In other fields the use¬ 
fulness of the enthalpy concept lies in the fact that di = TdS is 
the increment of heat acquired by the particle if the pressure remains 
constant. This relation explains why the term heat content is often 
used for enthalpy. 



COMPRESSIBLE FLUIDS 


CHAP. lA 


10 . /fcm.. St«.dyflo». Subsonic and .»per.omc 

flow 

Freauently a most important simplifying assumption can and will 
I* made; at the kginnini, of the proofs, Ite 

some oalue Ikrouglmd the medium. It follows directly from (7^4), 
rrss rscontiiriics across which (7.04) breaks down am present, 
toUn aTs case the specific entropy mtains this same value throngh 
‘m the Lium lor aS time. So. thinking o, S as a H-n— 
we may omit equation (7.04), or correspondingly (7.11), 

^e eoLtions in five unknowns, or with pressure eliminate, four 
eqltil in (our unknowns. Sueh a liow, in which the entropyJs 
evOTwhere and always the same, will be called .milroptc. 1 hough 
tt^true that isentropic flow frequently occurs, there are many 

important phenomena which involve to, 

Of great interest is another special type of ^lo^^. steaay jiow 
defilTs a motion in which flow velocity 

sDecific entropy remain unchanged in time a eac p > > TPulpr^s 

S 0-1 », 4 and not on 1. For such a motion the terms m Eiile s 

dillerentiol equations containing a,, n , w,, p. , and .) drop out 
if a sSy Sow all the particles passing through a particular pom 
haveX »me velocity, density, pressure, and enteopy a. te pomt 
and they will follow the same path, the streamline P 

xt medrum is thus covered by streamlines which do not change 

“ “r.teadv flow is called saiisonic, emic, or miprsonlc at a pmnt 

as the flow speed q - Vu + ^ Section 

or greater than the sormd speed c at that point, see v 

3 , or as the Mach number 

( 10 . 01 ) ^ 

is less than, equal to, or greater than one. 


11. Acoustic approximation 

ThP system of linear partial differential equations which is gen¬ 
erally used to describe ordinary 

S-s nonlinear equations of general fluid motion (7.08-11) ^ a 

SiH^ caT cJider a slight i«intropic disturbmice, i.e., an isen- 



VECTOR FORM OF THE FLOW EQUATIONS 


10 


tropic motion of the medium with S — So and p = po + 5p> such 
that terms of order higher than first in 5p, u, v, w, and their deriva¬ 
tives may be neglected. Neglecting these higher order terms and 
eliminating p, Euler’s equations become 

(11.01) 5pt + Po(Ux + Vy + w.) =0 

(11.02) u, -h TocSSpx = 0, Vi + ToclSpy = 0,Wi + ToclSp. = 0, 

in which cl <^{po > <So). The system (11.01—.02) is easily seen to be 
equivalent to the single equation of second order 

(11.03) Sptt = Co(5pxx d" ^Pm "b 3p»«)> 

the familiar wave equation for the small disturbance 5p. 

12. Vector form of the flow equations 

Occasionally it is convenient to rewrite the differential equations 
(7.09) in vector form denoting the velocity vector by Thus 

(12.01) ^ + rgrad p = 0, 

or using (9.02) 

(12.02) 5 + gradt = T grad S. 

Expanding, and rearranging terms, we have 

(12.03) q, -f ^grad(g*) - g X curl? -f- gradt = T gradS; 

here q is the magnitude of the flow velocity or the flow speed 

(12.04) q - 1 5 1 = Vw* -t- p* -I- tP*- 

The symbol X stands for vector multiplication. Of course, if the 
flow is isentropic, the term on the right member of equation (12.02), 
or of (12.03), drops out. 

13. Conservation of circulation. Irrotational flow. Potential 

Under various rather wide assumptions, the equations of gas 
dynamics admit important “integrals” or conservation laws which 
are easily deduced. We shall discuss first conservation of dreidation. 
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Let a be an arbitrary closed curve moving with the fluid. We 
consider the circulation C around (J, 


(13.01) 




udx + vdy + wdz 


= ^ q-d^ 


as a function of t. For various important types of flow the circu¬ 
lation remains S?!hstant, ie. C = 0, as the clo^d curve moves^ 
To obtain conditions for the-conservation of circulation we compute 
C, which can be done very easily if we represent Cf by a variable 
radius vector x{a, t), a bdng a parameter on Cf such that Ci is (e 
scribed for 0 < <r < 1, and S(0, t) = x(l, <)• Ihen we have 

(13.02) ^ ~ 

By (12.02) and = q. , we find 

(13.03) ^ fa 

And finally integrating the last two terms of (13.03), 

(13.04) ^ ^ fa ^ fa ^ 

Therefore (by Stokes’ theorem) C vanishes for all curves H whenever 
the vector 

(13.05) curl {T grad S) = grad 7 X grad S 

vanishes identically. In particular this happens when: 

a. The flow is isentropic. Here grad S vanishes. 

b. The energy is separable. Here T is a function of S an gra 

is therefore parallel to grad S, . 

c The flow is so symmetrical that T and S depend on a singe 
’ space coordinate. (The most important possibflities here are 
one-dimensional flow, two-dimensional flow with cyhnjic^ 
symmetry, and spherical flow.) Here grad T and grad S are 
constrained to lie in the same direction at each pomt. 

A flow for which the circulation around every curve is (and re¬ 
mains) zero, that is, a flow for which curl | vanishes identically m 
space and time, is caUed an irrotatumal flow. Irrotational flow 
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occur frequently, because many flows start from rest and proceed 
under the conditions enumerated above. 

The relative mathematical simplicity of irrotational flow is often 
exploited by realizing that the equation 

(13.06) Vt — Wy = Q, Wj, — Uz = 0, Uy — Vx = 0, 
or 

curl 5 ~ 0, 

implies the existence of a velocity potential^ i.e., a function y,z^() 
such that 

(13.07) j V ify J W iPz , 

or 

q = g-ad^. 

Similarly, we s(ie from (13.05) that there is a potential 12 for the 
vector field T grad >S, 

(13.08) T grades = giml 12, 

whenever circulation is conserved, in particular for irrotational 
flow. If the flow is isentropic, 12 may be taken to be zero. If the 
specific energy of the medium is separable, 12 may be identified with 
the specific entropy component of the specific energy, cf. (3.12), 
12 (x, ?/, z) = y, z)]. 

14. BernoullVs law 

In this section we shall derive three closely related conservation 
laws each of which is sometimes called BernoulWs law. The first 
form of this law refers to steady flow, see Section 10. The diff¬ 
erential equations (12.02) and the vectorial form of the statement 
(7.04) that changes of state are adiabatic, imply 

(14.01) St + 5* grad = 0. 

We may immediately infer that on each streamline of a steady flow 
we have 
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from which 

(14.02) k' + i = kw' + «' + M)*) + t = \q, 

where q is constant along a streamline. Relation (14.02) is Ber¬ 
noulli s law for steady flow. 

The Bernoiilli constant \q may, of course, have different values 
along different streamlines. The same is true of the entropy >S, 
which is also constant along each streamline, by (14.01). The 
rates of change of the Bernoulli constant and the entropy across the 
streamlines are coupled with the vorticity of the flow. For, equation 
(12.03) for steady flow can by (14.02) be written in the form 

(14.03) grad 1- TgradS = q X curl g. 

.\n immediate conclusion to be drawn from this equation is that 
in the case of steady flow which is irrotationaly i.e.y curl q — Oy and 
isentropiCy i.e.y grad S = 0, the Bernoulli constant is the same on 
every streamline in a connected region. This Ls the strong form of 
Bemoullis law. 

It is remarkable thnt a different form of Bernoulli's law holds 
for irrotational flov’, even if it is not steady. Using the concepts of 
velocity potential <p and the potential 12 of T grad Sy introduced at the 
end of Section 13, Bernoullis law for irrotational flow is expressed 
by the relation 

(14.04) <pi + {\q + t) — 12 = \qy 

in which the quantity g, which may depend on the time, is the same 
throughout the fluid. This relation follows immediately from the 
form (12.03) of the equations of motion by (13.07) and (13.08). 
In the important case of isentropic flow, of course, 12 drops out. 

For steady, irrotational, and isentropic flow, relation (14.04) sim¬ 
plifies to the strong form of Bernoulli's law. 

Incidentally, a still different variant of Bernoulli’s law will play a 
fundamental role in the theory of shock discontinuities; see Chapter 
III, Section 55. 

Bernoullis law for steady flow of polytropic gases assumes by (9.06) 
and (14.02) the particularly simple form 



(14.05) 
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Introducing instead of y 
(14.06) 



constant 

= y ~ ^ 

y + 1 


and a quantity with the dimensions of velocity, 

(14.07) c, = 

we may write Bernoulli’s law (14.05) in the form 

(14.08) + (1 - M*)c^ = < . 

The quantity , which plays an important role in the theory of 
steady flow of polytropic gases, is called the critical speed; its sig¬ 
nificance will be discussed in the next section. 


15. Limit speed and critical speed 

In this section we are considering steady flow in a gas. Rela¬ 
tions (9.03) and (9.04) then hold along each streamline; they imply 
that the sjx^cific enthalpy i is always positive and decreases to zero 
if the density decreases along a streamline. It is then seen from 
Bernoulli’s law (14.02) in the form 

(15.01) + 2i{r, S) = 

(which also holds along each streamline), that the speed q cannot 
exceed the value q and approaches this value if p approaches zero 
Thus 

(15.02) g < 4; 

and the equality applies only in the limiting case of vanishing density, 
P = 0. The quantity q may therefore appropriately be called the 
limit speed. Similarly, (15.01) implies 

(15.03) i < \q^- 

and the equality applies only where the gas is stagnant, q = Q. 

The significance of the notion of critical speed, introduced for 
polytropic gases through relation (14.07), is recognized when one 
writes Bernoulli’s equation (14.08) in the form 

9^ - < = (1 - /)(?* - c*). 
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It is then apparent that 

q>c according as q > c and vice versa, 

(15.04) 

q < according as q < c and vice versa. 

In other words: Supersonic or subsonic character of the flow, see 
Section 10, can be ascertained by comparison of the flow speed q 
with the critical^eed , which remains constant along a streamline, 
while the sound speed c in general varies. 

If at some point of tJie streamline the flow speed q and sound speed c 
agree then both agree cvidMly with the critical speed c^ , a fact which 
can also be used to characterize the critical speed. 

The concept of critical speed is not restricted to polytropic gas(^s. 
We state that for given values of S and q there is j\ist one value 
of T such that relation (15.01) implies g = c for r = . The value 

(15.05) = c(r^ , aS) = \/2q^ — i{T^ , S) 

is then the critical speed. Moreover, the assertion (15.04) remains 
valid for this generalized notion of critical speed. Clearly, de¬ 
pends on q and S. 

To prove these statements it suffices to show that the difference 
— q^ increases monotonically from the value — q to some positive 
value when r decreases from infinity to a certain value for which 
^ = 0. From (15.01) we have 

(15.06) c" - q'' = c^ + 2i - q-, 

from (2.05) and (2.02), we have = p,, = —r^p, — ; hence, 

by (9.01), 

(15.07) i + = e - TCr + kVr. 

By differentiating with respect to r we obtain 

(15.08) (i + hc\ = hr\rr = -\tp„. 

Since prr is positive, according to the basic assumption (2.06), we 
conclude from (15.08) and (15.06) that (? — q increases monotonic- 
ally with decreasing r. Since this quantity is negative when r = qo 
and hence c = 0, and positive when 2t(T, S) = q and hence g = 0, 
it follows that there is just one value of r for which c = q. 

On a streamline to which Bernoulli's equation (15.01) applies, 
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the points (if any) at which q equals divide the streamline into 
intervals of subsonic and supersonic flow. Of course it may happen 
that q < or q > along the whole streamline in which case the 
flow is respectively either subsonic or supersonic along the whole 
streamline. 

It is remarkable that in the case of a polytropic gas the critical 
speed = /xg, see (14.07), is independent of S. That is, in fact, true 
of any ideal gas. If a gas is ideal, c is a function of temperature, see 
(4.08), and ^ = e + RT is, by (4.09), an increasing function of tem¬ 
perature. Therefore, c is a function of i, and is the value of c which 
satisfies the equation 

- q^ = c\{) +'2i - = 0 , 

so that is determined by q alone. 


B. Differential Equations for Specific Types of Flow 

The general differential equations for flow in three-dimensional 
space, formulated in Section 7, present mathematical difficulties 
beyond the present power of analysis. However, in many instances 
of great interest simplifications arise, in particular, when the number 
of independent variables reduces to tvo. Such is the case for non¬ 
steady one-dimensional flow, for steady flow in two dimensions, for 
steady flow with cylindrical symmetry, and for non-steady flow with 
spherical symmetry. 

16. Steady flows 

Steady plane or two-dimensional flow is described in terms of two 
velocity components u and v as functions of two coordinates x and y 
by requiring that the component w vanishes and that all quantities 
characterizing the flow are independent of z and t. Density and 
pressure can then be considered functions of the flow speed 

(16.01) q = \/u^ + 

along each streamline through BernoulWs law 

(16.02) q^ + 2i = q\ 
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see (14.02), and the adiabatic equation 
(16.03) p = /(p, S), 

see (2.03), which hold along each streamline with constant limit 
speed q and entropy <S, see Sections 14 and 10. The sound speed c 
enters through the relation 

(16.04) udu + vdv — —cdpjp, 

which holds along each streamline, as follows from (16.02), (16.03), and 

(16.05) di = cdpjp, 

see (9.03). If the values of q and S for each streamline are known, 
two of the four quantities ti, Vy p, S can be expressed in terms of the 
others and only two of the original differential equations (7.02-.05) 
remain. 

If the flow is irrotationaly equation 

(16.06) Vx — Uy — ^ 

holds, see (13.06), and if it is in addition isentropiCy S = constant, 
the limit speed q is constant over the field of flow, see Bernoulli’s 
strong law, Section 14. Relation (16.04) which holds then in the 
whole field of flow now serves to eliminate the density p from the 
continuity equation 

(16.07) (pu)x + {pv)y = 0, 

see (7.08). The result is the equation 

(16.08) (c^ - u)ux - uv{uy + Vx) + {c - v^)vy = 0, 

in which is to be considered a function of the flow speed and hence 
of u and Vy by Bernoulli’s law (16.02) and the adiabatic equation 
(16.03). In the case of a polytropic gas this function is, see (14.05) 
and (14.07), 

(16.09) c = ii - 9*) = (1 - M*)"'(< - 

Equation (16.08) and equation (16.06) (which expresses the ir- 
rotational character of the flow) form a system of two equations in 
two functions Uy v of two variables x, y. 
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Equation (16.06) may be satisfied by introducing a velocity poten¬ 
tial <p{x, y), see (13.07), so that 


(16.10) (p^ = U, <Py = V. 

Equation (16.08) then reduces to a single differential equation 
of second order 

(16.11) (C^ - — 2UV<P^y + (C^ - V’^)(pyy = 0. 

Incidentally, three-dimensional steady irrotational flow can also 
be characterized in a similar manner by one differential equation 
of second order for a velocity potential. 

Equation (16.06) may be satisfied by introducing a stream function 
\l/(Xy y) so that 

(16-12) xj/j. = —pt;, xf/y = pu. 


Equation (16.06) then becomes an equation of second order for xp, 
in which p is to be considered a function of . 

The lines xp = constant are the streamlines and the difference of 
the values of xp on two streamlines is the flux of mass through a 
cylinder of unit height in the 2 :-direction over any curve connecting 
any two points A and B on these two streamlines; this can be seen 
from the relation 




p{ux„ + vy„) ds 


in which s refers to the arc length and (x„ , !/„) is the unit normal 
vector at points of the curve. 

Steady flow with cylindrical symmetry can also be described by 
two velocity components u and v as functions of two variables x 
and y. Here x is the abscissa along the axis and y the distance from 
it; M is the component in the axial, v that in the radial direction. Thus 
every velocity vector lies in a plane through the axis and can be 
obtained from a vector in one such plane by revolving it about the 
axis. It is also required that p and p depend only on x and y. 
Bernoulli’s law (16.02), the adiabatic equation (16.03), and hence 
relation (16.04), hold along each streamline. Irrotational character 
is again expressed by equation (16.06), and if, in addition, the flow 
is isentropic, relation (16.04) holds throughout the field of flow, 
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The only difference from plane flow lies in the continuity equation 
which now takes the form 

(16.13) {ypu)x + {ypv)y = 0, 
or after eliminating p by (16.04) 

(16.14) (c^ — u)ux — uv{uy + V:) + {c — v^)vy + c\/y = 0. 

Of course, this equation can again be reduced to one equation 
of second order for a potential function <p defined through (16.10). 

Later on we shall use the stream function, introduced by Stokes, 
which is now defined by the relations 

(16.15) xpx = —ypv, ypy = ypu, 

so as to satisfy the continuity equation (16.13). The surfaces 
yp = constant, generated by revolving a streamline, are the stream 
surfaces. The value 2Tnl/(x, y) is the flux through the annular ring 
cut out from the circle with radius y and abscissa x by the stream 
surface ^ = 0. 

For steady rotational flow of a polytropic gas in which the limit 
speed q (but in general not the entropy S) is constant in the whole 
field of flow, a modified stream function was introduced by Crocco 
[22]. It is defined by equations which result from equations (16.12) 
or (16.15) when the factor p is replaced in them by the quantity 
^2/(7“!)^ which by Bernoulli’s law depends only on q and q and is 
independent of the entropy, 

17. Non-steady flows 

One-dimensional flow occurs when all quantities characterizing 
the flow depend, in addition to the time t, on only one space coordin¬ 
ate X, and when the components v and w of the velocity in the other 
directions vanish. Equations (7.08-.11) then reduce to 

(17.01) Pt + upx + pUx = 0, 

(17.02) piut + uux) + Vx = 0, 

(17.03) St + uSx = 0; 

the latter equation expresses the assumption that the changes in 
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the state of each particle are adiabatic and reversible. The pressure 
p is here a function of p and S. Using 

(17.04) p = c^ 

dp 

see (7.12), equation (17.01) may conveniently be replaced by 
(17.05) p, -|- upx pcux = 0, 

so that the three equations (17.02), (17.05), and (17.03) involve 
only the dci’ivatives of u, p, and S. For polytropic gases, equation 
(17.03) may be replaced by 

(17.06) (pp“")t + M(pp"^)x = 0, 

since pp~'^ is then a function of the entropy. If the flow is isentropic, 
one may express p in terms of p or vice versa. Equations (17.02) 
and (17.01) or (17.05) then represent two equations for two functions 
of X and t. 

Spherical flow occurs when all quantities depend only on the dis¬ 
tance from one point, chosen as the origin 0, in addition to the time, 
and if the velocity is directed away from (or toward) tliis point. 
Denoting the distance from the origin conveniently by x and the 
radial velocity component by u, equations (7.08-.11) reduce to 

(17.07) pt -j- upx -f- pUx + ‘Ipujx — 0, 

(17.08) p(m, -f- uu^ -|- p,, = 0, 

(17.09) Si -|- uSx ~ 0. 

We note that the only difference from the equations for one-dimen¬ 
sional flow is the additional term occurring in the continuity equation 
(17.07). The modifications and simplifications just discussed in 
connection with one-dimensional flow apply just as well to spherical 
flow. 

The same remarks apply to cylindrical flow, a two-dimensional 
flow in which all quantities depend only on the distance from the 
axis and the velocity is directed away from (or toward) the axis. 
The only difference is that in equation (17.07) the factor 1 occurs 
instead of the factor 2. 
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IS. Lagrange^s equations of motion for one~dimensional and 

spherical flow 

In one-dimensional flow Lagrange’s equations are not encum¬ 
bered by functional determinants, and in this special case they are 
sometimes preferable to Euler’s equations. 

The Lagrangigjj^ point of view requires us to attach a number h 
to each plane section of particles normal to the a:-axis, so that the 
changing position of each section is given by a function x{hy t). 
The quantities p, p, S are then considered functions of h and t. 
This number h could be chosen in many ways; in fact an arbitrary 
function is at our disposal. 

Customarily, one identifies h with the abscissa of the particle 
at some initial time, e.g. t = 0. But not in all problems is such an 
initial position at a common initial time given for all particles. 

Another rather natural choice of /i, based on the law of conserva¬ 
tion of mass, suggests itself. Without any loss of generality we may 
think of the flow as taking place in a tube of unit cross section along 
the a:-axis. Now attach the value A = 0 to any definite “zero” 
section (moving, of course, with the medium), and then for any other 
section let h be equal in magnitude to the mass of the medium in the 
tube of unit cross section area between that section and the zero 
section, the sign of h being taken positive or negative according as 
the zero section is to the left or right of the other section in question. 
It is clear that h as so defined is different for every section. 

Analytically, the quantity h satisfies the relation 

J rxih,t) 

' pdx, 

x(0,() 

Here p is the density at the position x at the time t] in other words, 
the density is here regarded from the Eulerian point of view as a 
function of the independent variables x and t. Differentiating 
(18.01) with respect to h leads to the relation 

(18.02.1) p(/i, t)xh{hy 0 = 1 

or 

(18.02.2) Xhih, t) = T{hy i)y 

in which p(/i, t) and r(/i, t) are respectively the density and specific 
volume and A is a function of time. 
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Lagrange’s equations of motion (7.02-.05) for one-dimensional 
flow then take the form: 

(18.03) (px,)t = 0 

(Conservation of mass), 

(18.04) pxtt — 

= -Phixh 

(Conservation of momentum), 
(18.05) = 0 

(Changes of state are adiabatic), 

(18.06) p = /(p, S) = g{r, S) 

(Caloric equation of state) 

(We have here abandoned the dot (•) in favor of the subscript ty 
which will not lead to confusion between Eulerian and Lagrangian 
concepts.) 

Lagrange’s equations (18.03-.06) may be simplifled considerably. 
In the first place it follows from (18.02) that (18.03) is superfluous 
and that (18.04) may be replaced by 

(18.07) xtt = —Pa . 

According to (18.05), S depends only on hy we will henceforth always 
imply S = S{h). The function S{h) is considered as given among 
the initial conditions of the problem. By means of (18.02) and 
(18.04-.06) we can eliminate p, r, and p and the whole system reduces 
to a single partial differential equation of the second order in x: 

(18.08) Xu = - gsS, , 

in which we have introduced the quantity 

(18.09) = pc = V-gr{r, S), 

the acoustic impedance of the medium. In interpreting equation 
(18.08) it must of course be remembered that and ga are given func¬ 
tions of T = xa and S{h). 

If the velocity u = Xt and the specific volume t = Xh are taken as 
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the dependent variables the single second order equation (18.08) 
is replaced by the first order system for u and r 

Uh = Ti 

(18.10) 2 

U i k Th Qs ^h(J^ y 

in which and gs are functions of r and S{h). 

If the flow is fSfentropic, i.c. if S{h) = So is a constant, equations 
(18.08) and (18.10) simplify to 

(18.11) ^ Xtt = k^Xhh 

Uh = Tt 

(18.12) 

Ut = k Th- 

Note that if = — Pr is constant, as it is for a solid which obeys 
Hooke’s law, equations (18.11) and (18.12) are linear. 

The formulations of this section can easily be extended to spherical 
and cylindrical flow, see Section 17. Let 47r/i denote the mass of the 
medium inside a sphere of radius y(hy t) about the center of a spherical 
flow. Then we have 

yn = y\k^{y'^yi)h - (/sSa], 

analogous to (18.08). For a plane flow with cylindrical symmetry 
we have in corresponding notation 

ytt = y\k^{yyh)h - gsShl 


APPENDIX 

Wave Motion in Shallow Water 


19. Shallow water theory 

An analogue to the nonlinear wave motion of gases is encountered 
in the motion of water, or any other incompressible fluid, with a free 
top surface if the height of the top surface above the bottom surface 
is sufficiently small. One speaks then of ‘‘shallow water.” More 
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precisely the condition is that the height of the top surface above the 
bottom surface is small compared with some characteristic length 
of the motion such as the maximum radius of curvature occurring 
on the top surface. The differential equations governing the motion 
of such shallow water can in good approximation be replaced by 
equations which are completely equivalent to those for a polytropic 
gas with the exponent 7 = 2. As a matter of fact all the phenomena 
of wave motion which we shall discuss in subsequent chapters have 
their strict analogue in the wave motion of shallow water. 

We place an {x, ?y, 2 ) -coordinate system in the space filled by the 
water in such a way that the bottom surface is the plane z = 0 
and the top surface is given by a function z = Z{x, ?/, t). We denote 
the components of velocity in tlie x-, y-, and ^-directions hy Uy v, w 
respectively; Uy Vy w are functions of .t, y, z. In the water the con¬ 
tinuity condition 

(19.01) Ujc + Vy + = 0 

and New ton ^s law 

/mnoN dv dw 

(19.02) p- = -p., = - P., = 

holds. Here g is the acceleration of gravity, p the density of the 
water, and p the excess pressure above atmospheric pressure so that 

(19.03) p = 0 at the top surface, z — Z. 

The boundary conditions for the velocity are 

(19.04) le = 0 at the bottom, 2 = 0, 

and 

(19.05) Zi + uZx + vZy = le at the top, z = Z. 

It is now possible to replace these equations, in good approxi¬ 
mation, by equations involving only the top surface elevation Z and 
the velocities u and v at the top surface. In order to do so we first 
integrate the continuity equation (19.01) from 2 = 0 to 2 = Z, 
obtaining 
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from which, by the boundary conditions (19.04) and (19.05), 


(19.06) Z, + QJ 


Next we introduce the basic assumption that the variation of the 
pressure along a vertical column is the same as in hydrostatics 


(19.07) 


p = gp{Z - 2 ). 


By (19.02) and (19.03) this assumption is equivalent to the condition 

that the vertical acceleration of the water, vanishes. Assump- 
** dt 

tion (19.07) is not arbitrary; it can be shown to be correct in first 
order as a consequence of the basic assumption of shallowness by 
a systematic expansion of the equations in powers of the height z\ 
see Stoker [27, Appendix]. 

We note that assumption (19.07) implies that the pressure 
gradient {px , Py , Pi) is independent of z \ by (19.02) the same is also 


true for the acceleration 


/ du dv dw\ 
\Tt'dt'~dt)' 


As a consequence, the veloc> 


ity (Uj i , w) is also independent of z if this was ever the case at some 
time. We now introduce the assumption, that at some time the ve¬ 
locity was constant over every vertical column. This assumption 
does not seem to be a serious restriction; it would, for example, 
be satisfied if the water was at rest at some time. As a consequence 
u and V depend on x, y, z only ; we shall ignore the vertical velocity 
w from now on. 

The equations (19.06) and (19.02) now assume the simple form 


(19.08) 

(19.09) 


7jt + {Zu)x + {Zv)y — 0 
p{ut “b 'O/Ux T" vujf) — gpZx , 
p{vt + UVx + VVy) = -gpZy . 


To show that these equations are equivalent to those for polytropic 
gases with 7 = 2 we introduce the ‘‘density^' 

(19.10) p = pZ, 

which is evidently the mass per unit area, and the “pressure^^ 
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Equations (19.08-.09) can then be written in the form of the equa¬ 
tions for gases, see (7.08), (7.09), 

Pi + (pw)* -h (pv)y = 0, 

p ( m ( -f- uui -|- vuy) = — Pi, 

p(y, + ui\ -f- vv^ = —py. 

The relationship 


(19.12) 

(19.13) 


(19.14) P = I p’ 

zp 

between “pressure” p and “density” p, which follows from (19.10) 
and (19.11), evidently corresponds to the relationship between 
the real pressure and density for a polytropic gas with y = 2. 




CHAPTER II 


Mathematical Theory of Hyperbolic Flow 
Equations for Functions of Two Variables 


In the preceding part we have shown that for many specific cases 
the flow differential equations reduce to systems of qttasi-linear partial 
differential equations of the first order for functions of two independent 
variables. For such systems a fairly complete mathematical theory 
can be developed provided they are of the hyperbolic type, in which 
case the notion of characteristics plays the dominant role. This 
theory becomes particularly simple when the number of functions 
and equations is two. 

To prepare a deeper understanding of the treatment of specific 
flow problems in the following chapters we insert here a detailed 
theory of systems of two differential equations; supplementary re¬ 
marks will be added about systems of more than two differential 
equations, as they occur for example in non-isentropic flow. 

20. Flow equations involving two functions of two variables 

For convenient reference we enumerate the specific types of flow 
which are governed by a system of two equations for two functions 
of two variables. 

a) One-dimensional isentropic flow 

pt + upx + pUx = 0, 

( 20 . 01 ) ^ 

p{Ut -f UUx) + cpx = 0 

see (17.01), (17.02), (17.04). 
b) Spherical isentropic flow 

P« 4“ '^Px + pUx + 2ptfc/x = 0, 

( 20 . 02 ) 

p(m, + MM,) + cV» = 0 
see (17.04), (17.07), (17.08). 
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c) One-dimensional isentropic flow in Lagrangian representation 

Ti = Uh 

(20.03) 

Ut = k Th , 

see (18.12); here A; is a given function of r. 

d) One-dimensional non-isentropic flow in Lagrangian represen¬ 
tation gBfc. 


(20.04) 


Tt = Uh 

r2 


Ut — k Th — gsSh , 


see (18.10); here the distribution of the entropy S = S{h) over the 
particles is assumed to be given, k^ and gs are given functions of 
r and S. 

e) Steady two-dimensional irrotational isentropic flow 


(20.05) 


Vx — Wy = 0 

(c^ — u)Ux — uv{uy + Vx) + — V^)Vy = 0 , 


see (10.06) and (16.08); here is a given function of 

f) Steady irrotational isentropic flow in three dimensions with 
cylindrical symmetry 


(20.06) Vx - Uy == 0 

{c^ — u)ux — uv{uy + Vx) + {c — v^)vy + c^v/y = 0, 
see (16.06) and (16.14); again is a given function of u + 


21. Differential equations of second order type 

In the general theory we denote hy Uy v the dependent and by 
X, y the independent variables, to be identified later with the vari¬ 
ables in the specific differential equations of gas dynamics which 
we have enumerated in the preceding section. Then the general form 
of the system of differential equations is 

Li = AiUx + BiUy + CiVx + DiVy + El — 0 
^ ^ L2 = A2UX + B2Uy + C2VX + E> 2 Vy +£2 = 0 

in which Aj, ^ 42 , • • • , £'2 are known functions of x, y, w, v. Once 
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and for all we make the assumption that all functions occurring in 
the theory of this chapter are continuous, and possess as many con¬ 
tinuous derivatives as may be required. Without restriction we as¬ 
sume that nowhere Ai : A 2 — Bi : B 2 — Ci : C 2 = Di : D 2 . If Ei = 
E 2 = 0 the system is homogeneous. If the coefficients A^B,C, D, i?, 
are functions of x and y only, the equations are linear and consequently 
much easier to handle. 

In another important case the system can be reduced to a linear 
one: If the system is homogeneouSy Ex = E 2 = 0, and the coefficients 
Ax y • • • y D 2 are functions of w, v alonCy the equations are called re¬ 
ducible. In this case for any region where the Jacobian 

(21 .02) j — UJ)y — UyVz 

is not zerOy the system ( 21 . 01 ) can be transformed into an equivalent 
linear system by mterchayiging the roles of dependent and independent 
variables. If j 5 *^ 0 for a solution u{Xy y), v{Xy y) of ( 21 . 01 ), we may 
consider x and y as functions of u and v. From 

= jyv , Uy = -jXv y 
= -jyu , Vy = jXu , 

we then see that x{Uy v) and y(Uy v) satisfy the linear differential 
equations 

Axyv BxXv ^\yu BxXu — 0 

(21.03) 

A2yv “ B^Xv — C2yu + D 2 XU = 0 . 

Vice versa every solution x, y of equations (21.03) leads to a solution 
of (21.01) if the Jacobian 

(21.04) J = Xuyv - Xvyu 

does not vanish. 

The described transformation of the (x, ?/)-plane into the (w, v)- 
plane is frequently called a hodograph transformation. 

Reducible equations occur in one-dimensional flow, see (20.01) 
and (20.03), and in two-dimensional steady flow, see (20.05). 

Since the possibility of this reduction depends essentially on the 
assumption j 9 ^ Oy solutions for which j = 0 cannot be obtained by 
the hodograph transformation. Yet, as we shall discuss in Section 
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29, these solutions, here called simple waves, are most important tools 
for the solutions of flow problems; simple waves and their generaliza¬ 
tions apparently have not been sufficiently emphasized in mathemati¬ 
cal studies of hyperbolic differential equations. 

22. Characteristic curves and characteristic equations 

The key to the general theory of systems of quasilinear partial differ¬ 
ential equations of the form (21.01) is to distinguish between elliptic 
and hyperbolic equations, and for the latter, which will be our main 
object, to introduce the notion of characteristics. These concepts 
emerge naturally from the following considerations. 

A linear combination afx hfy of the two derivatives of a function 
fix, y) means derivation of / in a direction given by dx:dy = a:b. 
If x{<t), yia) represent a curve with Xx'.y, = a:h, then a/* -f f)/„ is 
a derivative of / along this cuiwe. We consider specific functions 
uix, y), vix, y); then the coefficients of the differential equations 
(21.01) become functions of x, y only. In each of the two differential 
equations the functions u and v are, generally speaking, differentiated 
in two different directions. We now ask for a linear combination 

li = Xl/vi "i" X2/>2 

so that in the differential expression L the derivatives of u and those 
of combine to derivatives in the same direction. Such a direction 
which depends on the point x, y as well as on the values of tf, v at 
this point, is called characteristic. Suppose the direction is given by 
the ratio x^: as above; then the condition, that, m L^u and v are 
differentiated in this direction, is simply 

(22.01) Xi^i + X2i42: XiBi + X2^2 = XiCi + X 2 C 2 : XiDi + X 2 D 2 = ya\ 

for, the coefficients of the derivatives iix , Uy and .Vy'm L are given 
by the respective members of the proportion (22.01). The expres¬ 
sion L can be written after multiplication with either x^ or y^ as 

(22.02) (XxAi + \2A2)ua + (XiCi + \2C2)vc + {hiEi + = x^L 

or as 

(22.03) (XiSi + \2B2)u^ + (XljDl + X2D2)«^a + {hlEi + \2E2)ya = yaL. 
If at the point x, y the fimctions u and v satisfy the differential equa- 
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tions (21.01), we obtain four homogeneous linear equations for Xi 
and X 2 : 


XiiAiya - BiXa) + - B^x^) = 0 

Xi(Ci?/a - Dix^) + \2{C2ya - D2Xa) = 0 

(22.04) 

\\{A\Uc + CiVa + BiX^ + \2{A2Ua + + J^V^cr) = 0 

\l{BiUa + DiVa + BiJ/ff) + \2{B2Ua + D2Va + ^2?/(r) = 0. 


If these equations are satisfied all determinants of two rows in the 
matrix of the coefficients of Xi and X 2 vanish. Thus a number of 
characteristic relations follow. 

From the first two equations, in particular. 


(22.05) 


Ailja — BiX^ A2ya — BoXa 

Ciy^ ~ Dix^ C2ya - l\x^ 


- 0 , 


or 

(22.06) ayl — 2bxayc + cxl = 0. 

Here 

(22.07) a = [AC\, 2b = [AD] + [BCl c = [BD] 
with the abbreviation 


[XF] = X 1 F 2 - X 2 F 1 . 

If oc — 5^ > 0, then (22.06) cannot be satisfied by a (real) direc¬ 
tion. Characteristic directions do not exist in this case; the differ¬ 
ential equations are then called elliptic. We disregard the case that 
ac — b^ ~ Oin which one characteristic direction exists through each 
point. If ac — 5^ < 0 we have two different characteristic directions 
y^ : Xff through each point; the system is called hyperbolic. For the 
flow problems considered in this book the differential equations are 
mostly hyperbolic. We shall from now on assume the hyperbolic 
character* of equations (21.01) and accordingly suppose 

(22.08) ac -b^ <0, 

* For the elliptic equations characterized by ac — 6^ > 0, a treatment 
somewhat corresponding to the following can be given but is omitted here. 
See Courant-Hilbert [32, pp. 337-342]. 
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This assumption excludes the exceptional case that all three co¬ 
efficients vanish. Moreover, we assume for convenience 

(22.09) a = [AC] 9 ^ 0, 

The latter condition can always be satisfied, if necessary by intro¬ 
ducing new coordinates instead of x and y. Consequently, 9 ^ 0 
for a charact^rtstic direction (av , Va) as seen from (22.05); thus we 
are at liberty to introduce the slope 

(22.10) ^ f = yjx,. 

Equation (22.06) becomes a quadratic equation for f 

( 22 . 11 ) af' - 26f-hc = 0 . 

This equation has two different real solutions and 

(22.12) {*+ f- 

by (22.08). Accordingly, the two different characteristic directions 
are given by dyjdx =■ and dyjdx = f- at the point (x, y). Since 
the roots and of ( 21 . 11 ) are, generally speaking, functions of 
X, y, u, V, it ought to be noted that the hyperbolic character of the 
system ( 21 . 01 ) depends on the individual functions w(x, y), v{x, y) 
under consideration. 

Once a fixed solution of equations (21.01) is inserted, the equations 
dy/dx = f+(x, y, u, v) and dy/dx = f_(a:, y, u, v) are two separate 
ordinary differential equations of the first order which define two 
one-parametric families of characteristic curves or simply characteristicsj 
C 4 and C_ in the (x, 2 /)-plane, belonging to the solution u (x, y)yV (x, y). 

These two families may be represented in the form ^(x, y) = con¬ 
stant and a(x, y) — constant, respectively, and form a curvilinear 
coordinate net. It is now natural to introduce new parameters 
a, ^ instead of x, y in such a way that is constant along the curves 
C+ and a is constant along C_ . To specify such characteristic param¬ 
eters we may, for example, take any curve A given by x = x(s), y = 
y{s) which nowhere has a characteristic direction, that is, 

(22.13) ay] - 26x,y, + cx] 9 ^ 0 on A. 

Through any two points s = ol and s = jS on ^ we pass the curves C- 
and C+ up to a point (x, y) where they intersect. (Such an inter¬ 
section exists if I a — ^ | is ^sufficiently small since the directions of 
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C+ and are different according to (22.12).) The curvilinear co¬ 
ordinates a, jS of the point (x, y) are then characteristic parameters. 

Of course, instead of the parameters a and ^ so introduced, one 
may introduce any monotone functions a' = V(a), = W{0) as 

characteristic parameters. Such a transformation leaves the equations 
of the characteristics invariant, and the curves themselves unchanged. 

In a domain in which characteristic parameters arc introduced 
we have 


(22.14) 


Va = along C\;. 

yp = along . 


According to our original objective we now have to determine the 
factors Xi , X 2 in order to form the combined relation XiLi + X 2 L 2 = 
L = 0 ; instead, we obtain more elegantly the relation L = 0 by 
eliminating Xi , X 2 from the first and third of equations (22.04). The 
result is 


Aiya - BiXa Atyc - B2Xa 

AiUc -f" C\Vc *4" E\Xc A^'iio “f" 4“ B 2 X 9 


= 0. 


Writing y^ = fXa , we obtain, after cancelling the factor Xa, the equation 

(22.15) Tua + (af — S)v^ -f (Af — H)xa - 0 along , 
in which 

(22.16) T = [AB], S = [BC], K = [AEl H = [BE]. 


This relation holds if we identify f with and a with a, and like¬ 
wise if we identify f with and <r with p. 

Thus we have arrived at the following four characteristic equations: 


(22.17) 


I 4 . ya - f+Xa = 0, 

I_ y0 - = 0 , 

11.^ Tua + (af+ - S)va + (Af^ - H)Xa = 0, 

1I_ 1% + (af- - S)v^ + (Kf_ - H)x^ = 0, 


which hold for every solution w(x, y), v{xy y) and refer to its charac¬ 
teristics C 4 . or . 

While so far we have envisaged a fixed solution u, v, the equations 
(22.17) no longer depend explicitly on this solution since all the 
coefficients are known functions of x, y, w, r. 
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We now introduce a slight but decisive change of interpretation: 
The system (22.17) can and will be considered as a system of four 
partial differential equations for the four quantities x, y, u, v as func¬ 
tions of a and /3. Replacing the original system (21.01) by this 
characteristic system is the basis of the following theory. 

The differential equations (22.17) are of a particularly simple form 
inasmuch as omIi equation contains derivatives with respect to only 
one of the independent parameters; moreover, the coefficients do not 
depend on the independent parameters. (Such a system is called 
canonical hyperbolic, sgp [32, p. 324].) 

According to our derivation, every solution of the original system 
(21.01) satisfies this characteristic system. The converse is also 
true as is easily verified. Every solution of the characteristic system 

(22.17) satisfies the original system (21.01) provided the Jacobian 

Xay^ - x^ya = (f- - does not vanish. 

The two particular cases mentioned before should be noted: 

When the differential equations (21.01) are linear, then f-f and 

are known functions of x, y\ the equations I in (22.17) are not 
coupled with the equations 11 and thus the equations I determine 
two families of characteristic curves, C + and CT, independent of the 
solution. 

When the differential equations are reducible, i.e. when Ei = £2 = 0 , 
and Ai , • • * , D 2 depend on u, v only, the situation is similar. 
Then ^ 4 - and are known functions of u and v and the differential 
equations II arc independent of x and y. (The same, incidentally, 
remains true even if Ei and E 2 do not vanish but depend on u and v 
only.) 

For reducible equations, the characteristic curves F in the (u, v)- 
plane, the images of the characteristics C in the {x, 2 /)-plane, are inde¬ 
pendent of the special solution u{x, y), v{x, y) considered. They are 
characterized by the differential equations II which can be written: 

IV: Tp^=S-aU, 

dv 

(22.18) 

r_: Tp = S - of-. 

dv 

While equations (22.17) form a complete system, it may be men¬ 
tioned that another relation can be derived which is particularly useful 
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when referred to the characteristics r+ and r_ in the u, y-plane; it 
combines the equations II just as (22.06) combines the equations I. 
By eliminating Xi and X* from the last two equations of (22.04) one 
obtains 


(22.19) 


■A-iU, + Civ, + ExXg 
Bill, + BiV, + Eiy, 


A^u, + CiV, + E^x, 
Bill, -b DiV, + E^y, 


= 0 . 


This equation is analogous to (22.05). We assume that of the 
coefficients 


[AB] = T, [AD] + [CB], [CD] 

of ul, u,v, , and v'i in (22.19) not all are zero, in particular, that 
(22.20) T ^ 0; 

the latter condition can always be satisfied, if necessary by intro¬ 
ducing new functions instead of u and v. 

In the case of reducibility equation (22.19) becomes a simple quad¬ 
ratic differential equation for the ratio u,: v„ which can be used in 
place of (22.18), to determine the two families of T characu ucs. 


23. Characteristic equations for specific problems 

For the flow equations enumerated in Section 20 the characteristic 
equations are easily obtained either directly or by substitution in 
the general formulas. 

We carry out the method directly in the case of one-dimensional 
isentropic flow by forming a linear combination of the two equations 
(20.01) and asking when this combination involves the derivatives 
Ua y pa of u and p in only one direction given by {ta , Xa ). We write 
the combination in the form 

(23.01) Ut {u \p)ux + ^Pt + px = 0. 

The condition for {ta , x^) is then evidently 
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from which 

(23.02) X’ = cVp* 

Hence there are two characteristic directions given by 

(23.03) Xa = {u + c)ta, Xfi = {u - c)tB- 

From (23.01^3) the characteristic equations for u and p become 

(23.04) Ma + - Po, = 0, Ms - - PS = 0. 

p p 

As will be explained m detail in Chapter III, equations (23.03) ex¬ 
press the fact that the characteristic curves in the (x, 0-plane represent 
motions of possible disturbances (later called “sound waves”) whose 
velocity, 

(23.05) J = + f = 

differs from the .. V the sound velocity ±c. 

The diffe’-.niial aquatidns ot .,...oe-dimensional spherical flow 
( 20 . 02 ;' diFer from those of one-dimensional flow by a term 2pu/x, 
wl /a^^does not involve the derivatives of u and p. It is therefore 
clear that the characteristic equations for x and t are the same as 
for one-dimensional flow, namely (23.03) (of course, this fact does 
not imply that the characteristic curves are the same, since these 
curves depend on the solution). The characteristic equations for 
u and p differ from (23.04); they are immediately found to be 

(23.06) Ma + ^ <a = 0, Uff - 2 ^ tp = 0. 

For steady two-dimensional irrotational isentropic flow we follow 
somewhat more closely the procedure of the general theory. We 
form a linear combination of the equations (20.05) 

X 2 (c^ — u^)ux -h (Xi ~ \‘iUv)Uy — (Xi -f- \tuv)vx \t{c — v )Vy = 0. 
The condition that this combination involve the derivatives u, , iv 
in only one direction, given by (x» , j/,), entails 

(Xi — X2uv)x, — X2(c* — u‘)yc = 0, 

X 2 (c* - t)’)x,-f(Xi + Xtuv)y = 0, 

\i{c^ - u’‘)u, - (Xi + Xiuv)v, = 0, 

(Xi — X2 Mi;)m,’- 4- X2(c^ — P*)p» = 0, 
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corresponding to (22.04). By eliminating Xi and X 2 from the first 
two equations we obtain 

(23.07) {c — v^)xl + 2uvxay^ + {c - u)yl = 0; 
from the last two equations we obtain similarly 
(23.08) (c^ — u^)ul — 2uvu„Va + {c — v^)vl = 0, 

while from the first and third equations we have 
(23.09) [(c^ — u)Ua — UVVc \Xa — [uVXa + (c^ — u)ya\Va = 0. 

Equation (23.07) written in the form 

(23.10) (c^ — v^) + 2uv^ -f- {c — u)f = 0 
for f = ya/Xa has two real roots f + , so that 

(23.11) ya = , y^ = t-Xa 

provided that (c^ — v^) (c^ — w^) ~ wV is negative or 

0 < c' < w' + 

This condition, implying that the flow is supersonic, ensures that 
the system of differential equations (20.05) is hyperbolic. The char¬ 
acteristic curves determined from (23.1 ly will later on be called 
“Mach lines,” see Section 31. 

Equations (23.08) determine two characteristic directions in 
the (u, y)-plane independent of the solution u{x, y), v{x, y) considered. 
That such fixed characteristics in the (w, y)-plane exist is clear from 
the general theory since the system (20.05) is reducible. Comparing 
equations (23.08) with (23.07) we see that the two roots dv/du of 
(23.08) are and — f_. The proper coordination is derived 
from equation (23.09), which yields 

(c^ -- — \2uv + (c^ — = 0 

or, since by (23.07) 

{c - W^)(f4 + f-) = -2uv, 

(23.12.1) Wa = 

Similarly we find 

(23.12.2) Up = 
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Of course, equation (23.08) is a consequence of the two equations 
(23.12) and the definition of and as roots of equation (23.10). 

The significance of the characteristic equations so derived will 
be discussed and interpreted in detail in Chapter IV. Here we only 
mention that for steady three-dimensional flow with cylindrical 
symmetry, governed by equation (20.06), the characteristic equa¬ 
tions for Xc and are again equations (23.07), the same as for two- 
dimensional TTc)W. The characteristic equations for , are, how¬ 

ever, different. Instead of equation (23.08) we have 


(23.13) 


ex, 

■ thb 


^ I I ^ ^ r\ 

'lla “b “b 0, 

^ u- y 

2 

^^*3 + f f + -2-== 0, 

y 


as is easily verified. 


24. The initial value problem. Domain of dependence. Range 
of influence 

The initial value problem is the crucial problem in the theoi^ ^)f 
hyperbolic differential equations. Let a curve be given in the 
(x, ^)-plane in terms of a parameter s: x = x(s)y y — y{s). (We 
assume that the derivatives Xs{s)y ys{s) are piecewise continuous 
along and that xl + ^ 0.) Along ^ continuous values u{s)y v{s) 

are arbitrarily prescribed. Then the initial value problem is: to 
determine, in the neighborhood of a solution u{Xy y), v{Xy y) of 
equations (21.01) which takes on the prescribed initial values t4(s), 
v{8) on We assume that the curve S with its prescribed values of u 
and V has nowhere a characteristic direction, in other words that 

ay] — 2bxsys + 0 

along S, 

By means of the characteristic form (22.17) of the differential 
equations this problem can be treated as completely as the cor¬ 
responding one for ordinary differential equations.* 

Referring to the plane of the characteristic parameters a and 
we may consider ^ as the image of the special line A: a + jS = 0. 

*The discovery of this important fact is due to Hans Lewy [29]. 
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The characteristic parameters a and were introduced in Section 22 
with reference to a curve on which a = 13; we need only replace /3 
by —p. We restrict ourselves in the following discussion to a one¬ 
sided neighborhood of d. 

The initial value problem can now be formulated for the dif¬ 
ferential equations (22.17) in the (a, i(3)-plane. On the line A the 
values of x, y, Uj v are prescribed as continuously differentiable 
functions oi a = — and we seek in a onesided neighborhood of 

A a solution of the characteristic equations I and II in (22.17) which 
attains these given values on A. (We assume that the coefficients 
in (22.17) possess two continuous derivatives with respect to their 
arguments.) 

To construct the solution vve differentiate equations If and IF 4 . 
with respect to 13 and equations I_ and II.. with respect to a, thus 
obtaining four equations linear in .Ja/ 3 » Va^ , Uap , Va^. The deter¬ 
minant of these linear equations has the value aT{^^ — f-)^ which 
is different from zero by (22.09), ( 22 . 12 ), (22.20). Hence we can 
solve for Xa^ , ya^ , Ua^ , Va^ liiid obtain a system of equations of the 
form 

(24.01) Xap = /l , ^a /3 ~ /2 y ~ /s y ^0/3 ~ Ja y 

in which the functions / have continuous first derivatives with respect 
to each of the quantities x, 2 /, '^y v, Xa y y ya y y^ j Ua y y Va y vs . 
From the original initial values and equations (22.17) we can deter¬ 
mine the values of these twelve quantities on the line A. The 
initial value problem for equations (24.01) can now be solved by the 
method of iterations* in a neighborhood of the initial line A. The 
iteration process, leading to the values cf v, x, 2 / at a point a, /3, 
uses only integrations of the functions/» over a triangle ABP as indi¬ 
cated in Figure 1 (page 50). Assuming, for example, that the 
initial values are zero, one defines a sequence of functions x^'^\y^^\ 
of a and jS by the recursion formulas 

^(o) ^ 0 ^(n+l)(p) ^ ff ^(n)^ V^-^)dadfi 

J Jabp 

and so on for 2 /, u and v. This sequence is then proved to converge 
to a solution of equations (24.01). The solution of equations (24.01) 


See [32, Chapter V, Section 5]. 
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yields a solution of a characteristic system (22.17). Solving the 
characteristic system (22.17) is equivalent to solving the initial value 
problem for our original system (21.01) provided that the Jacobian 
XaV^ — x^ya does not vanish. 

For the details of the proof, reference may be made to the litera¬ 
ture quoted above. (For a slightly different and more general 
procedure see Sfi£tion 32.) 

From the iteration process it becomes apparent that the values 
w, V, Xy y at the point P = (a, /?) depend only on the initial values on 



Fig. 1 . Triangle in the (a,/3)-plane to which the iteration process applies. 

the segment between the points A = ( —^, ^) and B = (a, —a) 
indicated on the diagram. Suppose one has in the triangle A BP 
two solutions of the differential equations with the same initial values 
along the segment AB (but possibly differing outside). Then the 
two solutions coincide in the whole triangle ABP. 

Our result has the following significant meaning concerning the 
(x, 2 /)“Plane. Suppose a solution u{Xy y), v{x, y) with continuous 
second derivatives is given in a neighborhood of an initial curve A. 
From the discussion in Section 22 we know that characteristic param¬ 
eters can be introduced. Hence our solution leads to a solution of 
equations (24.01). Since the curves a = constant and j8 = constant 
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in the (x, 2 /)-plane are characteristics, the values of the solutions 
UyV dX dk point P in the (x, 2 /)-plane do not depend on the totality of 
initial values on but only on the initial values on the section of 
intercepted by the two characteristics through P. This interval on 
the line ^ intercepted by the two characteristics is called the domain 



X 

Fig, 2. Triangular domain in the (x,y)-plane in which the solution 
of the initial problem can be established. 

of dependence of the point P. The significance of this notion is then 
embodied in the following: 

Uniqueness theorem: Consider a solution {with continuous second 
derivatives) of equation (21.01) in the region A BP hounded by the two 
characteristics through the point P and the ^"domain of dependences^ AB 
cut out by them from the initial curve A, Suppose another solution {with 
continuous second derivatives) of equation (21.01) is given in ABP which 
assumes on AB the same values as the first one. Then the second solution 
is identical with the first one in the region ABP, 

An important special case arises when Ei , E 2 in (21.01) vanish 
whenever = v = 0. Then u = v — 0 in ABP is the only solution 
which vanishes in the domain of dependence AB of P, 

The range of influence of a point Q on the initial line A is the 
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totality of points in the (x, -plane which are influenced by the initial 
data at the point Q. This range of influence of the point Q consists 

of all points P whose domains 
of dependence contain Q ; there¬ 
fore it is just the angular region 
between the two characteristics 
drawn through Q. We shall re¬ 
alize later the significance of the 
preceding concepts both in the 
case in which one of the inde¬ 
pendent variables, say ?y, is int('r- 
preted as the time, see Section 
35, and in the case of steady 
supersonic flows in ^vhich x and 
y arc space variables and ii and 
V components of velocity. 

It is the cxisle/rice of such do¬ 
mains of dependence and ra/nges 
of influence which cJuiracterizes phenomena of wave propagation in con¬ 
trast to states of equilibrium. In the latter the states of all points in 
the medium are interconnected. 

The differential equations are 
elliptic; their solutions as seen 
in the general theory of partial 
differential equations are ana¬ 
lytic functions that are deter¬ 
mined in the entire region by 
their values in any domain, 
however small. For problems 
of wave propagation, on the 
other hand, the solution of the 
differential equations is not nec¬ 
essarily analytic. Hence it may 
be composed of analytically diff¬ 
erent portions in different dom¬ 
ains of the (x, 2 /)“Plane; there¬ 
fore the construction of solutions by pieces is often possible, and this 
possibility makes the solution of hyperbolic problems often relatively 
easy, as we shall see in many instances. 



on the initial curve. 



of a point. 
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The role of the concepts of domain of dependence and range of 
influence is implicitly referred to in such expressions as ‘flhe medium 
at a point P does not know of the state at a point Q/’ meaning that 
P does not belong to the range of influence of Q. 

In our construction no side of the initial curve is distinguished. 
The preceding construction therefore leads to the solution of the 
initial value problem for both sides of fi. 

While for the existence and uniqueness stated above, the initial 
values of u and v along have continuous second derivatives, solu¬ 
tions may exist which have discontinuities in the first (or higher) 
derivatives of these initial values. Suppose we have a continuous 
solution u(a:, y), interrupted by discontinuities of derivatives 

along certain curves; we furtlier suppose that u and v have contin¬ 
uous second derivatives outside of these curves of discontinuity. 
At those points P whose domains of dependence do not contain 
the discontinuity points of the first (or higher) derivatives of 
the initial data, the solutions u, v have continuous first (and higher) 
derivatives. From our preceding construction it can be inferred: 
such discontinuities of derivatives occur only along characteristics through 
the discontinuity points on thc^ initial ciirve sL See [32, Chapter V, 
Section 7). 

So far, the characteristics served for the theoretical discussion 
of the initial value problem. In addition, however, the (‘characteristic 
form of the differential equation proves especially useful for actual 
numerical solutions. Such numerical solutions are often achieved 
with comparatively little labor, if the differential equations are re¬ 
placed by equations for finite differences, as will be described in 
some detail in Chapter III, Section 83. 

25. Propagation of discontinuities along characteristic lines 

We insert supplementaiy remarks on the role of characteristics as 
the possible loci of discontinuities: if at, a point A there is a discon¬ 
tinuity in some derivatives of the initial data on .^i, then according 
to the statements made above this discontinuity is propagated along 
one or both of the two characteristics through A. Moreover, as 
we shall see presently, such discontinuities are propagated according 
to a definite law which implies that they can never disappear. 

In case the variable y is identified with the time /, this can be 
interpreted as follows. Any discontinuity spreads through the 
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one-dimensional x-region with velocities — given by the slopes of 

at 

the two characteristics through the corresponding point of discon¬ 
tinuity in the (.r, /)-plane. 

In two-dimensional steady flow small disturbances caused by a 
slight roughness of the boundary are indicated by characteristic 
curves, Mach issuing from the boundary of flow. Such 

characteristic curves are often actually visible in flows along a slightly 
roughened wall. 

The spreading of the discontinuities along characteristics can 
be described by the folldtving mathematical considerations. Let us 
assume that characteristic parameters can be introduced and suppose 
that the discontinuity appears across the line a = constant, so that 
the (tangential) derivatives with respect to /3 remain continuous. 
Then consider the four jumps, or discontinuity intensities 

[xXtl = X(fi), = F(/3), 

[uXtl = UW), = 7(/3), 

in which .t, y, u, v are considered functions of a and /3. We can now 
establish two homogeneous linear differential equations along a = 
constant for the discontinuity intensities. 

Consider first equation 1+ and 11+ of (22.17) at points Pi and P 2 , 
one on each side of, and near to a point P on, the characteristic a = 
constant; subtract these equations from each other and then let Pi 
and P 2 approach P. Since the coefficients and derivatives with 
respect to are continuous, we conclude that 

np) - f+(^)x(/3) = 0 

(25.01) 

urn + G^mv{fi)+R+{p)xip) = 0 , 


where f+, G+(^) = (af+ - S)/T, and P+ = (Kf+ - H)/T are 
known functions of P along a = constant, see (22.16). To obtain 
information from I_ and II_, we first differentiate with respect to 
a and carry out the previous process again. We then find a differ¬ 
ential equation of the form 

+ M(X, y, 17, V) = 0 , 

+ G-Vp + R^xp + N{x, y, u, y) = 0 , 


(25.02) 
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in which f_, = (af_ — S)/T,R = (K^+ — and the coeffici¬ 

ents of the linear forms M and N are known functions of along a = 
constant. 

The equations (25.01-.02) determine the discontinuity intensities 
as the solutions of linear homogeneous ordinary differential equations. 
Hence these discontinuities are uniquely determined and are not 
zero along the whole characteristic if they are known to be different 
from zero at any point of the characteristic. 

It should be pointed out that the discussion of the propagation 
of discontinuities in the first derivatives*, as outlined in this section, 
does not apply to discontinuities in the functions u and v themselves. 
We shall .see later, in chapter III, that discontinuities in the functions 
themselves are propagated as ^'shocks’^ in quite a different manner. 

26. Characteristic lines as separation lines between regions of 

different types 

A remark of basic importance should be repeated: whenever the 
flow in two adjacent regions is described by expressions which are 
analytically different (in particular when one is a region of rest or 
constant state while in the other region the state is not constant), 
then the two regions are necessarily separated by a characteristic. 
In general, the transition from one region into the other involves 
discontinuities of some derivatives; then the statement is an im¬ 
mediate consequence of the fact that only along characteristics can 
derivatives of u and v of any order change discontinuously. But, 
even if discontinuities of derivatives should not occur, the result 
follows easily by an alternative reasoning, based on the uniqueness 
of the solution of the initial value problem for a triangle formed by 
two characteristics and a section of the initial line, see [32, p. 297]. 

If the system (21.01) of differential equations is elliptic, no real 
characteristics exist, see [32, Chapter III, Section 2], and consequently 
continuous solutions do not possess discontinuities in their derivatives. 
If the coefficients of the differential equation are analytic the solu¬ 
tions are analytic functions of x and y and therefore cannot be con¬ 
stant in any region without being constant throughout. 

* For a more detailed discussion of the propagation of discontinuities, 
see again [32, chapter V]. 
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27. Characteristic initial values 

Along a curve d which is not characteristic for initial values of 
u, Vy our differential equations, as we have seen, permit the calcula¬ 
tion of the derivatives of u and v (and similarly of all higher deriva¬ 
tives), and determine the solution uniquely on both sides. 

What corre^onding information do the differential eciuations 
yield for a line^with values u and v which make it characteristic? 
The answer is found immediately from the characteristic form 
(22.17) of the equation^. Suppose is a Ci-characteristic, with 
p = constant. Equation II^ shows that along the values of 



Fig. 5. Rectangular domain in the (x, 7/)-plan€; in which the solution 
of the characteristic initial problem can be established. 

wand V cannot both be prescribed arbitrarily; or rather, 11+ estab¬ 
lishes a relation between them since it is an ordinary differential 
equation in u and v along = C+ . We are consequently at liberty 
to prescribe only one function, e.g u and, at a single point, the 
value of the other function, v. 

In many important applications the initial value problem is 
posed not for a non-characteristic initial curve but for initial data 
along two intersecting characteristic arcs. This characteristic initial 
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vahie problem is formulated for the characteristic differential equations 
as follows. Given compatible values of u and v along two charac¬ 
teristic segments a: = ao, /S == /3o as in Figure 5 (page 56), find the 
solution of equations I and II, (22.17), with these initial values for 
points q:, in one of the four angular domains, e.g., a > ao y ^ > fio • 
The solution is again uniquely determined and is obtained by the 
iteration method outlined above' in Section 24. For this problem 
the method of finite differences is again an adequate tool for numerical 
computation. 

28* Supplementary remarks about boundary data 

Later on, in particular in connection with the theory of combustion 
and detonation, see Chapter III, part E, we shall en(a)iinterproblems 
in which the data for the solutions of the differential ecpiations (21.01) 
are prescribed on two non-chara(*4eristic ai’(;s .4 and meeting at 
a point 0 and enclosing an angular region fi\ of the (x, 7/)-plane, see 
Figure 6. With a view to such 
applications we insert here a few 
remarks. Assigning a direction 
to each of the two families of 
characteristics, we assume that 
the two characteristics issuing 
from points on enter region fJv 
while only one characteristic 
issuing from points on enters 
f/v. It is convenient to call .4 
space-like, and time-like, see 
[32, p. 355], for reasons given in 
III-A. Then we may state that 
two data on ^ and one datum on 
^ determine the solution in fJl. 

More precisely: draw from one 
point P in Si the two characteristics in the negative direction until they 
intersect or ^ in two points B and A. Suppose a second solution is 
given in 91 which assumes on the section OB on ^ the same values of 
u and Vy and on the section OA on g the same values of one quantity, 



X 

Fig. 6. Domain of dependence 
on a space-like and time-like arc. 
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u for example, as the original solution. Then the two solutions co¬ 
incide in the region ABP and in particular at P. This is an impor¬ 
tant statement on uniqueness. It justifies the designation ^‘domain 
of dependence’’ for the segment AB cut off from A and by the two 
characteristics. 

In formulating an existence theorem one encounters the difficulty 
that it dependsiiiai both ii and v whether or not the arc is “time¬ 
like,” while only one of these quantities is prescribed there. How¬ 
ever, the two data on A determine by continuity whether or not the 
direction of at 0 is timfi-like (assuming continuity of the datum on 
at 0). If this is the case it can at least be stated that a solution 
exists in a neighborhood of .‘J within which is time-like. 



Fig. 7. Domain of dependence on two time-like arcs. 


Another natural problem is one in which on two time-like arcs 
^ and X one quantity is prescribed and two at the point of inter¬ 
section 0, Suppose a solution is given for which ^ and X are time¬ 
like, see Figure 7. Then the domain of dependence OA on OB 
on X is again cut out by the two characteristics drawn through P 
in the negative direction. Consider any other solution for which 
one quantity, e.g. u, on OA and one quantity, u or t;, on OB^ and at 
0 both u and v, are the same as for the original solution. Then the 
two solutions agree in the subregion ABP. This uniqueness theorem 
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has apparently never been proved, although there is little doubt 
about its validity under appropriate conditions. 

The same can be said about the existence theorem which states that, 
provided both the directions of d and TfC are time-like at 0, a solution 
exists in a neighborhood of 0 if one quantity is prescribed along 
one along and two at 0 in such a way that the data are continuous 
at 0. 

The preceding statements form the basis of a complete treatment 
of the equations of gas dynamics in the cases characterized in 
Section 20. In all these cases the reduction of the differential equa¬ 
tions to their characteristic foim opens the way for theoretical or 
numerical procedure, as will be shown in Chapters III and IV. For 
the present we continue the general theory by discussing a point of 
major importance, the notion of simple wave. 

29. Simple waves. Flow adjacent to a region of constant state 

Very often the following situation is encountered. In a region 
(/) of the (x, y)-plane the solution (u, v) of the differential equation 
(21.01), or, as we shall simply say, the “flow^’ (u, v), is constant. 
Adjacent to this region of constant state is another region {II) in 
which u and v vary. Then, as we have seen in Section 26, the two 
regions are separated by a characteristic C. We shall show in this 
section that the flow in such a region {II), adjacent to a region (/) 
of constant state, is of a particularly simple character if the dif¬ 
ferential equation (21.01) is reducible, that is, if the coefficients 
A, B,C,D oi the derivatives ,Uy ,Vx , Vy depend on u and v only 
and the member E vanishes, see Section 21. 

In the present section we shall be concerned only with reducible 
differential equations and we shall assume them to be hyperbolic. 
Such equations possess two fixed families of characteristics in the 
{u, i;)-piane, r+ : fi{u, v) = constant, and T.- : a{u, v) = constant. 
As was shown in Section 21, a reducible differential equation can be 
reduced to a linear one provided that the Jacobian j = UxVy — UyVg 
does not vanish. Now, however, we are concerned with solutions 
u{x, y), v{x, y) for which the Jacobian j vanishes in a whole region 
and which therefore cannot be represented by solutions of the cor¬ 
responding linear differential equation. Solutions or ^‘flows’’ of this 
type will be called simple waves. Simple waves play a fundamental 
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. role in describing and building up solutions of flow problems. In 
particular, we shall show: a flow in a region adjacent to a region of 
constant state is always a simple wave. 

In a region (/) of constant state both sets of characteristics C+ 
and C_ are straight lines, since constant values of ii and v imply 
constant values of p and a. We shall see that in a simple wave 
region at least set of characteristics 1/ consists of straight lines. 

We start with a mathematical definition of a simple wave as a 
» flow with the following properties: The regicm of flow is covered by 
I a set of arcs of characteristics C of one kind, say C_, all of whose images 
i in the {u, v)-plane fall on the same characteristic, c.g. In other 

words, the u, v image of the whole simple wave zone lies on this one 
characteristic fI. 

It is clear that the image of any characteristic arc C% in the simple 
wave zone lies on a certain characteristic . On the other hand, 
this image lies by assumption completely on Fi since the imago of 
the whole simple wave zone lies on f 1 . Therefore the image of each 
characteristic of th(' second kind consists of just one point, the 
point of intersection of IV ^^'ifh Fi . This means that the (piantities 
'll and V are constant along each characteristic C\ of the second kind. 
In particular, the slope dy/dx = v) of this characteristic is 

constant, and consequently this characteristic CV- is a straight line. 
In other words: a simple wave zone is covered by arcs of characteristics 
which carry constant values of u and o and hence are straight lines. 

An immediate consequence of the definition is the following: 

Fundamental Lemma: If in a flow region a section of a charac¬ 
teristic carries constant values of u and v^ then in regions adjacent 
to this section the flow is a simple wave or a constant state. Consider 
a region Ik in which u and v are continuous functions of x and y and 
which contains a section §> of a (74.-characteristic on which u and v 
are constant. Through each point of the region Ik a characteristic 
CV passes. Take the sub-region fk' of Ik. of all points of Ik. for which 
the characteristic (7_ intersects the section §. The precise statement 
of the fundamental lemma is then that the flow in this sub-region SF 
is a simple wave. The proof is now immediate: the image of S in 
the {Uy i;)-plane is a point. The images of all characteristics (7_ 
in Ik', therefore, lie on characteristics F_ passing through that point. 
There is only one characteristic of a particular kind through a point. 
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Hence these images all lie on the same characteristic. r_. By def¬ 
inition then the flow in SI' is a simple wave. 

An immediate consequence of the fundamental lemma is the 
Ftmdamental Theorem.: The flow in a region adjacent to a region of 
constant state is a simple wave. 

For, the line separating regions of constant and non-constant 
state is a section of a characteristic and, in a region of constant state, 
characteristics carry constant values of u and v. At the same tim(^ 



8. Simple wave rej^ion adjacent to a region of constant stale. 

it is clear in precisely which adjacent region 1 ) 1 ' the character of the 
flow as a simple wave is established. 

d'liere exist a great variety of simple wave solutions of our re¬ 
ducible differential eciuation ( 21 . 01 ), and it. is of interest to a.scertain 
what, data are suitable to specify an individual simph? wave. 
natural possibility, corresponding to typical physical problems, is 
this: one prescribes the values u = '!<(«). along a given curve 

fB: .r = .t(s), ?/ = y{s) such that the image in the (a, » 0 -plane lies on 
a specified r-charactcristic, c.g. a r_-characteristic. 'I’hen the slopes 
of the straight C 4 -characteristic issuing from any point (x(s), ?/(s)) 
on fB are given by dy/dx = v(s)) and the values of u and v 

on this C 4 -characteristic are constant along it: a = u(s), v = v(s). 
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Thus the flow can be described by a: = x(s) + (t, y = y(s) + , 

u = u{s), V = v{s) in terms of two parameters s and a. We assume 
that the curve is nowhere tangent to a C+-direction: 

Z/a ^ • 

Then the Jacobian d(x, y)/d((r, s) = y^ + does not 

vanish on ffi. Consequently, x and y can be introduced as inde¬ 
pendent variable?*^^n a neighborhood of ffi. It is easily verified that 
the functions u{x,y)^ v{x^yy^o obtained solution are simple wave 
solutions of the differential equations. 

iV / 


0 


X X 

Fig. 9. Simple wave region adjacent Fig. 10. Centered simple wave, 
to an arbitrary curve fB. 

In the special case that the curve fjB degenerates into a point 0 
all the straight characteristics 6% issue from the point 0; we then 
call the wave centered with the center 0. Such a centered simple wave 
is evidently determined if the corresponding section of the r_-char- 
acteristic is prescribed. 

30. The hodograph transformation and its singularities. 

Limiting lines 

We add a few remarks about the “hodograph transformation,’' 
described in Section 21, as a means of reducing a reducible equation 
(21.01) for (i/, v) as function of (x, y) to a linear one (21.03) for 
(x, y) as function of {u, v). In Section 29 we studied simple waves in 
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a domain of the flow throughout which j = MxVi/ — UyVz = 0 and the 
hodograph transformation becomes impossible. We now consider 
the case in which j = 0 merely along a smooth curve. Similarly we 
are interested in the case in which the Jacobian J = XuVv — XvVu 
vanishes along a curve in the (u, t))-plane in a region in which the 
transformed differential equations (21.03) possess a smooth solution. 
As we shall show in Chapter IV, see Section 105, both phenomena are 
of importance in the theory of steady two dimensional flow. Here 
we concentrate on the underlying mathematical facts concerning 
singularities of mappings. 

We consider the mapping of a (?, »j)-plane into a (^', 7j')-plane, an d 
suppose that at the point 0, (? = n = 0), 

(30.01) J = i'lVn - iWi = 0, 

while not all derivatives , Vn vanish at 0. By this require¬ 

ment we exclude branch point singularities of the type occurring in 
potential theory or more generally with solutions (w, v) of any ellip¬ 
tic system of equations of the form (21.01). If, for instance, we 
assume »?{ 5 ^ 0, then the condition 

(30.02) = n'd. - 9^0 at 0 

3($, V) 

assures that the locus of j = 0 is a smooth curve through 0, the 
“critical” curve. How does the image of a neighborhood of 0 look 
in the neighborhood of the image point O', (?' = v' = 0)? 

The answer is: the image of a full neighborhood of 0 in the (?, ri)- 
plane is not a full neighborhood of the imago point 0' in the ($', r^'Yplane, 
but only a partial neighborhood, doubly covered as if the original domain 
were distorted and folded over. 

The image domain consists of two sheets which meet along an edge. 
This edge is the image of the critical curve j = 0. There is one “ex¬ 
ceptional” direction through the point 0 such that the images of any curves 
C passing through 0 in this exceptional direction have cusps at the image 
point O'; their direction at these cusps depends on the curvature of the 
critical curve at the point 0. This exceptional direction ((, i)) is char¬ 
acterized by the condition 

(30.03) = 0, 


V = V(^ + - 0- 
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All ^^non-exceptional^^ directions through 0 are rnapped into one and 
the same direction, the ^^edge direction^'. That is: the image of any 



Fig. II. Mapping of the neighborhood of a critical curve (heavy solid line). 
The figure shows three curves crossing the critical curve in the exceptional 
direction along with their images with cusps (light solid lines), and three curves 
crossing in the non-exceptional direction along with their images tangential to 
the edge (light broken lines). 

curve passing through the point 0 in a non-exceptional direction is 
tangential to the edge at the point O', forms no cusp there and, in 
general, passes from one sheet of the fold into the other one. 
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These facts are most easily established if vve subject both the 
(fj ^)-plane and the r}')-p\txnc to two suitable linear or affine 
tranvsformations, so that the mapping can be written in the form 

^ + /.V" + 2GaT + + • • • 

(30.04) 

r' - /V + 2M(tt + Nt" + •••, 

in which tr, r and a', r denote the new coordinates and the dots 
indicate terms of higher than second order. The Jacobian, again 
denoted by then becomes 

(30.05) j = 24/(7 + 2Nt -+ 4(FM - GL)a + • • •, 

the dots indicating terms of higher than first order other than 
The condition (30.02) at 0 is reduced to N 9 ^ The critical curve 
with the equation j = 0 is then mapped into the edge with 
the equation 

(30.06) r' - La'" + •••. 

The edge direelion in the (( 7 ', r')-plane is therefore given by dr = 0. 
As seen from (30.04), every curve in the (a, r)*plane through 0 with 
an equat ion 

(30.07) r = /S(7 + • • • . 

is mapped into a curve with an equation 

(30.08) r' = (L + 2M^ + + •• , 

which therefore is tangential to the edge. Consequently, every 
direction through 0 with da 9 ^ i) h non-exceptional. 

Every curve through 0 with an equation 

(30.09) 0 - = arM- • • • 

is by (30.04) mapped into a curve with the parametric representation 

(30.10) 0 -' = (a + 7/)r“ -f • • • , r' = iVr' + • • • , 

which, because oi N 0, has a cusp at O'. Obviously, therefore, 
the exceptional direction through 0 is given by da = 0. 

We note that this image curve has in general infinite curvature 
at the cusp. 

Incidentally if (30.02) does not hold and hence if = 0, the critical 
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curve itself has the exceptional direction in 0; then its image, the 
edge, in general forms two branches meeting at a cusp at the point 
O', as is easily verified. The image of a full neighborhood of 0 in 



Fig. 12. Mapping of the neighborhood of a critical curve 
in special coordinates. 


the (^, ?;)-plane then forms a ^^pleat" of three sheets. One of these 
sheets just covers the “cusp region^^ between the two edges and is con¬ 
nected at each of these edges with one of the other sheets which 
fold over and reach beyond the cusp region. 

The facts which we have explained serve to illuminate important 
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situations arising in the mapping of the {x, ?/)-plane into the {u, v)- 
plane and, vice versa, situations furnished by a solution u{x, y), 
v{Xy y) of the differential equations ( 21 . 01 ) of the reducible type. 
We consider the quasi-linear differential equations ( 21 . 01 ) for (?/, v) 
as functions of {x, y), the corresponding linear equations (21.03) 
for (x, y) as function of {u, v) and the characteristic equations (22.17) 


(30.11) 


I Va = 

II Tua = -(af-f - ^)Va , 


-- , 

Tu^ — (af_ — S)vq , 


in which , a, S depend on (?/, v) only. We assume that the 

coordinates are so (diosen that and are finite and T 0 , a 0 , 
see (22.09) and (22.20). Further we assume that in the domain 
considered f_ f 4 ., see ( 22 . 12 ), so that two distinct characteristics 
pass through each point. 



Fic. 13. Mapping induced by the solution of a reducible differential equation 
and involving a limiting line on whose image J = 0. 


Firstly, we consider a solution {x, y) of the linear equation (21.03) 
and the corresponding mapping of the (w, vYplane into the (x, y)-plane, 
assuming that the Jacobian 

(30.12) *I — x^yv x^y u 

(but not each of the four derivatives individually) vanishes along a 
critical curve in the (?/, p)-plane. The image in the (x, 2 /)-plane 



68 


THEORY OF HYPERBOLIC FLOW 


CHAP. II 


of this critical curve, the edge of the fold, is called a limiting Imr. 
Since we have two fixed families of r-characteristi(%s in the (?/, v)- 
plane we may introduce the parameters («, 0 ) such that 

UaV^ — tlfiVa 0 . 

Hence vanishing of J implies 

(30.13) ^ XaVp - X0a = 0 

or, by I in (30.11), 

(30.14) ^ (f- - t^)xaX^ = 0. 

Since by assumption, either .r« = 0 or Xs = 0 along the 

critical curve. Suppose Xa = 0. Then by I also ya ~ 0. Accord¬ 
ing to (30.03) this implies that one characteristic direction, in our case' 
dfi = 0, is exceptional. The corresponding ‘'exceptionar' C-char- 



Fig. 14. Mapping by the solution of a reducible differential eciuation 
involving a transition characteristic at which 7 = 0 . 


acteristic has a cusp at the limiting line. The images of all curves 
in the {u, v)-plane which cross the critical curve in a direction different 
from the exceptional characteristic direction are tangential to the limiting 
line. This applies in particular to the other, non-exceptional, V- 
characteristics. Hence, the limiting line is an envelope of a set of 
non-exceptional C-characteristics . 
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Secondly, we consider the mapping of the (x, y)-plane into the 
{u, v)-plane furnished by a solution (w, v) of the original quasi-linear 
equation (21.01) assuming that the Jacobian 

(30.15) j — nxVy nyVX > 

(but not (‘ach of the four derivatives) vanishes along a critical curve 
in the (:r, ?/)-plane. We call such a curve a transitiori curve. 

We maintain that such a transition curve is a C-characteristic 
and its image^ the edge of the fold in the (n, v)-plane, a T-characteristic. 
The C-characteristic of the other kind is e.vceptional; its image runs 
through a section of a T-characteristic up to the edge in one direction 
and then backwards through the same section in the opposite direction. 
The images of all curves in the {x, y)-plane which cross the transition 
curve in a direction different from the exceptional characteristic direction 
are tangential to the edge. 

To establish these facts we introduce characteristic parameters 
(a, / 3 ) in the neighboi’hood of the transition curve so that 

Xay^ - x^Va 9^ 0 

there. Then i = 0 implies Uat^ — u^Va = 0 or, by II in (30.11), 

^(t— 9, 

since a ^ 0 , f-f , cither Va = 0 or vp = 0 along the transition 

curve. Suppose Va = 0 . Then by II also Ua — 0. According to 
(30.03) this implies that the characteristic direction given by = 0 
is exceptional. The image of the exceptional CV-characteristic 
has a cusp at the edge of the fold. Since this image lies on a F- 
characteristic and the F 4 -characteristics are fixed curves it is clear 
that th(^ cusp of the image of C+ is attained by running through the 
same section of 1 % forward and backward. That the images of all 
curves crossing the transition curve in the non-exceptional direction 
are tangent to the edge follows from the general theory. In par¬ 
ticular, it follows that the edge is an envelope of F_-characteristics, 
having a characteristic direction at each of its points. Through any 
point there is only one curve with this property, viz. the characteris¬ 
tic curve itself. In other words, the edge itself is a F_-characteris- 
tic. Consequently, the transition curve is a C_-characteristic, 
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31. Systems of more than two differential equations 

So far in this chapter, we have confined ourselves to systems of 
two differential equations, as they occur for isentropic flows with 
sufficient symmetry. However, the assumption of isentropy or 
irrotational character is sometimes not justified; then a system of 
three or of four differential equations governs the flow. For such 
quasilinear sy^s^ems of more than two equations many relevant fea¬ 
tures of the theory of this chapter remain valid. 

'Characteristic directions can be defined in the same way as in 
Section 22. Again oinc seeks linear combinations of the differential 
equations which contain derivatives of all the unknown functions in 
only one direction. Such directions arc called characteristic. A 
system of n equations for n functions of two variables leads to an 
algebraic equation of degree n for the characteristic directions at each 
point. If all are real and distinct, the system is called totally hyper¬ 
bolic. 

A few special cases may be mentioned: 

For the three equations governing one-dimensional non-isentropic 
flow (^7.01-.03) the three characteristic directions are characterized 
by 

. . C 4 . : dx/dt = w + c, C_ : dx/dt u— c 

Co : dx/dt = u, 

as will be derived in detail in Section 34. The three characteristics 
through a point are evidently the paths , C_ of the two ^‘sound 
waves” as described in Section 23, see (23.05), and in addition the 
particle path Co, see Figure 15. 

Initial value problems for such equations may, however, be re¬ 
duced to problems for a system of merely two functions by intro¬ 
ducing the Lagrangian representation, see (18.10), and assuming that 
the entropy is a given function of the Lagrangian parameter h. 

Steady non-isentropic, rotational two-dimensional flow is gov¬ 
erned by four differential equations for the four quantities u, v, r, 
and S as functions of x and ?/, see (7.08-.11). The four character¬ 
istics through a point are the two ‘‘Mach lines” found in Section 23, 
see (23.11), and in addition the streamline, counted twice. 

Again, initial value problems for these equations may be reduced to 
problems involving two functions only, by introducing the stream 
function see (16.12), and ^y other quantity, such as the speed 
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as unknown functions, and considering the entropy S and the Ber¬ 
noulli constant as given functions of 



Fio. 15. Domain of dependence AB of a point P for the solution 
of a system with three characteristics. 


There are, however, problems for which the reduction to the case 
of two unknown functions is not possible; therefore a study of general 
hyperbolic systems of quasilinear differential equations for n unknown 
functions • • • li”, n > 2, is not only of theoretical interest, but also 
relevant for applications. It is remarkable that the theory of integra¬ 
tion developed in the preceding sections of this chapter can be modi¬ 
fied and generalized, so that existence and uniqueness of the solution 
of the initial value problem as well as suitable numerical methods 
are ensured. 

The methods of approach indicated in the present section appear 
somewhat simpler than earlier approaches, see [33, 34], and will be 
amplified in a forthcoming publication. 

We consider n differential equations 


(31.02) Li = a„ ^ + hii ^ + c. = 0 

with coefficients a, b, c depending on a:, y, w* • • • u 


a = 1 , 

(j = 1, 


" * 


, n) 
, n) 


*As is usual, summation symbols are omitted; it is understood that in 
terms where an index is repeated summation should be carried out with re¬ 
spect to that index. 
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Again, as in Section 22, wc start with a specific solution • • •, 
u'' and ask for curves C: x(gr), y{<T), such that a linear combination 
\iLi of the differential equations can be formed in which differentia¬ 
tions occur only with respect to the curve parameter a: 

(31.03) XiLi ^ 7>i + R = 0. 

Exactly as in S^tion 22, we find that a necessary and sufficient con¬ 
dition for the existence of such a “characteristic direction” is tlu^ 
compatibility of the following homogeneous linear ecpiations lor X,: 

jya 0 , 

(31.04) Xi(a.X + = 0, 0 = 1, •••, //), 

XiihijVi + Cii/a) = 0. 

This condition is tantamount to the vanishing of all the nth order 
determinants of the matrix, yielding in the first plac(‘ the (l(*termi- 
nant equation 

(31.05) Idijya - bijX,r\ = 0, 


that is, an algebraic equation of ?i-th degree foi* the quoti(Uit 


(31.06) 





We assume that there are n distinct real roots ^ 1 ,^ 2 , * * • , f« , cr that 
our system is totally hyperbolic. Then there exist families of charac¬ 
teristics Cv satisfying the ordinary differential equation 


(31.07) 



f*' 7 


each family covering the domain of the (x, y)-plane under considera¬ 
tion. As in Section 22 we set equal to zero the determinant of any n, 
except the first n, equations (31.04) and thus find that the original 
differential equations combine to linear combinations of the form 


(31.08) M,jdu’ + N;dy = 0 on C., v = I, ■■■, n 


in which d indicates differentiation along C, and where the coef¬ 
ficients M.j and N, are known functions of x, y, u’ with a non-vanish¬ 
ing determinant | M,j [. Together with (31.05) these equations 
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(31.08) constitute the characteristic equations for the original dif¬ 
ferential equations. 

For n> 2 these equations can no longer be interpreted as a system 
of canonical partial differential equations, since the n characteristics 
imply n parameters, while wc have only two independent variables. 

Nevertheless, the characteristic form (31.05) and (31.08) of 
the equations (31.02) lends itself to a theoretical treatment which 
at the same time suggests various numerical procedures by finite 
difference methods. 

The result is existence and uniqueness of the solution of the initial 
value problem; likewise, the theory immediately yields a domain of 
dependence, for a point P in the plane, in form of the largest segment 
on the initial curve ^ intercepted by characteristics drawn backwards 
from P. 

lAnear equations: Let us first assume that the original system is 
linear, i.e. that the coefficients depend on x and y only. Then the 7 i 
families of characteristics arc fixed curves in the (x, ?/)-plane given 
by the ordinary differential equations (31.07). We envisage the 
initial value problem: given a curve nowhere characteristic, with 
prescribed initial values of u\ find a solution at all points P with 
coordinates x, y in a suitably small domain fil adjacent to A. The 
domain is assumed to be such that the n characteristics through a 
point P intersect A in distinct points and have different directions 
at P. Then the equations (31.08) can be written, after integration 
by parts, in the form 

MijU^ \p — —Niy\p Mijid \p^ + f u^dMij 

Jpi 

in which the integration is extended over the arc PPP of T, and in 
which the tw o first members on the right-hand side are know n quan¬ 
tities. These relations immediately suggest an iteration scheme: 
We insert on the right-hand side, for u\ an arbitrary first approxima¬ 
tion u{ satisfying the initial conditions. Now' identifying u^ on 
the left side with the next approximation ul w^e obtain a system of 
n linear equations for these values at P. The determinant of the 
system is assumed to be bounded away from zero. The resulting 
values ul. as functions of x, y are now^ used on the right-hand side 
again to produce expressions for the next approximation, and so on. 
Convergence of the procedure to a solution u’ of the original system. 
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as well as uniqueness, is not difficult to prove. At the same time 
the domain of dependence of P is seen to be the segment of ^ cut out 
by the two outer characteristics. 

In the general case of a nonlinear system (31.02) various plaus¬ 
ible procedures of iteration by linear processes present themselves. 
In the first place, one could start out with the first approximation u}, 
substitute these values in the coefficients of the differential equations, 
and thus obtain a linear system. By the method given above 
this system will produce as solution a second approximation ; 
iterating this procedure one obtains, as can be proved, convergenc^e 
to the desired solution in^ suitably small domain see [34]. 

Another method would be to use (31.02) directly, taking into ac¬ 
count that with each step the characteristics are to be modified. 



Fig. 16. Strips and characteristic vectors occurring 
in the finite difference scheme. 

As a basis for numerical computations, however, it seems possible 
and even preferable to proceed as follows: We consider a sequence of 
curves depending on a parameter while each curve may be rep¬ 
resented in terms of a parameter s. As the parameter t increases 
from 0, the curves are to cover the domain fjR smoothly; further¬ 
more we assume that, for the given initial values and a sufficiently 
small neighborhood of them, the curves d are nowhere characteristic. 
We now select a small value r and consider the curves 3 = ^(0), 
^2 = *^(2r), etc., defining in this way narrow strips So 
2 i, • • •. Then we solve, by the method for linear equations, the prob¬ 
lem for the small strip So. The first approximation u{ for this 
purpose is constructed by extending the given initial values as con¬ 
stants along a non-characteristic family of transversals of curves 
^{t)j e.g. along the lines s = constant. By substituting these func¬ 
tions u{ in the coefficients of the differential equations, we make them 
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a system of linear equation whose solution produces values of on 
. With these values we solve, in the same way, a linear initial 
value problem for Si, and so on. Thus we obtain a function in 
the domain which, for r —> 0, can be shown to converge to the de¬ 
sired solution of the nonlinear problem. 

The method just described lends itself to a much simplified nu¬ 
merical procedure. By making the step r small, one may omit alto¬ 
gether solving the initial value problem in the interior of the strips 
S, and instead simply construct values on the curve dn+i from 
those on in the following manner: From a point Pon^„ 4 i we draw 
n short straight segments backwards in the n characteristic directions, 
intersecting in points Pv and having their slopes determined by 
the values Sp of s at Pv. Then we simply replace equations (31.05) 
and (31.08) by difference equations, which immediately represent the 
values of at P by n linear equations involving only the values of 
obtained previously on • 


APPENDIX 

32. General remarks about differential equations for functions 
of more than two independent variables. Characteristic 
surfaces 

In quite a natural way the concept of characteristics can be ex 
tended to differential equations for functions of n independent vari 
ables when n > 2. We shall briefly develop the notion of char” 
acteristic surfaces and of characteristic equations and then discuss 
why the usefulness of this notion is limited. 

With a slight change of notation we consider quite generally a sys¬ 
tem of k equations for a system of k functions k = 1, • • • , fc of n 
variables Xp, v = 1, • • • , n, 

(32.01) = a;, UxJ + /m = 0, m = 1, • • * , 

in which the andXi are functions of w = and x == {x^}. 

Through any point x we place elements ^ of (n — 1)-dimensional sur¬ 
faces, characterized by a normal vector ^ = {{’'}. We call such a 
surface element tp characteristic if an appropriate linear combination 
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L = of the differential expressions involves derivatives of the 
“function” u = only in the directions of this surface element. 

The property of a surface element (p to be characteristic at a point 
depends, of course, on the value of u at this point, but not on the 
values of the derivatives of m there. 

The direction in Avhich is differentiated in the differential ex¬ 
pression Tv is thiA4 of the vector with the components XnCtfiK ; the condi¬ 
tion that its direction lies, in a plane perpendicular to the vector 
with the components is therefore 

(32.02) " == 6. 

Since it is to be satisfied for /x = 1, 2, • • • , /c we have a linear homo¬ 
geneous system of k equations for Xi, * • • , X^ , and thus we obtain as 
the condition for the existence of multipliers \n the determinant 
equation 

(32.03) = 0. 

This is the character'Stic eqaalimi, homogeneous and of the order 
A: in ‘ or, if the characteristic element is that of a surface 

<p{xi , 0:2 , • • • , Xn) = 0 with , in the partial derivatives . 

Suppose ^ } represents a characteristic surface element. Then 

multipliers X can be found to satisfy equation (32.02). The differen¬ 
tial equation L = 0 then implies differentiations of all functions 7 /'^ 
in some direction within this surface element. 

To write L = 0 in a form such that this latter fact appears evident, 
it is useful to introduce the normal derivative of a fimc^tion g l^y 

9^ — QxXy 

supposing 1^1^ = 1. Then g^i = fVi represents a differentiation of 
g within the surface ip = 0, and can be interpreted as differentiation 
along the projection of the a:i-direction onto the surface element. 
L = 0 then can be written in the form 

(32.04) L = + XX = 0 

since the terms with negative sign combine to zero by (32.02). Ob¬ 
viously (32.04) contains differentiations within <^ = 0 only. 

Suppose now that it is possible to determine k characteristic sur¬ 
face elements depending in a continuous manner on x and u such that 
the corresponding k systems of multipliers X are linearly independent. 



MORE THAN TWO INDEPENDENT VARIABLES 


77 


(The system of equations (32.01) is then totally hyperbolic, see [32].) 
Then the resulting k differential equations (32.04) are equivalent to 
the system (32.01). If each of these k '‘characteristic equations’^ 
involved derivatives in only one direction, a decisive simplification 
of the system (32.01) would have been achieved. In general, how¬ 
ever, each equation (32.04) involves derivatives in several directions, 
their number being limited only by the condition to be < A: 
and < n — 1. If A; > 2 and n > 3, reduction to characteristic form 
therefore in general does not yield an essential simplification of the 
differential equations. 

It is natural to ask whether or not there is a useful generalization 
of the notion of simple waves for functions of several independent 
variables. Suppose k functions • • • , of n variables 

Xi, ' - jXn are defined in a domain D. We say that the "function” 
u = represents a simple wave if the domain D is swept by sec¬ 

tions of a one-parametric set of (n - 1)-dimensional hyperplanes on 
which u is constant. We say that the function u represents a double 
wave if the domain D is swept by sections of a two-parametric set of 
(ri — 2)-dimensional hyperplanes on which u is constant. It is 
then clear how to define an n-iuple wave. 

Various questions arise in connection with such waves. How is 
the property of a function u to represent an n-tuple wave connected 
with the vanishing of the determinant of the matrix of the 

derivatives of u? Which differential equations admit ri-tuple waves 
as solutions? 

In particular, one should like to know whether or not it is true 
that a solution which is constant on one (n — 1)-dimensional hyper- 
plaiui is a simple wave in an adjacent region, and that a solution which 
is constant on each (n — 2)-dimensional hyperplane of a one-dimen¬ 
sional set is a double wave in an adjacent region. 

Some of these questions can be answered in some cases. For ex¬ 
ample, it is easily seen that every irrotational vector field u = 

, • • • , a simple wave if the rank of the matrix equals 

one. For, if this rank equals one, there is a function s{x) and "func¬ 
tion” U{s) such that u{x) = U{s{x)). Let ip be the potential so that 
= (fxK, and set 

<J> = — (p. 
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Then 




dU 


(0 


ds 


Thus the gradient of ^ is proportional to the gradient of s; this fact 
implies that ^ is a function of s, 


so that 


^ = F{s) 

dF __ dU^''^ 

ds ds 


This relation implies thiit the surfaces s = constant are planes since 
dF/ds and dU^"^/ds depend on s only. 

In a similar fashion one shows that an irrotational vector field is 
an r-tuple wave if the rank of the matrix } is r. 

Starting with the derivation of this fact Giese [35] has investigated 
in great detail the geometry of simple and double waves representing 
irrotational isentropic flow in thr ee dimensions. 



CHAPTER III 


One-Dimensional Flow 


33. Problems of one-dimensional flow 

Isentropic flow of compressible fluids admits a fairly exhaustive 
mathematical treatment if the state of the medium depends only on 
the time t and on a single cartesian coordinate. The differential 
equations of motion then reduce to simple systems of the type studied 
in the preceding chapter. Without necessarily basing our discus¬ 
sions on these general theories, we now turn to an analysis of flow 
problems depending only on two variables. The first subject is one¬ 
dimensional flow. 

As the model of one-dimensional flow we shall usually consider 
the flow of a gas in a long tube extending along the x-axis. The tube 
may be infinite, semi-infinite, or finite, i.e., open at both ends, closed 
by a piston or wall at one end, or by pistons or walls at both ends. 
Unless otherwise stated, we shall assume an initial state of uniform 
velocity i^o, uniform pressure po, and uniform density po. The 
motion of the gas is then caused by the action of the pistons at the ends. 

It is convenient to represent the phenomena in an (x, 0-coordinate 
system, and to refer to the curve in the (x, 0-plane representing the 
motion of a particle as a “path.” Let the x-coordinate of the piston 
at the left end of the gas-filled tube be a: = 0 for i = 0. Then the 
motion of the piston is represented in the {xy 0-plane as a curve SP, 
the pistm pathj starting at the origin as indicated in Figure 1 for 
compressive and for expansive action of the piston. 

In Part A we shall investigate general methods of solving the 
differential equations of motion; in Part B we shall study the simplest 
types of continuous motion of a gas, in particular, the rarefaction 
waves caused by receding pistons. Part C is devoted to a discussion 
of discontinuous motion involving shock frontSy which develop as a 
result of compressive action. With some sacrifice of conciseness, 


79 



80 


ONE-DIMENSIONAL FLOW 


CHAP. Ill 


an attempt is made to illuminate the shock front theory from various 
points of view. In Part D it is shown how more general types of 
motion result from interaction of the elementary motions studied in 




Figure 1. 

(a) Piston path (compressive action), (h) Piston patli (expansive action). 


Parts B and C. In Part E we shall disenss the theory of discon¬ 
tinuous detonation and eomltustion processes, whic^h is (closely related 
to the theory of shocks. 


A. Continuous Flow 


34. Characteristics 

In the present section we are concerned with the characteristic 
directions and curves of the differential equations 


(34.01) 


Pt + upx + pih = 0 , 

pUt + pnUx + Px = 0, 


of isentropic one-dimensional flow, see (17.01".02), in which p — f{p) 
is a given function. The characteristic equations derived in 
Chapter II, Section 23, see (23.03-.04), are 

I _J. I Xa ~ iV' “h C^ta y 

(34.02) 

T_ : X0 = {u - c)t^ , 


(34.03) 

TT ^ 

II_ : = - P0 

P 


with = /'(p), see (2.05). ^ 
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With the pressure p instead of the density p as dependent vari¬ 
able, equations II take on the form 

(34.04) 11+ : u, -, II-: ^ 

pc pc 

in which the impedance pc is to be considered a function of p. 
Equations (34.03), (34.04) imply the relation 

(34.05) {duf + dpdr = 0, 

between velocity, pressure, and specific volume in both characteristic 
directions; this equation does not involve coefficients depending on 
the solution. 

Without reference to the formulas of Chapter II, the characteristic 
equations are easily derived directly. In doing so we shall not make 
the assumption that the flow is isentropic. Then the flow is char¬ 
acterized by three differential equations: 


Pt + upx + pUx = 0 , 

(34.06) pUt + puux + Px = 0, 

Si -f- uSx — 0, 

see (17.01-.03), in which p is a given function of p and the specific 
entropy S. The characteristic equations to be derived assume a 
more concise form if, instead of p, p is considered as dependent vari¬ 
able; p is then regarded as a function of p and S, which is possible 
by (2.04). The relationship between these quantities, given by 
p = /(p, S) or 

dp = c dp fsdSy 

enables us to eliminate dp from the continuity equation and to re¬ 
place this equation by 

Pt + upx + peux = 0, 

see (17.05). Adding and subtracting from this equation the sec¬ 
ond equation in (34.06) multiplied by c we find 

Pt + {u + c)px + pc{ut + (i/ + c)Ux} = 0, 

Pt + {u — c)px — pc{ut -f (w — c)ux\ = 0. 
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These two equations together with the equation St + uSx — 0 are 
equivalent to the original system of three equations. The new form 
of the three equations suggests introducing in the (x, 0-plane three 
directions (+), ( —), (0) by 


(34.07) 


I f : dx = {u + c)dtj I_ : dx = (it — c)dty 
lo : dx — udt. 

With reference to these three directions the three equations assume, 
respectively, the forms 

II4 : Up = —pcdUj II_ : dp = pcdu, 

llo : dS = 0. 


(34.08) 


Since each of the equations (34.07-.08) contains differentiation only 
in its respective direction, the three directions I are characteristic in 
the sense of Chapter II, Section 22, and equations II are the char¬ 
acteristic equations. The third characteristic direction (0) corres¬ 
ponds to the particle velocity. For isentropic flow, when S = 
constant is assumed i)eforehand, the characteristic equations reduce 
to the system of two pairs I and II previously formulated. 

The characteristics C in the (a:, 0-plane represent the paths of 
what we shall call sound waves, for reasons which will be discussed 
in the next section. The velocity of a forward and backward sound 
wave, corresponding to a or ( 7 _ characteristic, is by (34.02) 


(34.09) 


dx 

dt 


u + c, 



- c, 


respectively. 


35. Domain of dependence. Range of influence 

The characteristic directions, aside from their value for the the¬ 
oretical and numerical integration of the differential equations, 
are determining factors in discussing the dependence of the solutions 
on the given data. We restrict ourselves first to the case of isentropic 
flow. Suppose the values of u and p (or p) are prescribed at the time 
^ = 0 as functions of x] and assume that, for ^ > 0, a solution exists 
which has these initial data. Consider any point P in the (x, O-plai^e 
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and draw the two characteristic curves and C_ through P until 
they intersect the x-axis in two points P+ and P_, see Figure 2. (We 
recall that the characteristic curves (7+ , C- represent the solutions 
of the differential equations 1+ and I_, respectively, with reference 
to a solution u{Xy t)j p(x, t) of the flow problem.) Then the section 
P+P- on the x-axis is the domain of dependence of the point P, see 
Section 24. That means: 

Suppose another solution of the flow problem exists (with con¬ 
tinuous derivatives of n and p with respect to x and t) defined at 
least in the triangular region PP^P^ , and having the same initial 
values on the section P^P^ as the first solution. Then the second 
solution is identical with the first solution in the region PP^P^ . 




Fig. 2. Domain of dependence Fig. 3. Range of influence 

P 4 P_ of a point P. of a section P^^^K 

In this sense, any disturbance of the initial data outside of the section 
P 4 P_ does not influence the value at P, The disturbance of the 
initial data outside of PaP_ is by no means confined to “infinitesimar’ 
disturbances; the only restriction is that there should be a solution 
with continuous derivatives in PP+P- which has the disturbed initial 
data. (We shall see later, Section 48, that disturbances are possible 
which violate this condition of continuity.) This fact may also be 
interpreted as follows: 

Suppose the initial data are modified on a section Pi^^P+^ of 
the x-axis. Then the two characteristics and C+ issuing from the 
points P-^ and P+\ respectively, enclose a region outside of which 
the solution is not modified, see Figure 3. This region is what was 
called the range of influence of the section P-^ P+\ see Section 24. 
That the solution is actually changed between the boundaries 
and Cof this range is a fact which does not follow from the general 
theory but which can be established for the equations considered here. 
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These two curves and represent the motion of the “head’’ 
of the “disturbance wave.” The velocity of this motion is ii — c 
or u + c respectively; this velocity, relative to the gas velocity ii 
at each point in question, equals +c. Thus the “head” of a “dis¬ 
turbance wave” travels with sound velocity relative to the gas and 
the name sound speed for the quantity c is justified. It is for this 
reason that we^ave called a C-characteristic the path of a “sound 
wave.” 

36. More general initiql data 

Occasionally (see e.g. Part E of this chapter), problems occur in 
which data are prescribed on lines other than the x-axis, ^ = 0. 
We shall consider these problems in the present section although 
most of the discussion in this chapter does not depend on them. 



. a 

space-like 

two-data 


Fig. 4. Space-like and time-like arcs. 


Before characterizing those problems which possess a unique solution, 
we must introduce the concepts of space-like and time-like directions. 
A direction {dx, dt) is called space-like if both characteristic directions 
with d< > 0 lie on the same side of it; a direction {dx, dt) with dt > Q 
is called time-like if it separates the characteristic directions. A 
space-like direction corresponds to a supersonic velocity relative to 

the motion of the gas, ^ - w > c; a time-like direction to a sub- 

(XL 


sonic velocity, | — u\ <, c. Suppose that continuously differ- 

at 

entiable data are prescribed on a curve in the (x, <)-plane such that 
this curve becomes space-like, i.e. that its direction everywhere be¬ 
comes space-like (note that it depends on the data whether or not a 
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ciii’ve is space-like). Then, according to the theory explained in 
Sections 24 and 35, a unique solution exists in a neighborhood of the 
curve and the domain of dependence of each point is cut out of the 
initial curve by the two characteristics through this point. 

Now consider two arcs, Cf and 93, see Figure 4, which are given by 
two functions x(s), t{s) with continuous derivatives Xs ,ts^ and x] + 

0, and which issue from a point 0 and enclose an angular region 91. 
Suppose that data are prescribed in the following manner: two quan¬ 
tities (u and p) are prescribed in a continuously differentiable way on 
the arc Cf such that Cf becomes space-like and such that at all points 



of Cf both characteristic directions with dt > 0 point into 91. Further¬ 
more, the direction of the arc 93 at the point 0 is time-like and one 
(juantity, such as u or p, is prescribed again in a continuously differ¬ 
entiable way, on fB. This quantity should take the same value at 0 
that it has already been given on Cf. Then, in a neighborhood of Cf a 
unique solution again exists, see Section 24. 

An example of data prescribed in this manner occurs in the 
determination of the flow resulting when a piston, beginning with 
velocity zero, is moved into a gas originally at rest. On the path 
of the piston in the (x, 0-plane the quantity u is prescribed as equal 
to the piston velocity; clearly the piston path is time-like everywhere. 

Finally, let each of two arcs issuing from a point 0 carry one 
prescribed quantity; for example, let Cf carry the value of w, CB the 
value of p. Let the values of u and p at 0 be such that both arcs 
Cf and SB are time-like there; then a unique solution exists again in 
the enclosed angular region in a neighborhood of 0, see Section 24. 
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Also in the case of non-isentropic flow, when three characteristics 
C- , Co , C 4 . pass through each point P, the number of initial data pre- 




Fig. 6 . Space-like arc with three data for non-isentropic flow 




Fig. 7. Time-like arc with two data for non-isentropic How. 




Fig. 8 . Time-like arc with one datum for non-isentropic How. 


scribable on an arc (f or fjfi depends on the number of characteristics 
which, when drawn from a point F near to this arc in the direction of 
decreasing t, intersect this arc. Figures 6 to 8 illustrate the various 
possibilities. 

The determinacy of a solution and the proper number of data to 
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be prescribed become, in general, readily apparent in a numerical 
procedure when the method of finite differences is used. 


37, Riemann invariants 


Assuming isentropic flow, equations IT, see (34.02), for u and p 
can be integrated in the form 


(37.01) 


u -f l{p) = 2r(i3), 

u — l(p) = — 2 s(a:), 


in which r{l3) and 6 ‘(a) may be considered arbitrary functions of a 
and (3 respectively, and in which the quantity l{p) is given by 


(37.02) 


/(p) 


r c dp ^ rdp 

O Jr,' DC ’ 


p' or p' being arbitrary constants. For gases we may always assume 
/ = 0 for p = 0, and hence I > 0 for p > 0 . The quantities r and 5 , 
introduced by Earnshaw and Riemann, are frequently called Rie¬ 
mann invariants. 

Equations (37.01) express the fact that the images l\ and r_ of the 
characteristics C 4 and C- in the (tq p) plane are two familes of curves 
which arc independent of the solution under consideration. This is 
in agreement with the fact that these equations are reducible, see 

Section 21. _ 

For poly tropic gases we havec = \/ Ayp^'^ ^ see (3.00). Hence 


(37.03) /(p) = —^ 

7—1 

(letting p' = 0 ), or simply 

(37.04) 


The Riemann invariants are therefore given by 


u , c 

o -T ’ 

2 7—1 


u 

2 


r 


(37.05) 


—s 
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and we infer the following basic statements: 

- + —— is constant along C +, 
2 7—1 


- — -- is constant along . 

27—1 

It is intere^Whg that in the special case 7 = 3 the characteristic 
velocities are u -\- c = 2r fcir and u — c = 2s for ; hence these 
velocities are constant along the characteristics. In other words, 
the characteristics in the (x, 0-plane are straight lines when 7 = 3. 

The characteristics 1% and r_ are fixed curves in the ( 7 ^, p)-plane, 
namely, 

u + ^('y-i )/2 -g (jQj^g^ant for l \, 

7 - 1 

(37.07) 

II — is constant for r_. 

7 ~ I 

If we consider, instead of u and p, u and the sound speed c, as depen¬ 
dent variables, the characteristics in the (u, c)-plane become straight 
lines, see Figure 9, 


(37.06) 


dx , 


dx 

dt 


— u — c, 


21 C 

^ = constant along l\ , 
2 7 — 1 

(37.08) 

7 / c 

- —-= constant along T- , 

27—1 

with c > 0. 


38. Integration of the differential equations of isentropic flow 

We must distinguish three types of solutions (with reference to 
a region SR. in the (x, 0-plane). Firstly, p = constant, u = constant 
in 91; then we speak of a constant state although the expression “steady’’ 
state would be correct. Secondly, either r = constant, or s = con¬ 
stant, in 9i. The image in the {u, p)-plane of the region SI then lies 
entirely on the curve r = constant or on s = constant, i.e. on a char¬ 
acteristic. According to Section 29 the flow in the region SR is a simple 
wave. Such simple waves will be discussed in Section 40. 
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Finally, neither r nor s is constant in fR. More precisely, to every 
pair of values of r and s that occurs in 91 there corresponds only one 
point in 91. Then and only then may s and r be introduced as 



parameters instead of u and p. We observe that dl/dp > 0 implies 
that p, and hence c, can be considered a function of 1. Since by 
(37.01) 

(38.01) Z = r + s, u = r — Sy 

we see that ii + c and u — c are known functions of r and s. Thus 
the characteristic equations I in the form 

(38.02) Xs = {u + c)t, , Xr = {u — c)try 

see (34.02), may be considered a system of two linear differential 
equations for x and t as functions of r and s. Eliminating x, we 
obtain one linear partial differential equation of second order for 
t{r, s) 

(38.03) 2ctr. + (m + c)rt, — (m — c).tr = 0. 

Once the function t{r, s) is found as a solution of this differential 
equation, the preceding equations immediately yield the function 

x{r, s). In the case of a polytropic gas, with c = — ~ (r + s), 

M = r — s, see (37.04) and (38.01), equation (38.03) becomes 


1 

r + 8 


(38.04) 




(<r + <») = 0 
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with, see (14.00), 

2 y — I 

M = —t~T • 

7+1 

An equivalent equation was first treated by Riemann [38]. As 
a matter of fact, it was the problem of one-dimensional gas flow which 
led Riemann to develop his famous theory of linear hyperbolic dif¬ 
ferential equatioii*. In the special case of poly tropic gases considered 
here, an explicit solution of the initial value problem is possible 
by means of the hy pergeometrie function, see Section 82. 

For the special values^ 

(38.05) 7 = 1^-+^. -V = 0. 1, 2, 3, • ■ • , 

i.e. for 

7 = -1,3, 5/3, 7/5, ••• , 

equation (38.04) can even be integrated explicitly by means of ele¬ 
mentary functions. 

For A = 0, 7 = — I, see Section 4, we have 2/i^ = «> , and equa¬ 
tion (38.04) reduces to the linear wave equation trs = 0, with the 
general solution t = /(r) + g{s) in terms of arbitrary functions/and g. 
For 7 = 3 we have 2iu^ = 1, and equation (38.04) reduces to 

(r + s)tr, + /« + = 0 


or 

((r + s)t)rs = 0, 
which has the general solution 

(38.06) t = (/(r) + fir(s)), 

with arbitrary functions / and g. 

The general solution of equation (38.04) for the special values 
(38.05) of 7 (with N > 1) is, as is easily verified, 

, - , 4 . ^ Sis) 

ar^-> (r + s)^ as''-* (r + s)" ’ 

with arbitrary functions / and g and any constant k. By the proper 
choice of /(r), g(s), and k the initial conditions of the problem can 
be satisfied. 
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It should be noted that the value 1.4 = 7/5 of 7 for air occurs 
among the special values (38.05); the value 7 = 11/9 == 1.2 can fre¬ 
quently be used for the gases produced by combustion or other 
chemical processes. 

As we shall see in Section 82 the preceding remarks have im¬ 
portant applications in the theory of interaction of waves. 


39. Remarks on the Lagrangian representation 


No essentially new ideas occur in the Lagrangian represenia- 
iion, see Chapter I, Section 18. The independent variables h = 

[ p(^)d^ and t are connected ^vith the dependent variables u and 

*'xo 

T through the relation 


( 39 . 01 ) dx = rdh + udr, 

which follows from (18.02.2) and x, = u. Inserting this relation 
in the characteristic equations (34.02-.03) we obtain the charac¬ 
teristic form for the differential equations (18.12) of isentropic flow 
in Lagrangian coordinates, 

C+ : ha = k{T)ta , r+ : = fc(T)T„ , 

(39.02) I II 

C_ : hg = -k{r)tB , r_ ; = —k{T)rg , 

in which kir) = c(t)/t is the impedance, see (18.09). The charac¬ 
teristics r+ and r_ in the {u, T)-plane can again be explicitly de¬ 
scribed: 


(39.03) 


M 



dr = constant. 


For non-isentropic flow the impedance k depends on the specific 
entropy S in addition to the specific volume t. The third char¬ 
acteristic equation is 


lo Co : d/i = 0, 

expressing that the third characteristic curve is a particle path. 
The corresponding equation II is 

IIp To: d-S = 0 
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and can be integrated to 

S = S{h). 

Thus if the entropy S is known as a function of h beforehand, only 
two equations I remain to be solved, see Chapter I, Section 18. 

B. JBU^refaction and Compression Waves 


40. Simple waves 

In Section 38 three types of solutions were distinguished among 
isentropic flows: 

1 . the constant state in which u and p are constant, 

2 . the simple wave in which r or s is constant, and 

3 . the general flow in which neither r nor s is constant. 

Simple waves are frequently used for building up solutions of 

isentropic one-dimensional flow’ problems. In the present section 
we shall discuss such siinple waves in general terms; in later sections 
we shall make use of tliem for the solution of specific problems. 



Fig. 10. Forward-facing 
expansion wave. 



Fig. 11. Backward-facing 
expansion wave. 


A basic property of simple waves derived in Section 29 was: the 
characteristics C of one kind are straight lines in an {x, <)-plane. In 
other words, these characteristics represent a propagation with 
constant velocity. Specifically, if the invariant 2s = u — l{p) is 
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constant in the wave region, the -characteristic lines, r = constant, 
are straight. The velocity of the corresponding sound wave, u c, 
is greater than the particle velocity u\ consequently the particle 
path enters each characteristic from the right, i.e., comes from the side 
with greater values of x . This fact is indicated by calling such waves 
forward-facing. If, on the other hand, 2r — u + Z(p) is constant in 
a flow region, the C_-characteristics are straight, and the simple wave 
is called backward-facing. 



Fig. 12. Forward-facing Fig. 13. Backward-facing 

compression wave. compression wave. 


A(*cording to the fundamental theorem of Section 29 the flow 
adjacent to a constant state is a simple wave. Clearly, the transition 
from the zone of constant flow to that of a simple wave takes place 
across a (‘haracdcu’istic. Assume the simple wave to forward-facing. 
The transition between wave region and region of constancy takes 
place across a straight characteristic, C+, called the head of the wave 
if the gas enters the wave across it, or the tail of the wave if the gas 
leaves the wave across it. Let Uq and po be velocity and density in 
the region of constant flow, then throughout the simple wave region 

(40.01) u - I = uo — k y 4 = Z(po). 

In particular, if the initial characteristic terminates a state of rest 

(40.02) i = -Zo. 

From dl/dp > 0 and dp/dp > 0 we see that the density and the 
pressure change in the same sense as the gas velocity across a forward- 
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Joeing simple wave (and in the opposite sense across a backward-facing 
simple wave). 

A simple wave is called an expansion or rarefaction wave if pressure 
and density of a gas particle decrease on crossing it; if pressure and 
density increase, the wave is called a compression or condensation wave. 

The propagation velocity dx/dt of the “sound waves” represented 
by the straiglf#^ characteristics (7+ is, according to (34.09) and 
(40.01), given by 

(40.03) ^ =^c(p) +/(p) -/o + «o. 

The rate of change of this velocity with respect to the gas velocity 
u = l{p) — Iq + tio is 


(40.04) 


dc + dl __ p dc + c dp _ d (pc) 
dl c dp c dp 



> 0 , 


by (2.04), (2.05), and the basic assumption (2.0()). Hence, for a 
forward-facing simple wave. 


(40.05.1) 


d(:n + c) ^ ^ 
du 


Similarly for a backward-facing simple wave, in which u + 
we have, from (40.04), 


(40.05.2) 


d{ u - c) ^ ^ 
du 


— Iq y 


In other words, if the gas velocity u increases across a simple wave zone, 
the propagation velocity of the sound waves, u + c or — c, also 
increases. 

For polytropic gases we found, see (37.04), l{p) = . There- 

fore the basic relation in a forward-facing simple wave, see (40.01), is 

2 2 

(40.06) u- 1 c = Ik, -; Co; 

7 — 1 7—1 

or, in particular, if the initial state (0) is a state of rest, 

(40.07) u - c = Co, 

where Co is the sound speed in the quiet gas. With the abbreviation, 
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see (14.06), 


(40.08) 


2 


7 -1 
7 + 1 ' 


2 

7 + 1’ 


relation (40.06) can be written in the form 


(40.09) Au - Vo) = (1 - m')(c - Co). 

Incidentally, this last equation is just the equation of the single 
characteristic r_. in the (w, c)-plane which belongs to the simple wave 
in accordance with the general theory of Chapter II, Section 29. 
It happens to be a straight line also, see Figure 13 in Section 37. 

The quantities p, p, and r in a forward-facing simple wave can 
easily be expressed in terms of the velocity u by using (40.06^ and 
p/po = (p/po)", c/co = (p/po)^""'''^ see (3.03), (3.06). Then 

27/(7-1) 


2/(7 


(40,10) 

c = Co + 2— 


fi , 7 - 1 - ^^0 I 

r, , 7 - 1 »- 
+.i- -1.“ I 


7+1 

r. + c = /'o + Co + — ^ — {u — i'.o). 

For later purposes we note down the terms of first and second 
order in the expansions of p — po, r -- to, and p — po in powers of 
u — ?/o, 


7 T* I ' 2 

p = Po + poCoin — Wo) ^-1— Po('< — '<0; + • ■ ■ , 

(40.11) T = TO — toC^'Cm — Mo) + ^ roCo*(M — Uo)^ + • •• 
p — Po PoCo^iu — Mo) H- — po Co (m Mo) 


in which ypo = pocS has been used. They are useful in the treatment 
of weak or moderately strong simple waves, that is, those across which 
only relatively small changes take place, see Section 74. 
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41. Distortion of the waveform in a simple wave 

To illustrate the gas flow in a simple wave we may describe how 
the wave form or distribution of the quantities u, c, p, p as functions 
of X changes with the time t. Suppose the simple wave is forward¬ 
facing and the distribution of u and c at the time ^ = 0 is given by 
two functions F{x), c = G{x) satisfying the relation u - I = 
constant, see (40.01), in which I is a given function of c. The forward 
sound wave issuing from the point x — ^ at the time ^ = 0 is pro¬ 
pagated with constant ^jelocity u + c and carries constant values 
of u and c. Its path is therefore represented by 

(41.01) X = ^ + (u + c)t, u = F(^), c = (?(^). 

The fact that u and c are constant in this path is expressed by the 
relations 

(41.02) u = F(x - {u + c)0, c = G(x - {u + c)t). 

These equations do not give representations of u and c as functions 
of X and t\ to obtain ^^uch representations they would have to be 
solved for u and c. Nevertheless, these relations are quite illumi¬ 
nating when contrasted with the relation 

(41.03) u = F{x - CoO, c = Co = constant, 

which expresses the propagation of an initial wave form u = F{x) 
in linear wave motion. While in a linear wave the wave form travels 
unchangedj in a nonlinear simple wave it becomes distorted. For, 
the values of u and c are transmitted by the sound waves issuing 
from different points x = ^ with velocities u + c which are, in gen¬ 
eral, different. 

To describe this distortion we investigate how the steepness of 
the velocity profile, measured by its derivative u^{x, t), varies in 
time. From (41.01) we have 

(41.04) 

If the wave is a rarefaction wave, we have F'{^) > 0 and hence 
_|_ o>[^) > 0 by (40.05.1); consequently, the denominator in 
the right member of (41.04) increases with time. This means that 
in the course of time the velocity profile in a simple rarefaction wave 
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flattens out. In a compression wave^ on the other hand, the velocity 
profile gradually steepens. As a matter of fact the denominator 
in (41.04) may possibly approach zero in a compression wave. The 
significance of this possibility will be discussed in Sections 48 and 50. 





X 


u 



X 



u 


+ 1 X 


Fig. 14. Steepening of the compressive part and flattening of the 
expansive part in the velocity profile of a forward-facing simple wave 
entering gas at rest. 

The flattening out and steepening of the velocity profile is il¬ 
lustrated in Figure 14. 


42 . Particle paths and cross- characteristics in a simple wave 

The straight characteristics of a forward-facing simple wave may be 
described by the formula 

(42.01) X = ^ + {u + c)t 

in which ^ = f(/3), u = u{^), c = c(/3), are given functions satisfying 
the relation u + I = constant, I being a given function of c, see 
(40.01) and Section 41. 

Any path may then be described parametrically by giving t as a 
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function of and x as a function of 13 through (42.01). For the particle 
paths the function x{P) is to satisfy the condition dx/dt = w or x^ = 
utd , from which, through (42.01), the condition 

(42.02) ct^ + + c^)t = 

results, a linear differential equation for t = t{ff}. 

For the cj^f^-characteristics, in the present case the C_-charac- 
teristics, we find, in a similar way, from dx/dt = u — c, 

(42.03) 2ci^ + (u^ + C0)t = . 

For poly tropic gases, in particular, we have 

(42.04) c = + c) + (1 — , 

see (40.09), with = (7 - l)/(7 + 1) and assuming Uo = 0. The 
linear differential equations therefore have an explicit solution, 

(42.05) t = d/3 + constant 

for the particle paths, and 

(42.06) t = dp + constant 

for the C_-cross-characteristics. Figures 19 and 20 illustrate a 
particular case. 

These formulas are easily adapted to the case of a simple wave pro¬ 
duced by the action of a piston in a tube of gas which, at the time t = 
0, is at rest, and has constant pressure and sound speed. Suppose 
that originally the piston is at the point x = 0, and that the gas is 
to the right of it, x > 0, and has sound speed Cq. If the motion of 
the piston is given by 

(42.07) X = X(0, 

the resulting simple wave can be described by 

(42.08) X = X(i3) + (w + c){t - /3), 

instead of by (42.01). Here u = X(P) while c can be expressed in 
terms of u because of w + Z = Zo = constant, in particular, for poly- 
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tropic gases, by (42.04). Again the particle paths and the cross¬ 
characteristics may be described by giving ^ as a function of /3. 
Adapting formula (42.05), or rederiving the analogous formula from 
(42.08), one obtains for poly tropic gases the particularly simple 
representation 

(42.09) t = + to(c/co)-^~'' 

for the particle paths, in which to is the time at which the particle 
considered crosses the head, xo = Coty of the wa\ e zone. 

A similar but not quite so simple expression could be derived for 
the cross-characteristics. 

43. Rarefaction waves 

In this section and in subsequent sections the main subject will be 
the motion caused by a piston moving in a gas which is initially at rest. 

No matter whether the piston recedes from or advances into the 
gas, not all parts of the gas are affected instantaneously. A '‘wave” 
proceeds from the piston into the gas and only the particles which 
have been reached by the wave front are disturbed from their initial 
state of rest. If this wave represents a continuous motion, as is 
always the case if the piston recedes from the gas, the wave front 
progresses with the sound speed Co of the q\iiet gas. If the piston 
moves into the gas the situation may become more complicated 
through the emergence of a supersonic discontinuous shock wave as 
we shall see in Part C. Here we shall be concerned only with con¬ 
tinuous wave motion produced by a piston; sueh a wave motion, as 
we shall see, is always a simple wave, see Figure 15. 

We distinguish between expansive and compressive motion and 
consider first the expansive action of a receding piston, assuming 
that the medium is a gas originally at rest with constant density po 
and sound speed Co. Furthermore, it is assumed that the piston, 
originally at rest, is withdrawn with increasing speed until ulti¬ 
mately the constant velocity Ub 0 is attained, then the path 
fP in the {x, 0-plane, which represents the piston motion, bends back¬ 
ward from the origin 0 to a point B where the slope Ub with lespect 
to the ^-axis is reached and then continues as a straight line in the 
same direction, as shown in Figures 15, 16, 17. 

The disturbance in the gas resulting from the motion of the 
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piston is propagated into the undisturbed gas with sound velocity 
Co, corresponding to the state (po, Po) of the undisturbed gas. This 
follows from the fundamental fact that the domain of dependence of 
the zone x > Coi is the positive part x > 0 of the x-axis, so that there 
the initial state of rest implies a constant state of rest as the only 
solution of the differential equations, see Section 28. (The domain 
of dependencegiiiir a point of this region is obtained by drawing the 
characteristics (7+ and through it to their intersection with the 
:c-axis.) The flow resulting from the motion of the piston is thus 
confined to the region ^ < Cot. Since this region is adjacent to a 
region of constancy, the flow in it is a simple wave^ see Section 40. 
Evidently, it is a forward-facing simple wave since the gas enters 



Fig. 15. Simple wave region (II) connect¬ 
ing two regions (I) and (HI) of constant 
state {—ub < /o). 


this region from the right. In this wave region, therefore, u — I 
= -Zc is constant, see (40.02). Since along the piston path x = X{t) 
the gas velocity agrees with the piston velocity x — X{t) = Upit)^ 
the density p, and hence pressure p and sound speed c are determined 
from Z = Zo + Up{i), since dl/dp > 0 and dpjdp > 0. The slope u -{■ c 
of the straight characteristics issuing from the piston path is likewise 
determined; hence the simple wave is determined as a whole. Since 
the piston was assumed to be withdrawn and its velocity Up decreases, 
according to the statement made in Section 40 density and pressure 
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also decrease across the wave. Thus the wave is a rarefaction wave. 
Also, as seen from Section 40, the velocity dx/dt = u c oi the for¬ 
ward sound waves changes in the same sense as the gas velocity u 
and therefore, since the velocity u and hence u + c decrease, the 
straight characteristics issuing from the piston curve fan out. 

44. Escape speed. Complete and incomplete 

rarefaction waves 

The above construction is to l^e modified if ihe final piston speed 
— iib exceeds a certain limit. The reason is that the law of rarefaction 
expressed hy u = I — k becomes meaningless as soon as \ub\ < k 
since I > 0, sec Section 37. The quantity k is therefore called the 
escape speed of the gas originally at rest. For poly tropic gases we 
have by (37.04) 

2 

(44,01) to =-Co . 

7—1 

If —Up reaches the escape speed, the rarefaction thins the gas down 
to density zero; pressure and sound speed are likewise decreased to zero. 
If a rarefaction wave extends to this stage it is called a complete rare¬ 
faction wave as it then ends in a vacuum. 

For the tail of the expansion wave there are two possible results, 
according to whether or not the terminal speed —Vb of the piston 
is below the escape speed U , 

If —Ub < lo j the preceding construction of the simple wave 
yields the straight characteristics through every point A on the 
piston path from 0 to B. The rarefaction wave, covering the region 
(II), is incomplete and ends at the characteristics through B 
with u = Ub • It is followed by a region (III) of constant state, 
Ub , pB , Pb , Cb , between the tail of the incomplete rarefaction wave 
and the piston in which the characteristics C+ are all parallel (as 
they are in the region (I) of constant state in front of the simple 
wave). 

If --itB = ^0 the characteristic (7+ through the point B = Be 
is tangent to the piston curve, for at the point B the piston curve 
has the slope f'{t) = Ub, while that of the characteristic C? is 

^ = Ub + cb = Ub = “io since Cb = 0. In other words, the wave 

dt 

is just completed at the piston. 
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If —Ms > k the completion of the wave is already achieved before 
the piston reaches the terminal speed. There is a point B, on the 
piston curve Tj between 0 and B for which the characteristic C + 
is tangent to the piston curve and carries the value zero for density, 
pressure, and sound speed. In this case the rarefaction is com¬ 
pleted with this line C+*, and beyond it we have a region (IIT) of 
cavitation, equiiialent to a vacuum between the receding piston and 
the tail of the wave in the gas. 



P'lG. 16. Rarefaction wave just ending Fig. 17. Rarefaction wave ending in a 
in a zone of cavitation (—mb = fo). zone (III) of cavitation (—mb > f»). 


Physically speaking, the escape speed Zo is the speed beyond 
which a piston cannot recede without separating from the thinned- 
out gas. If the speed of the piston exceeds Zo, then, as far as the 
motion of the gas is concerned, it does not matter what the actual 
value of ub is. We might just as well consider -mb as infinite or 
imagine the piston as a wall suddenly removed, allowing the gas to 
escape into a vacuum, an interpretation to which the name “escape 
speed” alludes. 

Summary. We can summarize our results qualitatively as fol¬ 
lows. A piston receding from a gas at rest with speed which never 
decreases causes a rarefaction wave of particles moving toward the 
piston. At the head of the wave, which moves into the gas at sound 
speed, the velocity of the gas is zero. Through the wave the gas is 
accelerated. If the piston speed -Mb is below the escape speed k, 
the gas expands until it has reached the speed — Mb of the piston 
and then continues with constant velocity, density, and pressure. 
If, however, the piston speed exceeds the escape speed, the expansion 
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is complete and the wave ends in a zone of cavitation between the 
tail of the wave and the piston. In any case the wave moves into 
the quiet gas, while the gas particles move at increasing speed from 
the wave head to the tail, i.e., from zones of higher pressure and 
density to zones of lower pressure and density. 


45, Centered rarefaction waves 

Of particular interest is the case in which the acceleration of the 
piston from rest to a constant terminal velocity Ub takes place in 
an infinitely small time interval, i.e., instantaneously. Then the 
family of characteristics C+ forming the simple wave degenerate into a 
pencil of lines through the origin 0: — 0, i = 0, see Figure 18. In other 



words, the simple wave has degenerated into a centered simple wave. 
It is clear that such a centered simple wave is a rarefaction wave. 
For, w decreases on crossing the wave if it is forward-facing and increases 
if it is backward-facing: in both cases p and p decrease across the 
wave, as shown in Section 40, and, therefore, it is a rarefaction 
wave. 

At the center 0 the quantities “U, p, p as functions of x and t are 
discontinuous, but this discontinuity is immediately smoothed out in 
the subsequent motion. Here we have the first and typical example 
of an initial discontinuity which is immediately resolved into con¬ 
tinuous flow. 
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46. Explicit formulas for centered rarefaction waves 

A centered simple wave may be described by the equation 
(46.01) X = {u + c)t 

in which 

(46.02) u = I - k 

may be considered a given function of c. Inversely we may express 
u and c in terms of u + c and thus in terms of x/t. For a polyti opic 
gas we have by (42.04)*the relations 


c = y "b (1 M )co , 



giving the distributions of u and c in a centered simple wave explicitly. 

Comparing (46.01) with (42.01) we see that the linear diffeiential 
equations (42.02) and (42.03) for parlicle paths and cross-characteris¬ 
tics become homogeneous. The solutions (42.05) and (42.06) for 
a polytropic gas simply reduce to, see (42.09), 


(46.04) 

o 

II 

1 

and 



(46.05) 

o 

II 

1 


respectively where <o is the time at which the particle path or the 
cross-characteristic begins at the line x = Cot. Using relation (42.04) 
in the form 

M -b c = (1 — n ^)co + M 

and expressing c in terms of t by (46.04) or (46.05) we obtain from 
(46.01) 

(46.06) X = — (m * — l)co < + M * Co <0 
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for the particle paths, and 

/ 1 \ 1 

(46.07) X = — — 1 )^ 0 ^ + iJL~^CotQ\-] 

for the cross-characteristics. These formulas are valid in the rare¬ 
faction zone. 



Fig. 19. Particle paths in a Fig. 20. Cross-charactcristics (- 

centered rarefaction wave. in a centered rarefaction wave. 


In the case of a complete rarefaction ending with zero density, 
-Ub > Zo, formula (46.07) holds for arbitrarily large values of t, 
and we have, for large t, the asymptotic representation 

X —(^ ^ — l)(4}t 

for the particle paths. As remarked previously, the gas remains 
in the zone (II) of rarefaction, and in the (.r, 0-diagram the particle 
paths acquire asymptotically the direction of the characteristic ( 7 + 
on which the escape speed k is attained, see Figure 21. 

For —riB < k the rarefaction wave terminates at the charac¬ 
teristic C+ on which the velocity has the value u = Ub ^ and all the 
particle paths emerge from region (II) parallel to the terminal direc¬ 
tion of the piston path 9^ind remain parallel in region (III). 

The cross-characteristics after emerging from an incomplete 
rarefaction region continue as straight lines which meet the piston line 
cj>; X = list. For -Ub > lo = (m“^ - l)co the characteristics C„ 
remain within the ‘‘complete rarefaction region,’^ and, since 
^ _ (^-2 _ approach the particle paths asymptotically, 

see Figures 21 and 22. 
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Obviously these considerations can be generalized to non-poly¬ 
tropic equations of state. 



Fig. 21. Particle paths in a centered rarefaction 
wave ending in cavitation. 


f 



Fig, 22. Cross-characteristics, C_ in a centered 
rarefaction wave ending in cavitation. 


47. Remark on simple waves in Lagrangian coordinates 

We could just as well have developed the theory of simple waves 
in Lagrange’s coordinates, using the equations (39.02) developed 
in Part III-A. The characteristics C+ are given by 

dh i 

(47.01) M ^ 

and the characteristics C_ by 

dt 


(47.02) 


—pc = —k. 
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For a forward-facing simple wave the lines 6%. in the (/i, t)-p\ane 
are straight since the slope k is constant on each of them. For a 
centered simple wave in particular, h/t = k is therefore constant. 
In other words, the impedance is always simply k = h/t, no matter 



Fig. 23. Characteristics in Lagrangian 
coordinates for a centered simple wave. 


what the adiabatic equation of state is. CJonsequently, the curves 
C_ satisfy the equation dh/dt — —h/t, which can be immediately 
integrated to 

(47.03) ht = constant. 

Thus, for isentropic flow of any fluid, the cross-characteristics in 
centered rarefaction waves are equilateral hyperbolas in Lagrangian 
coordinates. 

48. Compression waves 


If a piston is not withdrawn, but is moved into the gas-filled tube, 
or if a receding piston is slowed down or stopped, then a simple 
compression or condensation wave originates at the piston. Tlie 
qualitative statements and formulas pertaining to rarefaction waves 
also apply to compression waves, except that density, pressure, 
and sound speed at the piston increase and that the forward (;har- 


108 


ONE-DIMENSIONAL FLOW 


CHAP. Ill 


acteristics CV no longer diverge from the piston curve. Because of 
this, the simple wave does not exist indefinitely, for all times /. 
For if the straight characteristics C\ each carrying a particular value 
of u, could be continued indefinitely within the flow, they would con¬ 
verge and form an envelope on which the values of u would conflict. 

At the earliest time, t = tc, that such an envelope appears, it 
forms a cusp aUttpine point :r = Cc , see Section 49. The two branches 
of the envelope meeting at the cusp enclose an angular region covered 
three times by the C-|.-characteristics. Thus, a unique continuation 
of the flow through a sjpiple wave beyond the time tc at the point 
Xc is mathematically impossible. We may also interpret this phe¬ 
nomenon, apparently first noticed by Stokes [40] in 1848, in the 
following manner. The influence of the piston motion is propagated 
into the gas through sound waves traveling with sound speed c 
relative to the gas. To greater piston velocity there corresponds 
greater sound speed c; therefore later influences of the piston motion 
travel faster and tend to overtake tliose sent out earlier. The wave 
form, described by the velocity as a function of x, see Section 41, 
becomes steeper and lends to become vertical at some point. The 
character of the resulting disc.ontinuity is similar to the breaking of 
water waves which become steeper and steeper as more slowly pro¬ 
gressing parts are overtaken by faster ones, see [27]. 

A particularly direct illustration of the inevitable development 
of discontinuities is afforded by a piston moving into a gas at rest 
with a speed ultimately exceeding the sound speed Co . If the gas 
flow remained continuous the gas would be at rest in the zone 
of points, .T > Cot, that cannot be reached from the original position 
of the piston with a speed less than that of sound. Since the piston 
moves eventually with a speed greater than that of sound, it must 
eventually enter this zone. Consequently the motion cannot 
remain continuous. 

We have now seen that no simple wave flow exists that offers 
a unicpie continuation beyond the time t — tc. From our theorem 
tliat any continuous flow adjacent to a constant state is a simple 
wave, see Chapter II, Section 29, it follows that there exists no alterna¬ 
tive, everywhere continuous solution of the flow problem. This fact 
should be emphasized because of some argument about it in the 
literature, see [39]. 

It is thus impossible that under all circumstances the flow could remain 
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continuous, iscntropic, and governed solely by pressure forces. It is 
remarkable that this breakdown of a plausible hypothesis about the 
mechanism governing the flow results as a purely mathematical 
consequence. What alternative hypothesis is adopted will be seen 
in Part C of this chapter, in which ‘^shock discontinuities’’ are 
discussed. 



Fig. 24. The formation of the envelope of 
the straight characteristics of a simple com- 
pression wave. 

The possible occurrence of an envelope in a solution of the flow 
problem affords a striking illumination of the theorem stated in 
Section 28 on the unique existence of the solution of the differential 
equations (21.01) that assumes given values on a line t = tc = 
constant. Suppose these values are taken as just the values of a 
solution which forms an envelope beginning with a cusp at a point 
X = Xc, t = te. The fact that no unique solution exists which 
assumes these initial data seems at first sight to be a contradiction 
to the theorem just mentioned. The resolution of this paradox 
lies in the fact that the theorem required initial values with con¬ 
tinuous derivatives with respect to x. The values on ^ taken 
from a solution with a cusp Sit x = Xc, t = tc, though being continu¬ 
ous at x = Xc y have infinite derivatives there with respect to x 
as seen from the discussion in Section 41. 
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Appendix to Part B 


49. Position of the envelope and its cusp in a compression wave 


Here a feviinfcmarks arc added regarding the geometry of the 
envelopes formed by the straight characteristic (7+ of a compression 
wave, see for example Hadamard [28]. 

We write the analytical representation of a forward-facing simple 
wave (42.01) in the form 

(49.01) .X- = J(/3) + “Wb = '*‘((3) + c(d)- 


At the envelope the derivative of x with respect to /3 vanishes so that 
(49.02) 


is the parametric representation ot the envelope. Here we have 
used CO instead of as parameter, which is permissible if co /5 0 

in the region considered. If ^ has an extremum for some value 

I3e of /?, then, assuming that has a continuous second derivative, 
dt ^ 

~2 = changes sign at and hence ^^2 also 

changes sign if coo 0, which we assume for simplicity. Therefore 
such an extremum of t takes place at a cusp of the envelope and 
we have at the cusp 

(49.03) ^ - 0. 

It is useful to describe the formation of the envelope in greater 
detail. Assume that the cusp occurs at < = 0, x = 0 with a value 
o) = Wo. Since d$/dw = 0 and <f^/du = 0 at .t = < = 0 we have 
^(w) = fc(wo — co)’ -t- • • •. The compressive character of the wave 
or the condition that the envelope is formed for < > 0 is then ex¬ 
pressed by the condition A: > 0. It is convenient to describe the 
simple wave and the envelope first in an (wo ~ f)-plane. In that 
plane the C 4 -characteristics are the straight lines wo — w = constant 
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and according to (49.02), the representation of the envelope is 
(49.04) t = = Sk(o)o — + • • • . 

ao3 

The two branches of the envelope in the {Xy corresponding 

to Wo — w > 0 and wo — w < 0 are at the same time edges of the 
fold of the mapping of the (wo — w, <)-plane into the (x, 0-plane, 
see Section 30. This is seen when one considers the image of a line 
t = ti = constant. From dx/dioso — — —t\~ d^/doi we see that 

X increases as (wo — co) increases until wo — w reaches the negative 
value coo — CO = Wo — w_i at which — df/dw = U ; then x decreases 
until Wo — w reaches the positive value wo — w = wo — w+i at which 
— d^/do) — ti ; from then on x increases again. It is then clear that 
the cusp region between the two branches of the envelope, that is 
the image of the region t > ^^(w), is caiered three times in the mapping. 



Fig. 25. The cusp region in a simple compres¬ 
sion wave is covered three times by the straight 
characteristics. 

We now shall investigate more specifically the formation of the 
envelope in the compression wave produced by the motion of a piston 
described by 

(49.05) X = X{t). 
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We want to show that an envelope is always formed if a simple 
wave occurs when a piston at the left-hand side is pushed into a gas with 



Fig. 26. The image in the (a),0-piane of the intermed> 
iate sheet of the cusp region of a simple compression 
wave. 



Fig. 27. Envelope with cusp formed by the straight 
characteristics of a compression wave produced by an 
accelerated piston. 

positive acceleration and that this envelope always forms a cusp inside 
the wave region if the accelerated phase of the piston motion begins with 
the acceleration zero. We assume without restriction X(0) = X(0) 
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= 0, X(i3) >0 for > 0, and w = 0, c = Co on the characteristic 
X = Cot. For the resulting simple wave we may take as our parameter 
/3 the time at which the C+-characteristic through the point {x, i) 
started at the piston. Thus the simple wave is to be described by 
relation (42.08), 

(49.06) X = Z(/3) + - 0). 

Here ^ = X(p) — /3co(/3), see (49.01). The representation (49.02) 
of the envelope then becomes 

(49.07) I = fi+ , X ^ X(P)+ co(/J) . 

6)(l3) d3[l3) 

Clearly the velocity of the piston is X(0) = u(l3). Since o) — v + c 
= c + ^ — Zo is a given function of Z = u + k , u3{^) is also deter¬ 
mined, see (40.05.1). Using 

(49.08) ^ = X > 0, 

du dl 


see (40.05.1), we have 

For the envelope we then obtain from (49.07) 

o(0) - X(fi) 


(49.09) 


( = <“ 03 ) = /3 + 


= ^ + 


c{0) 


}^0)X(0) " ' X03)l(;8) ■ 

Now c(/3) and X(|3) are positive and X(/3) >0 for /^ > 0 by assump¬ 
tion. Hence i*(/3) > /3 for /3 > 0. Further, 

= w(/3)(t''(/8) - fi) + X(/3) > X(/3). 


Therefore an envelope is formed in the flow region. 

Formula (49.09) shows that, if X (0) = 0, then t^{0) = «>. If 
X(0 > 0 for all i > 0 then increases indefinitely as /3 oo. If 
itlt) = 0 for a time t = U > 0, then oo as /3 h . In any 

case it is clear that <®(/3) first decreases and then increases again. 
Consequently, <®(/3) has a minimum 4 for some value of and there¬ 
fore the envelope forms a cusp at the time 4 . 

For a decelerated piston, jC((3) < 0, the situation is different; 
there is no point of the envelope in the domain x > X{fi) correspond¬ 
ing to the interior of the (x, f)-domain of the flow. 

Doubts may arise about our statement that the characteristics C+ 
always form an envelope if the piston is accelerated in forward 
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motion or decelerated in backward motion during an interval of time. 
For, on looking at Figure 13, one might think it possible for the 
envelope to form outside of the flow region or, in other words, for 
the piston path itself to cut off the envelope. A simple analysis 
shows that this not the case. 



Fig. 28. The impossible situation in which 
a straight characteristic issuing from one 
point of the piston path intersects it again at 
another point. 

Suppose a characteristic issuing from a point A on the piston path 
is intersected by the piston path in another point A'; then the char¬ 
acteristic issuing from a point near A' on the arc A A' of the piston 
path intersects the characteristic AA'. Therefore the envelope of the 
characteristics enters the segment between the arc A A' on the piston 
path and the arc A A' on the characteristic. 

Whenever the initial acceleration of the piston is positive the envelope 
begins at a point t = U, x = coh on the straight characteristic C + 
starting at the origin. From (49.09) with ^ = 0 we have 

“ \oX(0)’ 


(49.10) 
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In this case, the part of the characteristic x — Cot beyond t = U may 
be considered the second branch of the envelope, so that again a cusp 
is formed. This situation is illustrated in Figure 29, which is gi^en 
below. 



Fig. 29. Envelope of the straight characteristics of 
the compression wave produced by a uniformly accel¬ 
erated piston. 


The envelopes can take a wide variety of shapes corresponding to 
various motions of the piston. One can, for example, move the piston 
in such a way that the characteristics converge in a point. However, 
since the fine features of the geometry of the envelope depend on the 
local behavior of the second and higher derivatives of the function 
X(<), we must expect that the actual behavior of the flow is not 
strongly affected by geometrical complexities of the envelope. 
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C. Shocks 

50, The shock as an irreversible process 

As we have seen, initial discontinuities are sometimes smoothed 
out, as in the case of centered rarefaction waves, while other motions 
starting as perfectly continuous waves cannot be maintained with¬ 
out a discontflftiity. The fact is that any forward acceleration or 
backward deceleration of the piston, however slow, leads ultimately 
to discontinuities of velocity, pressure, density, specific entropy, 
and temperature. 

Hence, for a mathematical description of motions caused by 
advancing pistons and of many other motions as well, we must 
abandon, or rather supplement, the physical hypotheses employed 
so far (as we already indicated in Section 48). 

One possibility suggests itself immediately. We might try to 
obtain the necessary generalization from the differential equations 
of motion directly. In Chapter II, Section 24, we saw that these 
differential equations allow discontinuities of the first and higher 
derivatives of u and p across characteristics in the (.x, O-ph^ne. Such 
“sonic discontinuities” arise from a natural extension of the differential 
equations; for example, they arise in initial value problems by pas¬ 
sage to the limit from initial values with continuous derivatives to 
initial values with local jump discontinuities of the derivatives. In 
the case of linear differential equations the same type of limiting 
process leads to a “sonic propagation” even of discontinuities of 
the dependent functions themselves, see [32, pp. 360-361]. For our 
nonlinear differential equations, however, no such sonic transmission 
of discontinuities of p and u is deducible by a passage to a limit from 
continuous solutions. 

Hence to arrive at an adequate theory we must give up as over¬ 
simplified our original description of the physical situation and seek 
a closer approximation to the actual situation by accounting for 
physical facts neglected in the original differential equations. 

We have assumed so far that the forces in the gas are due to 
variations in the pressure p = p(p, S) and not at all to friction, and 
that the entropy of a particle remains unchanged. These assump¬ 
tions are justified only if the gradients of velocity and temperature 
are small. Otherwise a mathematical description of the physical 
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situation must take into account the effect of irreversible thermo¬ 
dynamical processes caused by friction and heat conduction, always 
present whenever velocity and temperature are not constant. Such a 
theory would involve almost insuperable mathematical complications 
if it were not for ji fortunate fact: Actual phenomena show that ir¬ 
reversible processes occur in gases only in narrow zones where the 
gradients of velocity and temperature become very large while 
outside of tlu^se ti’ansition zones the flow obeys the laws established 
for adial)atic reversible processes, i.e. the differential equations as 
discussed before. Thus the empirical facts suggest a further mathe¬ 
matical idealization, which will be the basis of our analysis. 

Irreversible processes are to be described by sudden jump dis¬ 
continuities, occurring across certain sharply defined surfaces in the 
fluid. Such discontinuities, with infinite gradients in some of the 
(piantities, replace in the mathematical idealization the narrow zones 
of noticeable irreversibility. 

In reality very considerable changes of velocity and temperature 
o(*cur across sucli surfaces; thus the assumption of sharp disconti¬ 
nuities is indeed an idealization which agrees with the facts rather 
better than we might hope. 

Naturally we reciuire that the three laws of (conservation (jf mass, 
momentum, and energy also hold for this irreversible process. Out¬ 
side (jf the discontinuity surface the only force acting is, according 
to our assumptions, due to the pressure, and the only gain or loss of 
energy present is due to the work done b}^ these pressure forces. 
Hence in these regions our basic differential equations are valid. 

For continuous processes, as we recall from Section 8, the con¬ 
stancy of the specific entropy for each gas particle, i.e. reversibility, 
follows from the law of conservation of energy. For discemtinuous 
processes subject to the same conservation law this is no longer the 
case. The thermodynamic condition expressing the irreversible 
character of the process is that the entropy does not decrease in 
the discontinuous process, and this entropy condition must be added 
to the conservation laws. 

It is by no means obvious, but may be safely assumed, that a flow 
involving such a discontinuous process is completely determined by 
the three conservation laws and the entropy condition. The original 
differential equations, valid in the region of continuous flow, together 
with the conditions expressing the conservation laws and the entropy 
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condition across a discontinuity surface, suffice to determine the flow 
without describing in detail the irreversible process across a discon¬ 
tinuity surface. 

To clarify the situation we shall discuss in Section 63 a rational 
description of the internal mechanism of this irreversible process 
in terms of heat conduction and viscosity, taking into account the 
finite extension^ of the zones of such processes. In the following 
sections, however, w(^ shall proceed strictly from our mathematical 
assumptions, for which the preceding arguments serve as a motivation. 

51. Historical remarks on non-linear flow 

A few historical facts may be inserted here. 

Poisson (1808) [36] determined what was, in effect, a simple wave 
solution of the differential equation of flow in an isothermal gas: 

u = F[x — (w + c)d, 

F being an arbitrary function, see Section 41. 

Challis (1848) [41] observed that such an equation can not always 
be solved uniquely for the velocity u. To obtain a unique solution, 
Stokes (1848) [40] proposed to assume that a discontinuity in the 

Su 

velocity begins at the time when — becomes infinite (cf. Section 41). 

Using the laws of conservation of mass and momentum he then 
deduced two discontinuity conditions for an isothermal gas. Stokes 
argued that discontinuities would never occur physically because 
any tendency to a discontinuity would be smoothed out by viscous 
forces. Furthermore he indicated that flows involving a discontinuity 
must also involve some phenomena of reflection. 

Earnshaw (1858) [37] developed the simple wave solution for the 
flow of gases satisfying any relation p = p(p). He reasoned that 
since the local velocity of propagation increases across a compression 
wave, such a wave would be perpetually ‘‘gaining” on its front, and 
eventually a “bore” or discontinuity would form, see Section 41. 

Independently, Riemann (1860) [38] developed the theory of 
the simple wave and the general solution of the flow problem by using 
“Riemann invariants,” see Section 37. He rediscovered and elabo¬ 
rated the theory of shocks but made tacitly the incorrect assumption 
that the transition across a s^ock is adiabatic and reversible. 
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Rankine (1869) [42] showed that no steady adiabatic process 
in which the only forces are pressure forces can represent a continu¬ 
ous change over a small finite region from one constant state to 
another. He proposed instead that across this region a non-adiabatic 
process occurs subject to the condition that heat may be communi¬ 
cated from one particle to another but that no heat is received from 
outside. 

Rankine’s condition agrees with the principle of conservation of 
energy. But Rayleigh [39] and Hugoniot (1887) [43] were the first 
to point out clearly that an adiabatic reversible transition in a shock 
would violate the principle of conservation of energy. In fact, 
Hugoniot showed that in the absence of viscosity and heat conduction 
(outside the shock) conservation of energy implies conservation of 
entropy in continuous flow and also implies a change of entropy across 
a shock. From the conservation of energy he also deduced the third 
shock condition in its customary form, see (54.10), which is preferable 
to Rankine’s form, although in the case of a perfect gas, Rankine's 
three shock conditions are equivalent to those of Hugoniot. 

Rayleigh (1910) [39] pointed out that the entropy must increase 
in crossing a shock front and that for this reason a rarelaction shock 
can not occur in a perfect gas. 

52. Discontinuity surfaces 

We distinguish two types of discontinuity surfaces, contact 
surfaces and shock fronts. Contact surfaces are surfaces separating 
two parts of the medium without any flow of gas through the surface, 
shock fronts are discontinuity surfaces which are crossed by the gas. 
The side of the shock front through which the gas enters will be 
called the front side of the shock or the side ahead of tho shock, the 
other, the back side. As we shall see in Section 65, the shock front, 
always moves with supersonic speed as observed from the front side, 
and with subsonic speed as observed from the hack side. The zone of 
flow behind a shock front is frequently called shock wave. In this 
chapter we are concerned with one-dimensional motion. Hence the 
shock fronts and contact surfaces are assumed to be planes per¬ 
pendicular to the x-axis, represented on the x-axis by points or in the 
(x, typlsine by lines, henceforth called shock lines, or contact lines, 
respectively. 
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53, Basic model of discontinuous motion. Shock wave in a tube 

Let us first describe the simplest case of a motion involving a 
shock front. The centered expansion wave caused by a piston re¬ 
ceding at constant speed was studied as a basic type of motion. Just 
as basic and typical is the motion caused by a 'piston starting from rest 
and suddenly moving ivith constant velocity Up into the quiet gas. No 




Fig. 30. Shock wave produced by moving a piston 
with constant velocity into a gas at rest. 


matter how small Up is, the resulting motion cannot be continuous 
because a continuous motion would imply a forward-facing simple 
wave, specifically, a centered simple wave, in order to achieve a 
discontinuous change of velocity at the origin. However, the gas 
velocity through a centered simple wave becomes negative if it 
vanishes ahead of the simple wave. Therefore, no adjustment to 
the positive piston velocity is possible by continuous motion. 

What happens? The answer is: Immediately a shock front 
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appears, moving away from the piston with a constant and, as we 
shall prove, supersonic speed t/, uniquely determined by the density 
and sound speed in the quiet gas and by the piston speed xip. Ahead 
of the shock front the gas is at rest, while behind the shock it moves 
with the constant velocity Up . In the {x, 0-plane this very simple 
motion is represented by Figure 30. For a sequence of decreasing 
values of Up the shock line approaches the characteristic x = CqI 
and the jump of velocity, pressure, and density across the shock ap¬ 
proaches zero. The shock becomes weak and approaches a “sonic 
disturbance.” 

Before we can substantiate this qualitative description, we must 
discuss the discontinuity or jump conditions across the shock. 

54. Jump conditions 

We shall derive the jump conditions from the “caloric equation 
of state,” see Section 2, and the following basic laws of physics: 

(1) Conservation of mass, 

(2) Conservation of momentum, 

(3) Conservation of energy, 

(4) Increase or conservation of entropy. 

If the further assumption of continuous velocity, density, and pressure 
are made, the first two laws would lead to Euler’s (or Lagrange’s) 
equations for isentropic flow, see Section 7. Application of these 
principles to discontinuous motions leads to the corresponding first 
two jump conditions for shocks. The energy law (3) takes care of 
a more delicate point. Our original system of differential equations, 
see (7.08-.11), was supplemented by the caloric equation of state 
in which we assumed constant entropy in keeping with the supposed 
adiabatic reversible character of our processes and in agreement with 
the law of conservation of energy. Across a shock front, however, 
the third law of conservation, as we shall show presently, implies 
entropy changes and leads to the third “thermodynamical jump 
condition, formulated by Rankine and Hugoniot, which replaces the 
assumption of adiabatic changes made for continuous motions. 

We shall now derive the discontinuity condition by applying the 
three general principles to a column of gas in a tube. The column 
covers at the time t the interval ao(0 ^ x <i ai{t)^ where ao(0 
ai{t) denote the positions of the moving particles that form the ends 
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of the column, and the flow is supposed to be continuous at the ends 
of the column. By e we denote the internal energy of the gas per 
unit mass, so that the total energy per unit mass is c + . Then, 

for the column, the four basic principles are expressed by the relations 

(54.01) y. / pdx = 0 

(Conservation of mass), 

d 

(54.02) - / * pii dx = p(ao,0 ~ vio^ht) 

dt JaaiO 

(Conservation of momentum). 


1 /•ai(t) 

(54.03) -r / pI^u + e} dx = p{ao,t)n{ao,t) - p(ai,<)!/(ai,<) 

dt Jaoit) 

(Conservation of energy), 
(54.04) pSdx>0 

dt Jao(t) 

(Increase or conservation of entropy). 


Relation (54.01) needs no comment. Relation (54.02) expresses 
the assumption that the only forces acting are pressure forces, and 
that consequently the rate of change of momentum of the column 
equals the total resultant force exerted on the column by the pressure 
on the two ends. Relation (54.03) expresses the assumption that the 
gain of energy is due only to the action of the pressure forces, in other 
words that the rate of increase of energy contained in the column is 
equal to the ‘'power-input,’' i.e., the work done in unit time by the 
pressure against the end surfaces of the column (whose velocities are 
do = u{ao , t) and di = u{ai , 0- Relation (54.04) states that the 
column gains or maintains its entropy. 

As long as we assume u, p, p, and S continuous and differentiable 
in the whole column, we can easily deduce from the first three of these 
equations the differential equations of motion, see Sections 7 and 8, 
conservation of entropy being a consequence. In the present 
analysis, however, we assume that in the moving column there is 
a point of discontinuity whose coordinate x = {(0 moves with the 
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velocity i(0, = U(t) and we shall derive from equations (54.01-.04) 
relations between the quantities at both sides of this point. 

All of our integrals have the form 



the integrand ^ being discontinuous at a* = Differentiation 
leads to 


(54.05) 


r/ d 

4 

dt dt Jao(f) dt J^it) 

pai(t) 

= / ^((x, t) dx + - 'I'(ao, t)u{a„, t) 

•'aoO) 

+ 'l'(oi, l)u{ai, 1) — 


The quantities 'I'o and are the limits of t) as x approaches 
{ from the sides x and x > ^ respectively. This formula holds no 
matter how short the column is, so long as it contains x = $ as an 
interior point. We now perform the limiting process, letting the 
length of the column approach zero. Since the first integral on the 
righthand side of (54.05) then tends to zero, 'I'(ai , t) 'I'l, and 
'^(ao ,t) -> 4^0, we obtain 


(54.06) 


lim > 

ai—ao~*0 di 


where 

(54.07) Vi = Ui - U, i = 0, I, 

is the flow velocity relative to the discontinuity surface. Thus we 
derive from the four basic equations the following jump conditions. 


(Conservation of Mass) 
(54.08.1) Pii’i — poVo =• 0 

or 

(54.08.2) PoJ’o = pivi = m-, 

m is the mass flux through the surface. 
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(Conservation of Momentum) 

(54.09.1) {piih)vi - {poUo)vo = po - Pu 

by (54.07) and (54.08) this relation is equivalent to 
(54.09.2) m.uo + po = mui + pi 

or mm.- 

(54.09.3) povl +' po = Piv\ + Pi = P, 

which involves only tlje relative velocities v. The quantity P, 
defined by (54.09.3), is occasionally called the total momentum flux. 

((Conservation of Energy) 

(54.10.1) Pii^Ui + e-^Vi — poih'^o “h ^o)^o — Po^o — P\Ui 
or 

(54.10.2) m{\ul + Co) + WoPo == m{\u\ + Ci) + xhpi . 

By (54.07-.09) this relation is equivalent to 

(54.10.3) m{\vl + Co + poro) = rn{\v\ + ei + piTi). 

(Increase of Entropy) 

(54.11.1) PiSiVi — pqSoVq > 0 
or by (54.08), 

(54.11.2) mSo < mSi. 

All these relations hold across both shock fronts and contact 
surfaces. The two types of discontinuity surfaces are distinguished 
by the property that gas flows across a shock fronts m 5^ 0, and that 
no gas flows across a contact surface, m = 0. 

We shall consider shock discontinuities in Section 55 and postpone 
the discussion of contact surfaces to Section 56. 

55. Shocks 

For shocks (m 7 ^ 0) relation (54.10.3) reduces to 
(55.01) ^vl + Co + Potq = ivl + Cl + piTi = 
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where q is the limit speed introduced in Sections 14 and 15. Re¬ 
membering the definition of the enthalpy i = c -f pr from Section 9, 
we can write (55.01) in the form 

(55.02) 2^0 + ^ ~ 


Thus we see, the third shock condition has exactly the form of BernoulWs 
law. It differs, however, from the three forms of it considered 
previously in Section 14, inasmuch as the function which represents 
the enthalpy i in its dependence on p is now discontinuous across 
the shock, since the values ii and io correspond to different values 
Si and So of the entropy, as will be seen. In other w-ords, the change 

in enthalpy i\ — io across a shock is not equal to f but equals 

J{0) p 


r (^±+Tds). 

ho) \ p / 


Rach of the three shock conditions (54.08.' .10) has a form in 
which only the relative velocities v — — U are involved and not 

the velocities u and V separately. It is thus clear that the shock 
conditions are invariant under translation with constant velocity, 
in accordance with the Galilean principle of relativity. 

From equations (54.09.2) and (54.08.2) w^e obtain 


2 2 

(55.03) (ro + ri)(pi - po) = + Ti)(r(, - ih) = ^'o “ 


Using this relation to eliminate ?’o and Vi from (55.02) we find 


(55.04) 


(pi - Vo) 


To + Tl 
2 


= ii — io, 


and by I = c + pr, 

(.55.05) (to - n) = c, - eo . 

The second of these two important shock relations could be inter¬ 
preted to mean that the increase in internal energy across the shock 
front is due to the work done by the mean pressure in performing the 
compression. The first relation shows that the increase in enthalpy 
is due to the work done by the pressure difference on the mean 
volume. 

Relations (55.04) and (55.05) are particularly noteworthy since 
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they refer only to thermodynamical (luantities. They were first 
introduced by Hugoniot; relation (55.05) is therefore called the 
Hugoniot relation. 


56. Contact discontinuities 

The disconffiuity conditions (54.08-.10) admit a “trivial’' or 
degenerate solution. If the flux m through the surface of discon¬ 
tinuity is zero, i.e., if no gas crosses it, then we have = 0. 

Hence Uq = Ui = U, anfl from (54.09) we infer that po = pi, while 
(54.10.1) is automatically satisfied. However (55.01) can no longer 
be deduced from (54.10.3). Such a discontinuity surface is called a 
contact surface. A contact surface moves with the gas and separates 
two zones of different density (and temperature); but the pressure and 
flow velocity are the same on both sides. A contact discontinuity 
may separate not only parts of the same gas but also two different 
gases. 

It is obvious that in reality such a contact surface cannot be 
maintained for an appreciable length of time; heat conduction be¬ 
tween the permanently adjacent particles on either side of the dis¬ 
continuity would soon make our idealized assumption unrealistic. 
Wliile gas particles crossing a shock front are exposed to heat con¬ 
duction for only a very short time, those that remain adjacent on 
either side of a contact surface are exposed to heat conduction all 
the time. Hence it is clear that a contact layer will gradually fade 
out. 

The flow velocity is continuous across contact surfaces in one¬ 
dimensional flow. However, in flows in more than one dimension, 
as we shall show in Chapter IV, Section 118, the tangential component 
of flow velocity may suffer a discontinuity across a contact surface, 
while the normal component relative to the surface is always zero, 
as in the case under discussion. 


57. Description of shocks 

We recall the following definitions given in Section 52. The side 
of the shock front through which the gas enters the shock front was 
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called the front side or the side ahead of the shock front. The other 
side was called the back side. In other words, the particles cross 
the shock front from the front toward the back side. This definition 
is independent of the choice of coordinate system. Usually we shall 
denote the front side of the shock front with the subscript (c) and 
the back side with (i). We also say that the shock front faces the 
front side or is directed toward the front side. 

It should be clearly understood that the direction in which the 
shock front moves^ given by the sign of (/, has nothing to do with 
the direction toward which it fac.es, i.e., with the distinction between 
the front and back side of the shock which depends only on the rela¬ 
tive velocity v. Whether the front advances, is stationary, or recedes, 
depends on the absolute velocity. 



Pressure, density, temperature, and entropy are, as we shall see 
in Sections 65 and 67, always greater behind the shock front than 
ahead of it, and the degree of this increase can be used in various 
ways to measure the intensity of the shock, see Section 71. 

We shall further see, in Sections 65 and 66, that the speed of the 
gas relative to the shock front, \u — C/ |, is always less behind the 
shock front than ahead of it. A consequence of this fact is that the 
velocity at the left side of the shock front is always greater than at the 
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right side, irrespective of which side is the front side and which the 
back side. 

(57.01) ^left ^ "bright 01* ^ bright • 

We now discuss three different interpretations of a shock front, 
all of which are equivalent by the Galilean principle of relativity. 

First, supp^ that the velocity Uq on the front side is zero. 
Then the shock front advances into a zone (0) of rest with the velocity IJ 
when observed from the front side, which will be shown to be super¬ 
sonic, while the velocity U — n\ = —Vi of the shock front observed 



from the high pressure zone on the back side is subsonic. The shock 
front moves rapidly into the zone of quiet, enveloping more and 
more of the gas which, after being overtaken, follows at a speed 
less than that of the shock front. At the same time the density 
and pressure are suddenly increased. We have already explained 
that such an advancing shock wave is generated when a piston is 
moved into the quiet gas. 

Secondly, suppose the velocity ui on the back side is zero. 
Then the shock front may be interpreted as receding with the velocity 
U leaving behind a high pressure zone of quiet. Such receding shock 
waves will be encountered as shock waves reflected from a wall, see 
Section 70. 
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Finally, suppose that the velocity of the shock front is zero, 
in other words, that the shock front is stationary. (Any shock front 
is stationary if observed from a coordinate system moving with the 
instantaneous shock front velocity U.) Such a stationary shock 
front is simply described by a fixed point x* = f in the tube into which 
the gas flows at supersonic speed and behind which it is slowed down 
(to subsonic speed) while pressure and density are increased. The 
discontinuity conditions that hold for stationary shocks {U = 0) can 
l)e found immediately by putting Vi Ui in (54.08-.10): 

(57.02) Poi/o = PiUi.= m, 

(57.03) pquI + po = piul + Pi = P, 

(57.04) + To = + ii = 

58. Models of shock motion 

Shocks in their different aspects can be visualized through analogy 
with the motion of particles such as a stream of fast automobiles on a 
highway. A shock can be produced as follows. We assume a steady 
flow of ti’affic at high speed. In such a flow there is a ‘‘sound 
speed,’’ i.e. a speed at which small disturbances occurring in the 
traffic will spread. If the speed of the traveling cars exceeds this 
sound speed, then a shock occurs when the velocity is suddenly 
reduced, for example when one driver sees a slow-down sign. The 
driver of any following car will suddenly see the car in front reduce 
speed. He cannot transmit a warning signal to the driver in the 
rear before he also reduces speed. The resulting shock faces back¬ 
wards. The increase in density is obvious; increase in pressure is 
also immediately represented in our model if we imagin'^ the row of 
cars separated by springs or buffers with a nonlinear law of repulsion. 
An increase in temperature can perhaps be interpreted by means of 
such models if the energy of small “excitations” is considered as 
representing heat. 

A strictly receding shock wave can be pictured as an extreme 
case. Let us assume, as before, a long column of equally spaced 
cars, traveling at supersonic speed, which strikes an unanticipated 
obstacle that suddenly brings the first car to a full stop. The second 
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will press close to the first and stop; then the third will be abruptly 
stopped by the second, and so on. The point separating the stopped 
cars from the moving cars obviously represents a receding shock front. 

A forward-facing shock front impinging on a zone of rest is 
represented by the phenomenon of a column of fast moving cars 
pounding against a row of widely spaced parked cars and setting 
them in motion. 

Models of o?ie-dimensional wave motion by means of individual 
particles connected by nonlinear law of repulsion are not only sug¬ 
gestive, but may even be used as approximations to actual situations 
and thus as a basis fof numerical computation, see [58], incases in 
which only the first two shock conditions need be considered, sec 
Section 61. 


59. Discussion of the mechanical shock conditions 


Only the third condition explicitly introduces the thermody¬ 
namical nature of the substance represented by the energy e or the 
enthalpy i as a known function of p and p. Hence all conclusions 
drawn solely from the ^‘mechanical conditions,the first two shock 
conditions (54.08-.09), 

Poi’o = PiVi = m 
Pol'o + Po = PlVl + Pi = Pj 

are valid for any medium irrespective of its equation of state. This 
is true of the relations: 

(59.01) m{vi — Vq) = Po - Pi 


(59.02) 


rn = 


Po - Pi 

To — Ti 


(59.03) viVo ='^ - 

Po — Pi 

Relation (59.01) follows directly from (54.09). Relation (59.02) 
follows from (59.01) by setting Vi = mri and Vo = tuto ; relation 
(59.03) follows from (59.01) by setting mvi = poWori and mvo = piViVo. 

The velocities to, ti and the mass flux m obviously have the same 
sign. Relation (59.01) then shows that the pressure p changes in 
the sense opposite to that in which the relative speed 1 v \ changes. 
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Relation (59.02) shows that the density changes in the same sense 
as the pressure. 

Anticipating the fact that the shock is compressive, i.e., pi > po 
(a general proof will be given in Section 65; for polytropic gases the 
fact is established by explicit formulas, as shown in Section 67), 
we see that the pressure increases and the relative speed | v | decreases 
as the gas crosses the shock fron". 

A different symmetric form for the mechanical shock conditions is 


(59.04) 


To(pi - Po) Vq{vo - Vi) , 
Ti(po - Pi) = Vi{vi - Vo) , 


from which the equivalent relations 

(59.05) (to — ri)(pi — Po) = {vo ~ vi)^, 

(59.06) (to + ri)(pi - Po) = vl -vl, 


follow. 

All the conditions (59.03-.06) clearly separate thermodynamic 
quantities from velocities. 


60, Sound waves as limits of weak shocks 

Let us consider a sequence of shocks for a fixed state (0) such that 
the shock strength measured by pi — po tends to zero. If we antici¬ 
pate the result, to be proved in Section 65, that, across a shock front, 
the entropy change is only of third order in pi — po, then equation 
(59.03) yields for pi po the relation VoVi Vp = Since relation 
(59.01) entails Vi —> Vo we see that in the limit the flow speed relative 
to the shock front is the sound speed. Since we have recognized 
this fact, at the end of Section 34, as the condition for the propagation 
of sound waves, given by characteristics in the (x, ^)-plane, we have 
shown: A sound wave can he interpreted as an infinitely weak shock. 


61, Cases in which the mechanical shock conditions are 
sufficient to determine the shock 

Certain further remarks should be made about the role of the 
first two shock conditions, the mechanical conditions, in contrast 
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to the thermodynamical condition. There are cases of great prac¬ 
tical importance in which the first two conditions alone are sufficient 
to determine the shock process, namely in the flow of fluids in which 
the 'pressure depends on the density alone and not, or not noticeably, 
on the entropy. 

Water, for example, is approximately such a fluid, inasmuch as 
in its pressur#«density relation, p = — B, the coefficients A 

and B are approximately independent of the entropy, see Section 3. 
The same applies to the determination of shocks, or rather bores, 
in shallow water whicU. are characterized by the relation p = Ap , 
see (19.14). 

The third shock relation remains, of course, valid in all these cases 
but it may be considered merely as a means of determining the 
energy balance after the problem has been solved. 

The internal energy of such fluids splits into two parts, e = 
e^^\p) + e^^\S), one depending only on the density, the other only 
on the entropy, see Section 3. The third shock condition can then 
be written in the form 

= -fbi - - 4^^ + PiTi - Poro]. 

Since the right-hand side is already determined by the first two 
shock conditions, one can calculate the increase of e}'^\ which may be 
interpreted as energy transformed into heat (or into energy of turbu¬ 
lence in shallow water). 

These remarks also appl}^ in general to weak shocks, i.e., to 

shocks for which the excess pressure ratio —— is small. For such 

Po 

weak shocks, as we shall see, the entropy rise is very small, in fact 

of third order in ~ , and can therefore be safely neglected, 

Po 

see Section 72. 

62 . Shock conditions in Lagrangian representation 

Some remarks concerning the Lagrangian form of the shock rela¬ 
tions will be useful later. If x{t) is the coordinate of a moving particle, 
Xo{t) referring to a specific ^^zero^^-particle, see Section 18, then any 
particle is fixed (irrespective of the time) by the Lagrangian coordinate 
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h= pdx. With h and t as independent, u and r = p ^ as de- 

Jxq 

pendent variables, the differential equations are, see (18.09-.10), 

Tt = Uh j Ut = k^Th y with k = T~^c = pc 

and Xh = r, Xt — u. Now let us consider a shock front S moving 
relative to the gas, enveloping at the time t a particle with the La- 



Fig, 35. Motion of a shock front 
in Lagrangian representation. 

grangian coordinate h = h(i). Then if x{hyt) is the position of 
the particle with the coordinates h and t, the position of the shock 
front is given by 

^ = X{h{t)y t)y 

and thus the shock velocity is 

U = tJi + n. 

With the symbol [/] for/i - /o we immediately obtain the “kinematic’^ 
shock condition 

( 62 . 01 ) hW] + [u] = 0 , 

which replaces the automatically satisfied condition of conservation 
of mass. We note that -A is the mass crossing the shock front in 
unit time from the front side to the back side (the cross section is 
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assumed to have unit area). Consequently, the conservation of 
momentum is expressed by the relation 

(62.02) [p] - h[u] = 0, 

which by (62.01), in a form invariant under translatory motion, is 
(62.03) [p] + h\r] = 0, 

while, from v — u — U = —rh, the conservation of energy is ex¬ 
pressed by 

(62.04) — Uf + t] = 0 

or 

(62.05) h^[A + W = 0. 

63. Shock relations derived from the differential equations for 
viscous and heat-conducting fluids 

It seems approptiate to supplement the introductory remarks 
in Section 50 by a brief and somewhat more subtle analysis of how 
the shock conditions may be obtained by letting the coefficients n 
of viscosity and X of heat conduction approach zero. (The nota¬ 
tion IX, X for these two coefficients is limited to this section only; 
the factor ix used here is 4/3 times that usually introduced.) The 
differential equations involving these factors,* generalizing equations 
(17.01-.03) are 

(63.01) Pt + (pw)* = 

(Conservation of mass), 

(63.02) {pu)t + (pw* + P - PUx)x = 0 

(Conservation of momentum with viscous friction), 

[p(§m“ + e)]< + [pM^w* + f) — pww* — = 0 

(Conservation of energy), 
pTSt + puTS„ = ixu\ + (XT,), 

(Heat balance). 

* For a derivation of these equ4tions see Goldstein [19, Volume II, Chapter 14]. 


(63.03) 

(63.04) 
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The heat balance eqnaiioii (63.04) can he derived as a combination of the 
three conservation laws. The left-hand side in equation (63.04) is 
the heat acquired by a unit volume in unit time. The second term on 
the right-hand side measures the contribution due to heat conduc¬ 
tion, while the first term measures the contribution due to viscous 
friction, which is essentially positive in accordance with the second 
law of thermodynamics. 

Objections have been raised to using the notions of viscosity and 
heat conduction in describing the internal mechanism of a shock 
process since the changes of all quantities in the narrow shock zone 
are so great that these notions are meaningless. It has been pro¬ 
posed instead to use the Boltzmann equation of the kinetic theory 
of gases. However, whether the notions of viscosity and heat 
conduction can or cannot be used at least for weak shocks does not 
seem to have been decided. In any case one may expect that the 
use of these notions leads to a picture of the situation which is quali¬ 
tatively correct. 

Using viscosity and heat conduction we ought to show that under 
initial and boundary conditions corresponding to a physical situation 
the system (63.01-.03) possesses a unique and continuous solution 
which, as X —> 0 and ju —> 0, converges to a solution of the differential 
equations of non-viscous and non-heat-conducting flow except along 
discrete lines in the (x, 0-plane. In the neighborhood of these lines 
the convergence is then non-uniform and the limit solution becomes 
discontinuous across them. It should be shown, moreover, that the 
conditions for shocks or contact discontinuities hold across these lines. 
A proof of these facts would support the idea that the previous theory 
is an adequate approximation to the physical state; such a proof has 
not yet been given. 

It is nevertheless possible to analyze this passage to a limit in 
parts by simplifying the problem. We assume our statement 
concerning convergence and on this assumption we deduce the shock 
conditions. 

We consider a sudden transition in the neighborhood of the point 
x = 0 at the time ^ = 0; with no restriction of generality we can 
refer the process to a moving coordinate system so that this point is 
at rest at the time t = 0. For simplicity, we assume further that 
in the neighborhood of a; = 0, < = 0, the process can be considered 
steady, so that we may set Ut — pt = S/ = 0 at ^ == 0 near x = 0, 
and write v instead of u. 



136 


ONE-DIMENSIONAL FLOW 


CHAP. Ill 


The four laws (63.01-.04) then reduce to 

(63.05) (pv). = 0, 

(63.06) (pi^' + P - Mt^x)x = 0, 

(63.07) [pv{^2V^ + i) - - XT,]:, = 0, 

(63.08) «Mii. pvl Sx — pVx “h (Xix)x- 

The three conservation laws (G3.05-.07) can evidently be integrated. 
Then they express the (‘onstaiK^y of mass, momentum, and energy 
in the flow process. This possibility leads to the shock conditions 
in the following way. We integrate the equations (63.05 -.07) be¬ 
tween — e and e, where € is arbitrarily small, with the result 

(63.09) [pv]U = 0, 

(63.10) [pv^ + P "* pVxY~€ = 0, 

(63.11) {pv(^y + i) — pvvx — XTx]le = 0, 

in which [/]!* denotes the difference /(e) - /(- e). For varying values 
of X and p with the limit X —> 0, p —> 0, we consider a sequence of flows 
which are assumed to converge to a limit flow, except possibly at the 
point a; = 0. Relations (63.09-.il), not involving quantities at 
the point x = 0, remain valid in the limit. Thus we obtain for 
the limit flow 

(63.12) [pv]le = 0, 

(63.13) [pv"" + p]l* = 0, 

(63.14) [pv{iv^ + = 0. 

When we now let e approach zero, we obtain the same shock con¬ 
ditions that we found earlier. 

Likewise the fourth shock condition of increasing entropy is a 
consequence of our limiting process. Setting pv = ni = constant, 
in accordance with (63.05), and integrating equation (63.08) be¬ 
tween — e and €, we find 

/ « 2 m2 rx7^ 1* 

^ dx + dx + 
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For a fixed value of e, the last term on the right-hand side tends to 
zero as M 0) ^ 0; this is not necessarily true of the two other 

terms. For, these terms are integrals over an interval within which 
TI and vl become very large in the limiting process. Thus the 
positive contributions on the right-hand side eventually dominate, 
and we have in the limit 

[^T-e > 0, 

which is the fourth shock condition. (We have already seen that the 
ecpiality sign is excluded for an actual discontinuity.) It is remark¬ 
able that this last shock conditioriy which is independent of the three con¬ 
servation laws for shocks, results in the limit from a heat balance equation 
which is dependent on the three conservation laws for continuous flow. 

It should be emphasized again that the approximate description of 
flow in fluids with almost no viscosity and heat transfer by an idea¬ 
lized flow involving shock fronts, but no viscosity and heat con¬ 
ductivity, is necessarily inadequate in the region near the shock front, 
where the derivatives of v, p, and T become large. A closer analysis 
of the sudden transition for very small, but not vanishing, values of 
X and fjL is therefore desirable. It is in particular desirable to deter¬ 
mine the width of the shock zone from such an analysis. 

r.ct us consider the quantities po, ro, po and pi, ti , pi on both 
sides of the shock zone -e < a; < € as known and equal to those 
occurring in the limit case of a shock front. Then solutions (p, r, p) 
of the three equations (63.05-.07) are to be found which assume the 
prescribed boundary values. The width 2e of the shock zone is to 
be determined from the condition that such solutions exist for 
which the derivatives Px , Px, Vx vanish at both ends, x — zte. 

It is doubtful whether or not such solutions exist. Instead, a 
different procedure can be tried which has been used successfully 
in other fields, in particular in Prandtl’s boundary layer theory for 
viscous fluid flow, see [19]. The boundary conditions are imposed 
at a; = — 00 and a; = oo instead of at a; = — e and x = e. The 
shock zone is then somewhat arbitrarily defined as an interval over 
which noticeable changes of p, p, and v take place. 

This boundary value problem for the infinite interval has been 
treated by various authors, see [4, 17, 45], assuming constant coeffi¬ 
cients M and X, and by L. H. Thomas [46], accounting for the vari- 
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ation of n and X with temperature. As a result of this theory, the 
shock zone has been found to be so narrow that its width is comparable 
to the mean free path of the gas molecules. This indicates that 
for a study of such transition zones the theory considering the gas 
as a continuum is not (juite adecpiate and that a relevant theory will 
have to fall back on notions of the kinetic theory of gases. 

64. Hugoniot relation. Determinacy of the shock transition 


For the following considerations it will prove useful to introduce 
T and p instead of t and S as independent variables and to consider 
the energy as a function c(t, p) of r and p. That this is possible 
follows from the assumption (js > 0, see (2.07), for the function 
p = g{T, S). Using the Hugoniot function with the center (to,Po), 

. 2 > Vq 

(()4.01) H(t, p) = c(i». p) — c(to , Pn) -f- (t — To) 2 — > 

we can write the Hugoniot relation (55.05) simply in the form 
(64.02). H(t, p) = 0. 

It characterizes all pairs of values (t, p) for the state on one side 
of the shock front that are compatible with the three shock relations 
(54.08-.10) when the values (n. , po) on the other side are given. 
The graph of the Hugoniot relation in the (r, p)-plane is called 
the Hugoniot curve, sec Figure 30. 

For poly tropic gases with 

_ 2 

(64.03) c = pr = pr, 

see (3.04) and (14.06), the Hugoniot function is given by 

(64.04) 2uH{t, p) = (t - uTo)p - (to - ut)po ; 

the Hugoniot curve is therefore a rectangular hyperbola. 

The Hugoniot function is very useful in investigating which 
data determine a shock transition. The three shock relations 
(54.08-.10) represent three relations between seven quantities 
ro, T, , Po, Pi, , Ml, and U, since e may be considered a given 
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function of r and p. Hence if three of these quantities are fixed, 
there is still a one-parameter family of shocks possible. 

While the shock relations between the seven quantities are non¬ 
linear and thus do not necessarily define the shock if one more quantity 



Fig, 3(). The Hugoniot curve and the solution 
of problem (C). 


is prescribed, we shall see that under wide conditions the following 
theorems hold: 

(A) The stale (0) an one side of the shock front and the shock velocity 
U determine the complete state (1) 07i the other side of the shock front. 

(B) The state (0) and the pressure pi determine the. velocity of the 
shock front and the complete state (1). 

(C) The state (0) and the, velocity ih determine the speed of the 
shock front and the complete state {\) if it i^ specified whether the state 
(0) should he ahead of or behind the shock front. 

Note that in cases (A) and (B) the data already determine whether 
the state (0) is ahead of or behind the shock front. The condition 
for the former situation, as we shall see, is [ wo — [7 | > Co in case 
(A), and pi > po in case (B). In case (C), on the other hand, the 
data determine already which state is at the left and which at the 
right-hand side of the shock front, according to the relation, 'Wieit ^ 
Wright, see (57.01). 
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The conditions under which the theorems will be proved* may 
be expressed with reference to the Hugoniot curve //(r, p) — 0 with 
the center (to , po). They are : 

1) Along the Hugoniot curve the pressure p varies from zero to 
infinity. The values of r may vary between finite limits, Tmin JJ^nd 

'Tmax • 

This is, fo*wexample, the case for polytropic gases for which r 
varies along the Hugoniot curve between Tn^in = ^ to and r^ax = 

, as seen from (64.04). 

2) Along the Hugoniot curve dpi dr < 0. 

3) Every ray through the center (tq , po) intersects the Hugoniot 
curve at exactly one point, provided this ray intersects the r-axis 
at a point r < Tmax • 

Condition 3) is satisfied quite generally, as will be shown in the 
next section. All three conditions are immediately verified for 
polytropic gases from the expression (64.04). 

If the state (0) and pi are given, conditions 1) and 2) insure that 
there is one and only one value ti satisfying //(ri, pi) = 0. 44ie 
values I’o = niTo , vi = mn are then found from (59.02). The sign 
of 771 depends on whether the shock front is facing to the left rn >0, 
or to the right m < 0. The shock velocity is given by C7 = tio - Vq. 
Thus theorem (B) is proved. 

For theorems (A) and (C) a further condition is to be imposed, 
namely 

(64.05) Po < Poyo(T„ax - To) for (A) 

(64.06) (Wj Wo) ^ T^^Tmax To) (^)' 

These conditions affect, however, only tlie case in which (he state 
(0) is behind the shock front. 

To prove theorem (A) we note that the quantity —m = —poWo, 
given by the data, equals the ratio (pi — Po)/(ti — to) by (59.02). 
Hence to find n and pi we need only intersect the Hugoniot curve 
with the ray through (to , po) of slope -m\ By condition 3) and 
(64.05) there is just one such intersection. The value of vi is then 
found from vi = mri. 

To prove theorem (C) we use relation (59.05) for which the data 
give the right member (mi — UoY- Hence, to determine ti and pt , 

* For polytropic gases a different approach is given in Section 68. 
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we need only intersect the hyperbola (r — ro)(p — Po) = — (^i — 
with the Hugoniot curve. Since the slope of the hyperbola is positive, 
it follows from condition 2) and (64.06) that there are just two intersec¬ 
tions, corresponding to the two possibilities that the state (0) is ahead 
of or behind the shock front. The flux m is found from (59.02), 
positive if the shock front faces to the left, negative if it faces to the 
right. The shock velocity is then found from U = uq — toM = 

Ui — Tim, 


65. Basic properties of the shock transition 

In the present section we shall establish the four basic properties 
of the states of the gas at both sides of a shock front. By shock 
strength we mean any of the differences pi — po, Pi “ Po, or [yi — vq\ . 

I. The increase of entropy across a shock front is of the third 
order in the shock strength. 

II. The rise of pressure, density, and temperature across a shock 
front differs from reversible adiabatic changes of these quantities 
at most in terms of the third order in the shock strength. It is here 
assumed that the initial state and one quantity in the final state are 
the same for both processes. 

HI. Shocks are compressive. More precisely: density and 
pressure rise across the shock front. 

IV. The flow velocity relative to the shock front is supersonic 
at the front side, subsonic at the back side. 

For polytropic gases these properties are easily read off from the 
explicit transition formulas which we shall discuss in Section 67. 
It is remarkable that, for general ideal gases, these properties depend 
essentially only on the basic assumptions (2.04-.07) made about the 
function p = S), namely 

(65.01) gr <0,gr= -pV, 

(65.02) ' grr < 0, 

(65.03) gs > 0. 

Before establishing these facts* in all generality, we mention 
that the first part of property IV follows immediately from III if 

Recognized by Bethe [47] and Weyl [48]. 
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instead of (65.02) the somewhat stronger condition (fpldp^ > 0 
is assumed. For, because Si > Sq and gs > 0, equation (59.03) 
yields the relation 

p(pi , aSi) — p{pQ , So) ^ p{pi , So) — p{po , ^^o) 

VqVi --> -;;-- 

Pi — Po Pi “ Po 

mm. ^ ^q) > Pp(po > ^'o) == C^(Po , S>o) = Co , 

in which p is a properly cliosen intermediate value between po and 
Pi . Hence 

(65.04) vovi > Co. 

Since poVo = Pi?q , statement 111, pi > Po , leads to | I’o | > \vi\. 
From (65.04) we then conclude the desired relation | Vo | > Co . 
It may be noted that this argument has not made any use of the 
third thermodynamic shock relation. 

We now proceed to establish our four statements in general.* 

In a rather simple way we first derive the important fact that 
the distinction between a shock transition and an adiabatic change is 
only of the third order in the shock stiength and hence becomes 
noticeable only for ‘"strong” shocks. Precisely we shall prove: 

I. 7^he increase of entropy across a shock is of third order in the 
difference n — ro of specific volume, or, what is equivalent, in the 
difference of the pressures. 

Furthermore: II. Suppose we consider a shock and a reversible 
adiabatic change from the same initial state to states with the same 
specific volume. Then the pressure rise across the shock front agrees 
with the pressure rise in the adiabatic change up to terms of the second 
order in the difference n - to of specific volume. The same is then 
also true for the rise of the temperature, which is a function of p 
and r. Moreover, similar statements may be immediately concluded 
if instead of ti to the differences pi — po, Ti — To, 11 , are 
introduced as shock strength. 

To prove these two statements we study the Ilugoniot function 
(65.05) H{t, p) = e{T, p) — e(To, po) + '^o)(p + Po), 

* Prandtl and Busemann have given an illuminating geometric interpretation 
of the shock relations using a {v, p) -plane, from which statement IV could also 
be derived for general fluids, see [3]. For the following compare Weyl [48]. 
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see (64.01), and the Hugoniot curve p) = 0 in the (r, p)-plane, 
with ‘‘center” (tq , po). It characterizes the one-parametric family 
of states (r, p) which can be reached from (tq, po) by a shock. We 
assume that this curve can be represented in the form p — G{t) 
and that G{t) oo for r —> rmin, see conditions 1) and 2) in Section 64. 
Along the Hugoniot curve we have dll = 0, hence by (2.01) 

(65.06) 2TdS - (p - po)dr + (r - tqMp = 0; 

consequently TdS = 0 or 

(65.07) dS = 0 at(To,?9o). 

Differentiating (65.06) once more along the Hugoniot curve, and 
considering r as the independent variable we find 

2d{TdS) + (r - To)dV = 0, 

hence at the center 

d{TdS) = dTdS + Td^S - 0, 

therefore also 

(65.08) d'S = 0 at(ro,po). 

Relations (65.07) and (65.08) show that the change of entropy is 
at least of third order. 

Differentiating once more and then setting p — Po y t = to , 
we obtain 

2d^{TdS) + drd^p = 0 at (tq , po) 

or, because of (65.06-.07), 

2Td^S + drd^p = 0 at (to , Po). 

Because Qrr > 0, see (65.02), this relation yields 

(65.09) d^S > 0 when dr < 0 at (to , po). 

Therefore the increase of the entropy is precisely of third order. 
Thus statement I is proved. 

The assertion about the pressure is an immediate consequence. 
The entropy S is a function of t along the Hugoniot curve; hence 
we have 


p = G(t) = g(r, S(t)). 
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Consequently, by (65.07-.08), 

Giro) = giro, So), G'(ro) - (7r(ro , .So). C"(ro) - (7rr(ro , .So), 

or, geometrically speaking: the Hugoniot curve p = Gir) and the adi¬ 
abatic curve p = gir, So) through the center have there a contact 
of second order. This establishes our second statement. 

From (65.Qit.09) it follows that the function Sir) is monotonic 
at the center. We now prove that this is true in the large: III. Along 
the whole Hugoniot curve the entropy increases with decreasing specijlc 
volume. ^ 

For the proof of this statement we make use of an elegant reason¬ 
ing by H. Weyl [48]. 

We rewrite the conditions (65.01-.03) in terms of the function 
S = Sir, p). The identity S = Sir, gir, S)) entails S,/js = 1; 
hence by relation (65.03), 

(65.10) .Sp > 0. 

Furthermore, 0 = .Sr + .Sp^r implies, through (65.01), 

(65.11) Sr > 0. 

Moreover, the convexity condition (65.02) grr < 0 leads to 

(65.12) SrrSl - 2SrpS^S, + SppSl < 0, 

as we conclude by differentiating the identity Spg-r + Sr = 0 once 
more with respect to r. 

Now, to prove the monotone character of S along the Hugoniot 
curve //(t, p) = 0, it suffices to show dS ^ 0 along this curve except 
at the center (0), (to, po). If S were stationary along the Hugoniot 
curve at a point (1), {n , pi), that means, if dS and dH vanish there, 
simultaneously, the straight chord (0-1) would by (65.06) by tangent 
to the Hugoniot curve at the point (!)• Such tangency is impossible, 
however, as shown by the following argument. On a ray ffl in the 
(t, p)-plane, represented in terms of the parameter s by 

p = Po + as, T = To + bs, 

with 

a = Pi — Pa, 5 = Ti — To, 

we have dp = ads and dr = bds -, consequently by (65.06) dH = TdS. 
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Therefore, if we consider both S and H as functions of s along % 
then S(s) and H{s) are simultaneously stationary if one of them is 
anywhere stationary. 

The ray ^ cannot coincide with the Hugoniot curve since otherwise 
a contradiction to the convexity at the center (0) would arise. Hence 
the fact that II (s) vanishes at the center (0) and at the end-point 
(1) of the chord implies that 7/(s) possesses at least one extremum in 
between. At the point of the extremum S(s) is likewise stationary. 
This stationary value of S is a maximum; for, at that point 

Ss = Srb -f- SpCi — 0 

or Sr/Sp = —ajh and hence is, except for a positive factor, equal 
to the quantity 

+ ^ppSj, 

which is negative by (65.12). Therefore S> and thus // possess one 
and only one single stationary point on situated between (0) 
and (1). 

From the fact that S has just one maximum between (0) and (1) 
we infer the inequalities 

(65.13.1) ^ ^ ® 

(65.13.2) X < ^ 


The second inequality excludes the possibility that S could be 
stationary along the Hugoniot curve at the point (1) because, as 
we saw, the ray (R. would be tangent to the Hugoniot curve at such 
a point. The relation dH = 0 at this point would therefore imply 

= 0, in contradiction to (65.13.2). Thus we have proved 
ds 

that the entropy increases along the Hugoniot curve with decreasing 
specific volume. 

Since the entropy increases across a shock by condition (54.11), 
it now follows that the same is true for the density and, because 
of (65.01) and (65.03), also for the pressure. Thus statement III 
is established. 

The fourth statement is an immediate consequence of the in- 
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equalities (65.13). Because of Sr/Sp = — = pV, dr/ds = ti — ro , 

dp/ds = Pi — pn, and (65.10), the inequalities (65.13) assume 
the form 

(Pl Po) + PoCo{ti — To) > 0, 
iPi - Po) + PiC?(ti - To) < 0. 

Suppose now tT < tq ; then the two statements can be combined to 

PqCq < - < piCi . 

To — Ti 

By (59.02) and (54.08) this relation is equivalent to 
(65.14) t;2 > c2, t;? < c?. 

Thus statement IV is also proved. 


66, Critical speed and PrandtVs relation for polytropic gases 


In the following sections we shall investigate the special forms 
of the shock relations for polytropic gases. The thermodynamical 
shock condition is then particularly simple. The enthalpy of a 
polytropic gas is 


i 


1 2 

7 P _ I — P 2 

7 — 1 p 2^2 


with 


see (9.06), (14.06); hence the condition (55.02) becomes 

(66.01) pvl + (1 - p)cl = pVi + (1 - P)cl = < . 

This relation agrees completely with Bernoulli's law in the form 
(14.08), and is the critical speed discussed in Section 15. Owing to 
this algebraic form of the third shock condition, the relations between 
the various quantities on both sides of the shock front and the 
velocity U of the shock front are of a purely algebraic character. 
The relation between the relative velocities vq , vi on both sides 
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of the shock front can be put in a very elegant and useful form, 
due to Prandtl, namely 

(66.02) vovi = c* . 

This fundamental relation involves velocities only and does not 
refer explicitly to thermodynamic quantities such as pressure or 
density. 

To prove Prandtl’s relation we may, for e^:ample, derive from 
(54.09), (66.01), and yp = pc^ see (3.06), the relations 

II P + Pi = T- (1 + M^)pi = C^pi , 

IJ?P + po = plVqpq + (1 + p^)po = c* po . 

Subtracting, we find 

Pi — Po = c^(pi - Po) 


or 


.2 _ Pi - Po 
* Pi - Po 

and relation (66.02) follows by (59.03). 

Prandtl’s relation is evidently equivalent to the transition formula 


(66.03) 


£* + !!l = £s + , 

V\ Cif, Vq 


provided vi and Va 0. 

Incidentally, Prandtl’s relation exhibits the fact that a shack 
front approaches a sound wave as its strength approaches zero. For 
if yo = vi, (66.02) illustrates that both Vo and Vi have the common value 
c^; since c = a weak discontinuity therefore progresses approxi¬ 
mately with sound speed. Of course this fact is in agreement with 
the principle that disturbances occurring not in the quantities u 
and p, but only in their derivatives, are propagated along characteris¬ 
tics. 

As an immediate consequence of Prandtl’s relation we recognize 
the fact that the speed of the gas relative to the shock front is supersonic 
on the front side, subsonic on the back side of the shock front, in agree¬ 
ment with the general results of Section 65. 
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Formula ( 66 . 02 ) shows that | | > | | implies | | > and 
1 I < , and our assertion follows immediately from the basic 
properties of the critical speed , which for the present case can 
be read off from ( 66 . 01 ) when written in the form 

(1 - - cl) =vl- cl , (1 - - cl) = vl - cl . 


67. Shock relations for polytropic gases 


From the three standard shock relations various other relations 
can be derived for the quantities on both sides of a shock. 

The Hugoniot relation Hin ,pi) =0 for poly tropic gases assumes 
by (64.04) the form (ri — M^ro)pi — (to — == 0, and thus 

yields the important formula 

(67.01) a - 

Po Ti — y^To Po — P^Pl 


Inverting this relation we have 


(67.02) 


I? = ?} = Pi + P^Po 
Tl Po Po + M^Pl* 


Relation (67.02) shows, as was already mentioned in Section 64, 

that the compression — is always restricted to the range 
Po 

(67.03) < ^‘ < ; 

Po 

so that the compression is never more than p”^-fold. For 7 = 1.4 
the density compression is therefore always less than 6 -fold and for 
7 = 1.2 the limit of the compression ratio is 11 . 

The change of temperature and entropy across the shock is immed¬ 
iately read off from (67.02) by using Ti/To — Piti/pqtq and Si — So — 
Cr,logpiT^/poToy see (3.01) and (3.23). It is easy to verify that 
both S and T increase through the shock. 

From the mechanical shock relations in Section 59 we can derive 
relations among the velocities, the pressures, and the density on only 
one side. From (59.02) we find by (67.01) 
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i _ Pi + ixpa _ Po + >1 Pi 


(67.04) m" = 

whence from (59.01) 

(?<i - Unf = {pi — po) 

= (pt - po) 


(67.05) 


(1 — M^)ro (1 — P^)ti ’ 

2 0 — p)Ta 
Pi + M®Po 
2 (1 - M )ri 


Po + ' 

A particularly simple relation holds between the pressure ratio 
and the Mach number 


V} 

Po 
(67.06) 


M„ = 


of the gas flow, see (10.01). From (67.04) and pocl — 7Po ^ve have 


Pi + mVo = (1 — fJ^)povl = 7(1 “ p)VoM 


or 


— = (1 + i/)MI — 

po 


(67.07) 

Shock relations which involve only the particle and sound velo- 
(*ities can most easily be derived from Prandtl’s relation (66.02). 
By substituting Vi = Ui - U in (66.02) and using (66.01) we find 


(67.08) 


(no - U){ui - U) = Au, - Uf + (1 


2 \ 2 
M )Co 

2 \ 2 


= p\ui - Uf + (1 - tf)cu . 


Hence we obtain the relation 


(67.09) (I - AiU - uo)^ - (ni - iio){U - uo) = (1 ~ Ad , 

which represents a (piadratic relation for U — no if Ui and Cq are given; 
it is equivalent to 


(67.10) 


ni — ?/o 
Co 


= (1 - 


M ) 




a form which is occasionally useful. 
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68, The state on one side of the shock front in a polytropic 
gas determined by the state on the other side 

The various formulas already derived can be used to determine 
the shock transition completely if the state on one side is given, and 
in addition one other quantity such as the shock velocity U, or the 
pressure, or the velocity, on the other side. \^"e thus obtain for 
polytropic gases a confirmation of theorems (A), (B), and (C) stated 
in Section 64. Instead of following the steps of Section 64 we use 
an alternative procedur* involving the sound speeds instead of the 
densities. 

A) Given po, Po , , U. First calculate ro = Uo — U, next 

Afo = I fo I Ao , and then pi from (67.07). Further determine 
+ (1 — p)cl , and thereby 



Finally find cl from 

A? + (1 - = < . 

Relation (67.10) 

111 — Uo ,, 2x / — Uo Co \ 

serves as a check. 

B) Given po, Po, Uo at the front of a backward-facing shock (which 
implies vq > 0) and pi > po. First find Ml from (67.07), then Vo = 
MoCo , U = Uo — Vo = ^xvl + (1 — p) Co and continue as for A). 

C) Given po, Po, at the front side of a backward-facing shock 
and ui < Uo . First find U by solving the quadratic equation (67.09) 
for ro — Uo — U > 0. Then .continue as for A). The relation 
7 /i — = c^Ao serves as a check. 


69, Shock resulting from a uniform compressive motion 

We have seen earlier, in Section 45, that the flow produced by a 
piston in a tube that is suddenly withdrawn with constant velocity, 
can be described in terms of*a centered simple rarefaction wave. 
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If, on the other hand, the piston is suddenly pushed into the tube with 
constant velocity, the resulting flow involves a shock, see Section 48. 
Mathematically speaking, we are faced with a mixed boundary initial 
value problem, see Section 38: = 0, p = po, p = Po are prescribed 

for ^ = 0 on the semi-axis x > 0 , while the condition u = Up is imposed 
on the line x =- Upt representing the motion of the piston with the 
constant velocity Up. A solution of the differential equations of 
flow ( 34 . 01 ) satisfing these conditions should be found; however, 
if Up > 0 no such solutions exist unless discontinuities arc admitted. 
A flow involving a shock discontinuity and satisfying all conditions 
can now be easily described as in Section 53 and Figure 30. 

A shock of constant strength moves with constant velocity into 
the gas at rest and the gas behind the shock front is in a steady state. 
The gas velocity u behind the shock front then equals the given 
piston velocity, ii = Up . Theorem (C), see Sections 64 and 68 , 
shows that under these circumstances the shock and the state behind 
it are completely determined for an arbitrary value of the piston 
velocity tip > 0 . For non-poly tropic gases the same is true under 
very general conditions. That the preceding solution of the problem 
is the only one mathematically possible requires a mathematical 
proof, which is omitted here. 

Since Ui = Up , Uo = 0 , we find U for poly tropic gases from equa¬ 
tion (67.09), 

(69.01) I = 2 1 _ “2 + ^ _ ^ 2 ^ • 

(Ilearly, the shock velocity U is greater than Co and greater 
than Up/{I - u)- The latter observation shows, for example, that 
for air with 7 = 1 . 4 , u = 1 / 6 , the shock is at least 20 % faster than 
the piston. 

With the shock velocity thus determined, the description of 
the basic compressive piston motion is shown to be consistent. 
Although we have given no proof of uniquenes, i.e., we have not 
mathematically excluded the possibility of other flow patterns, we 
accept the preceding reasoning as a satisfactory theory for the inter¬ 
pretation of actual phenomena observed under circumstances re¬ 
sembling our idealized model. Having obtained U, we find by the 
procedure A) of Sections 64 and 68 the pressure pi, the sound speed 
Cl, and the density pi in the zone adjacent to the piston. 



152 


ONE-DIMENSIONAL FLOW 


CHAP. Ill 


For a high speed Up of the oncoming piston, i.e., for Up/cu » 1, 
we have, by (69.01), (67.07), and (67.02), 


(69.02) 

(69.03j 

(69.04) 


Up 


1 ^ » 
1 — M 


Pi ^ 1 IX 
Vo (1 - cl ’ 



1 




2 ■ 


70. Reflection of a shock on a rigid wall 

We shall now discuss a point of great importance, the reflection 
of a shock. Suppose an oncoming column of gas of constant velocity 
Ui behind a shock front impinges on a zone of quiet bounded by a 
rigid wall. Then the ensuing physical phenomenon can be described 
as a reflection of the shock wave from the wall, and can be represented 
mathematically by piecewise constant solutions of the differential 



Fig. 37. Reflection of a shock wave on a rigid wall. 

equations, satisfying the shock conditions across the incident shock 
wave and the reflected shock wave. Under the impact of the incident 
shock wave the zone (0) of quiet next to the wall shrinks to zero, 
say at ^ = 0; then a reflected shock starts in the opposite direction 
and in turn leaves a growing zone of quiet between itself and the 
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wall. The situation can best be grasped from a diagram in the 
(a:, State (0) is a zone of quiet characterized by the quan¬ 

tities Uq = 0, po, po, Co. In the state (1) following the incident 
shock we have u ~ U\ ; in the state (2) adjacent to the wall we again 
have rest, u = U 2 = 0, but new values ps, P 2 , C 2 . Our aim is to 
find the state (2; from the data po, Po, = 0, Wi. 

To this end we note that the pattern tentatively assumed in 
Figure 37 shows a state (1) with flow velocity Ui and sound speed Ci 
connected through a shock with a zone of rest (0) and through 
another shock with a zone of rest (2). is the velocity of the 
incident, U-. the velocity of the reflected shock; then according to 
equation (67.08), both these velocities satisfy the same quadratic 
equation 

(1/ ~ ui) + - Cl «= U, 


or the two numbers = (tti — U^)/ci < 0 and M_ — (ui — UJ)/ci > 0 
satisfy the quadratic equation 


(70.01) 
so that 


- (1 - -1 = 0 , 


(70.02) M+ = -1. 

Moreover, the pressure relations following from (67.07) are 


(70.03) = (1 + - = (1 + p')Ml - ; 

Pi Pi 

using (70.02), we obtain for the reflected pressure ratio 


2 , 


(70.04) 


( 2 m* + 1 ) - M* 

Pi ^ _ Po 

Pi" + l 


and for the ratio of excess pressures, 


(70.05) 


Pi — Po „ 1 ^ 1 + 
Pi - Pa 4 - 

Pi 
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This is the basic relation for the important phenomenon of reflection. 
In a ‘^sonic reflection” resulting from linear wave motion this ratio 
has the value 2, showing that the excess pressure after reflection is 
simply doubled. Here we find a totally different situation; in par¬ 
ticular, if the incident shock is strong^ i.e., one for which the ratio 


^ is large, we find 
Po 


(70.0G) ^^ '^2 + 4 

Pi - Po * r 


' 8 for 7 
< 13 for 7 
[23 for 7 


1.4, 

1 . 2 , 

1 . 1 . 


Thus, reflection of strong shocks results in a considerable increase of 
the pressure at the wall, a fact obviously of major importance. 


For a weak incident shock, 
relation (70.05), 


Pi 

Po 


1 is small, and we find from 


VAZJPo ^2 

Pi - Po 

in agreement with the case of sonic reflection. 

71. Shock strength for polytropic gases 

It is convenient for various considerations to introduce the 
notion of shock strength. Several parameters can be offered as 
measures for the strength of a shock: 

Pi Po 

the excess pressure ratio — -, 

the condensation — - — , 

Po 

- I Ui Uq I H i 

the parameters - - - or Mo — 1. 

Mo = 1 |/co is the Mach number of the incoming flow relative to 
the shock front, see (10.01). We write down the relations be¬ 
tween these quantities for polytropic gases. 

The relationship between these various interpretations of strength 
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is contained in the formulas of Section 67. In particular we have 
from (67.01) 

(71.01) 


Po 1 _ 2 Pi po / Pi ~ po N * _ y _} 

V Po / 2 


1 HI 

1 ~ /I - 

Po 


and from (67.02) 

Pi — Po 1 — p* Pi — Po 


(71.02) 

and 

(71.03) 


Po 


1+,/P} T 

Po 




- + rzJ 


To 


— Tl 1 — p* Pi — Po 


To 


Pi , s Po 
- + p 
Po 


From (67.07) we have the particularly simple formula 

” P'' = (1 + p^)(M? - 1 ), 


(71.04) 


P« 


and from (67.05) and (67.07), 


(71.05) 


I ^o| 1 Vi ~ Po 


Co 


Vi + Po r Pi + 


i/: 


Po 


= (1 — p) 


2 ^ - 1 


Afo 


Of special importance are the extreme cases of strong and weak 
shocks. Strong shocks may be characterized by the condition that 
pi/po or Mo is very large. From (67.02) or (71.02) we see that the 
density ratio pi/po approaches a finite limit as pi/po «=, that is, 

(71.06) Pi/po-» 1/p* = 6 fory = 1-4. 

The pressure ratio pi/po increases as the square of the Mach number 
according to (67.07), or (71.04), that is, 

(71.07) (pi/po)/M? -> 1 + p*. 

For the ratio of the sound velocities we then find 

(71.08) (ci/co)/Mo -»p Vl + 
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since cl/cl = pipo/popi • For the velocity difference Ui — Ho we 
find from (71.05) 

(71.09) ^ I / Mo-^ (1 - iu*). 

Co / 

72. Weak shocks. Comparison with transitions through 
simple wavS^ 

Here is the place for an important theorem comparing the dis¬ 
continuous transition thfbugh a shock with a continuous transition 
through a simple wave: 

Suppose a shock and a simple wave transform a gas in the initial 
state given by (ro, po, into the states given by (r, p, n) and 
(r*, p*, u*) respectively. We measure the shock strength hy any of the 
three differences r — to , p — Po, or — iio and accordingly speak of a 
simple wave and a shock wave as being of equal strength if r* -- r, 
or p* = p, or u* = u. We then state the Theorem: For a shock transi¬ 
tion and a simple wave transition with the same initial state and the same 
strength the quantities r* and r, p* and p, and u agree up to second 
order in the shock strength and differ in third order. 

To establish the theorem it is obviously sufficient to prove it 
for one of the three definitions of the strength. For this purpose, 
we choose the difference r — ro. 

This theorem implies two facts: both the change of the entropy 
and the change of one of the Riemann invariants through a shock are 
of the third orderj since both quantities are constant across a simple 
wave (specifically the appropriate Riemann invariant is s for a 
forward-facing and r for a backward-facing shock front). The first 
of these facts was proved already in Section 65 and we can use it 
now to prove immediately the part of our theorem concerning pres¬ 
sures. However, the part concerning velocities does not follow 
from the condition on the entropy, and for it we need a more refined 
argument. 

To determine the change in pressure we insert in the expansion 
p = Po + OrirQ , So){t — To) + g^iro , Sq){S — Sq) 

+ iOrriTo , Sq){t — Tq)* + * * • 
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the appropriate expansion of S — So in terms of r — to ; the terms 
of first and second order in r — ro are not affected and hence are the 
same as for a simple wave, across which S — So is constant. Phus 
the pressures agree up to second order, see statement II in Section 65. 

The part of the theorem concerning velocity is found from the 
mechanical shock relation (59.05) 

(p - Po)(t - To) = (u - Uof. 

Differentiating this relation successively three times with respect to 
r and then setting r = tq , p = po , u Uo , ^\e obtain the relations 

(72.01) dpdr = (duf, 

(72.02) d'^pdr 2d\du, 

in which the differentials are to be taken for t = to . Since 
dp = OriTo , So)dT = —poCodr and d'p = ignin , So)dT‘ are already- 
determined, du and d\t can be calculated from (72.01) and (72.02). 
The sign of du depends on whether the shock is forward- or backward¬ 
facing (in the former case du/dr is positive and in the latter negative). 

Now consider a set of simple waves with the same state 
(to , po, Ua) ahead of it, and the value t at its end. Such a set is 
simply furnished by the sections of one simple wave between the straight 
head characteristic carrying to , po, Wo and the characteristic carrying 
the value t. The dependence of p and m on t is then the same as 
along a cross-characteristic. Consequently, relction dpdr = {duf 
holds, see (34.05), and by differentiation with respect to t also di^pdr = 
2d%du. These two relations taken for t = to agree with the rela¬ 
tions (72.01-.02) for shocks. Therefore du and d^u at t = to for 
simple waves also agree with those for shocks. In other words, the 
expansions of u in powers of t — to for shock and simple wave are 
the same up to and including terms of second order. 

It can easily be verified by calculation that the pressure and 
velocity changes for shock and simple wave actually do differ in 
the terms of third order. 

Our theorem remains valid, of course, if we compare shock and 
simple wave transitions which end up with the same value of the 
pressure p or the velocity u, instead of t, see Figure 38. The ex¬ 
pansions of all quantities mentioned in powers of p — po or u uo 
respectively agree up to terms of second order. 
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We consider now expansions in powers of w — Xh instead of r — ro. 
For a shock wave, these are the same up to and including terms of 


/ 



Fig. 38. Shock and simple compression wave starting with the same state 
ahead and producing the same increase in velocity. 

second order as those given for simple waves in Section 40, see 
(40.10-.il), in particular, for a forward-facing shock front in a 
poly tropic gas, 

'V — 1 

c = Co + —2— + • * * ) 

T + 1 

XI + c = Uo + Co + —2^ + • • • , 


(72.03) 


2 2 , 

XI -- C = Xlo — -1 Co 'T 

7-1 7-1 

p = Po + PqCq{u — Xlo) 

7 + 1 


H- — po(w — XXq) + 


T *= To ”” ToCo*(w — 


+ ^ ToCo\u — UqY + • • 

4 


the dots indicating terms of tlyrd order. 
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There is one important quantity connected with a shock which 
is not affected by our theorem, the shock velocity U. By inserting 
the expansion of p in the mechanical shock relation (59.02) written 
in the form 

(72.04) (mo - Uf = 

one could easily obtain the expansion of U in powers of r — to . 
Here we give instead only the expansion of U for polytropic gases 
in powers oi u — • The first order term could be obtained by 

inserting in (72.04) the last two expansions (72.03). To derive the 
full expansion it is more convenient to use relation (67.10) which 
gives 

v + 1 

U = 1^0 + Co + —^— {u ^o) 

, (. + D® - .of , ... 
32 Co 

for a forward-facing shock front. For later purposes the expansion 
of U in powers of w + c — uo — co is useful; using (72.03) we obtain 

U = Uq + Co + 4“ c — Wo — Co) 

(72.06) 1 (w 4" c — Wo — Co) , 

+ 8 - 

We see from this formula that the vehcily of a forward-facing shock 
front is in first order just the mean value 5 (mo + Co + m + c) of the 
velocities of the forward-facing sound waves ahead of and behind the 
shock front. 

The inaccuracy resulting from substituting the simple wave rela¬ 
tions for the shock relations is very small even for shocks with an 
excess pressure ratio (pi - Po)/po as large as 1.5, see [54]. For a 
shock of this strength, in a polytropic gas with 7=1-4, 

~ ‘^0 = 71^ = .15, 

Co Co 

Cl — Co _ 7 ^ Wi — Wo _ 

Co 2 Co 
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while for a simple wave of the same strength 




Co 


Co 


Cl — Co 7 — 1 — 7/0 


Co 2 Co 


- 0 . 


The shock velotky U is given by 


- -=- 1.51, 

Co 


while formula (72.06) gives 


U - 7/0 

Co 


1.52. 


This indicates that even for shocks with a strength somewhat greater 
than (pi — po)/po =1.5 the method of substituting the simple wave 
relations for the shock relations and using formula (72.06) for the 
shock velocity would be accurate enough for most purposes. 


73. Non-uniform shocks 

In the shock wave motions discussed earlier in Sections 53 and 
57 the situation is very simple since the states on both sides of the 
shock front are constant. This implies constant speed and strength 
of the shock front. In the (x, 0-plane such a shock front is rep¬ 
resented by a straight ‘‘shock path’' whose slope with respect to the 
^-axis is the constant shock velocity C/. Frequently, however, the 
states on the two sides are not both constant, but must be described 
by non-constant solutions of the flow equations. Then the shock 
front does not have a constant velocity, that is, the shock path in 
the (x, 0-plane is curved. In general the entropy change through 
such shocks also varies. Thus, even if the state ahead of the shock 
front is of uniform entropy, the state behind it is not and we are 
forced to use the differential equations (34.06) for non-isentropic flow. 
This mathematical complication precludes an explicit theory al¬ 
though calculations in specific problems are quite feasible. Fortu¬ 
nately, in many cases of practical importance, the shock is weak or of 
moderate strength so that changes in entropy may justifiably be 
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neglected; then numerical treatment of the problems is much easier. 
In such cases we could use the simpler differential equations for 
isentropic flow, operating solely with the first two mechanical shock 
conditions and disregarding the third. A still simpler approximate 
treatment will be discussed in the next section. 


74, Approximate treatment of non-uniform shockt 
of moderate strength 


For non-uniform shocks which are weak, or of moderate strength, 
the results of Section 72 suggest replacing the shock transition rela¬ 
tions by those for a transition through a corresponding simple com¬ 
pression wave. In other words, we might assume the entropy and 
the appropriate Riemann invariant to remain unchanged through 



Fig. 39. Shock modified by a simple 
wave overtaking it. 


the shock. An approximate treatment based on this procedure was 
first used by Chandrasekhar [54], and developed quite generally later 
on, see [55]. It is especially easy to handle if the flow ahead of the 
curved shock front is constant, e.g. in a state of rest. For the most 
part we shall confine ourselves to this case. 

The most natural situation involving a non-uniform shock arises 
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if a forward-facing uniform shock front with constant states ahead of 
and behind it is overtaken from behind by a forward-facing simple 
wave and subsequently modified, see Figure 39. (This is one of 
the problems of wave interaction which will be discussed from a 
different point of view in Part D.) Assuming the shock to be of 
moderate strength and adopting the procedure indicated, we assign 
to the wave fl ow behind the modified shock front a constant entropy 
and a constant Kiemann invariant s. A flow with constant entropy 
and constant s is a forward-facing simple wave according to the theory 
of Chapter II, see Section 29. The (7+-characteristics, along which r 
is also constant, are straight. Consequently, this simple wave 
is just the continuation of the incident simple wave. Thus, within 
the approximation the shock does not influence the simple wave. It 
is for this reason, as we shall see, that the influence of the simple wave 
on the shock is so easily determined. 

It is sufficient to describe the state of the gas by giving the par¬ 
ticle velocity n and the sound speed c. We assume u = Un = 0, 
c = Co ahead of the shock frpnt and suppose that it is overtaken at 
the time ^ = 0 at the place a; = 0. Then the simple wave behind the 
shock front can be described by equations 


(74.01) X = ^ 

(74.02) a;(?) = uiO + c(f), 


for ^ < 0, in which 'w(^) and c(^) should satisfy the relation - 
/(j) = —/o, see (40,01) and (49.01). Here I is a l^nown function of 
Co since the entropy is assumed to be the same on both sides of the 
shock front, see Sections 40 and 49. From the simple form (40.09), 
which this relation has for polytropic gases, we derive 


(74.03) 


w(f) = (1 - M^)(w(f) - Co), 

c(?) - Co = - Co), 


see (40.06). The path of the shock front can now be described 
parametrically by giving t as a function of { and inserting this func¬ 
tion in (74.01). Differentiating relation (74.01) with respect to ^ 
along the shock path and using dx = Udt along this path we find the 
relation 


(74.04) 
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which is a linear differential equation for the function t = <($), once 
f/ as a function of $ is known. Now the shock velocity U depends 
on the state of the gas at both sides of the front. We use formula 
(72.06), writing it in the form 

(74.05) U{^) = Co -b - Col + l“(^) “ Cof- 

In.serting this relation into (74.04) yields the differential equation 

(74.06) |5(o. - " 8^0 ^ d? 

which is to be solved under the initial condition t = 0 for { = 0. 
Setting 

(74.07) ‘o(^) == Co ■+ Co<r(^), 


we find the solution explicitly as 


(74.08) 


Co< = 8 


^ "Z-flDY dy 

. ff(|) / [4 - <i(i))]’' 


The condition that the shock velocity is supersonic relative to 
the gas in front can be expressed by 0 < 17 — Co = 8 (‘>> ~ Co)(4 -+- <x), 
which shows that <r > 0 or co > co behind the shock front. On the 
other hand, the condition that the shock velocity is subsonic relative 
to the gas behind it, as expressed by 0 < to — f/ = i(to — Co)(4 — a), 
shows that tr < 4 or to - Co < 4co. (As a matter of fact 1 cr 1 is 
small compared with 4 whenever our approximation can be used; 
for otherwise the term of second order in (74.05) would not be small 
compared with the first order term.) 

The function <(^), defined as long as cr > 0, and with it the func¬ 
tion x(^) obtained from (74.01) describe the path of the shock front 
as it cuts through the simple wave region. 

If the simple wave is compressive the shock front is accelerated and, 
consequently, increases in strength; if the simple wave is expansive the 
shock front is decelerated and, consequently, decreases in strength. 

To prove this we first observe that du{0/d^ > 0 in a forward-fac¬ 
ing rarefaction wave, as follows from the statements made in Section 
40; consequently dC7($)/d^ > 0 by (74.05). Secondly we note that 
d^/dt < 0 as follows from (74.06) and 0 < <r <4 (for compressive 
waves d^/dt might become infinite and change sign, but then our 
approximation can no longer be used). 



164 


ONE-DIMENSIONAL FLOW 


CHAP. Ill 


75. Decaying shock wave. N~wave 


Of particular importance is the decay of the shock wave produced 
when a shock impinging on a zone of rest is overtaken by a rare¬ 
faction wave which stays indefinitely in contact with the shock 
front. This is the case, as we shall see, if the gas velocity behind 
the rarefaction^ijji^ave vanishes. From our assumption that the gas 
in the rarefaction wave has, the same entropy and the same Riemann 
invariant s as the gas ahead of the shock front, it follows that the 
sound speed and the pressure behind the rarefaction wave are the 
same as those ahead of the shock front. 

It is of great interest to study the asjjmpiotic behavior of the posi¬ 
tion of the shock front and the distribution of ii, c, and p in the wave 
zone behind it, i.e. their behavior for large times t. It is not at all 
obvious whether the width of the shock wave, i.e. the distance between 
the shock front and the tail of the rarefaction wave, iiK^n^ases, 
decreases, or approaches a finite value different from zero, as the time 
increases. We shall show that the width of the shock wave increases like 
the square root of the time t. 

We observe from (74.08) that t approaches infinity when a iij)- 
proaches 0, or co approaches Co. Thus tlie shock front gradually 
traverses the part of the simple wave in which the pressure and density 
are greater than ahead of the shock front. It will not penetrate into 
parts of the simple wave in which the pressure and density are less than 
ahead of it. Thus, if the pressure at the tail of the rarefaction wave 
is greater than the pressure ahead of the shock, the shock traverses 
the rarefaction wave and then continues on a straight path. In this 
case the width of the shock wave decreases to zero in a finite time. 

To investigate the asymptotic behavior of the shock we consider 
the case in which the pressure at the tail of the simple rarefaction wave 
just equals the pressure ahead of the shock front. Within the 
accuracy of our approximation the gas is then at rest behind the 
rarefaction wave since it is at rest ahead of the shock front. The tail 
of this wave, given by the sound wave f = fo < 0, is characterized 
then by the condition co(Jo) = Co or < 7 (^ 0 ) = 0. 

With the notation 


(75.01) 


A 


qo r 

k [4 - c{v)Y 


we have from (74.08) the asymptotic expansion 
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(75.02) 
by wliich 
(75.03) 



]iy inserting this expression in (74.01) we find 

(75.04) X — fo + Coi -|" 2\^Acot A 

as the asymptotic representation of the path of the shock front. 
Since the tail of the rarefaction wave is given by a' = + Coi, we 

find for the width of the shock wave the asymptotic expression 


(75.05) d{t) = 2VAcol - A. 

This asymptotic expression is by no means to be understood in 
the sense that the deviation of tlie actual width from the expression 
d(<) approaches zero as t increases indefinitely. The formula (75.05) 
is to be interpreted rather in the sense that the coefficient of \/t 
and the constant term in the genuine asymptotic expansion differ little 
from the terms 2\/^o imd - A given by (75.05). 

To obtain the distribution of u and c in the wave zone we express 
a in terms of x for fixed t. Setting 

(75.06) <7 = a($ - ?o) + hi^- ■■■ , 

and inserting in (74.01) we find 

(75.07) X = ^0 + Cot + {acot + l)(f - ?o) + f>Co<(? - {o)* 


asymptotically, and accordingly 


(75.08) 


X — ^0 — Cot , (x — (o — Cot', 
' acot +"1 " (oc„i + l? 


and by (75.06) again 


(75.09) 


X — ^0 — Cot 


5 - ^0 - Cotf 
(acot + 1)* 


Inserting (75.09) in the expressions (74.02) and (74.03) for u and c 
written in the form 

M = (1 — , c = Co + 


(75.10) 
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gives the asymptotic distribution of u and c in the wave zone extending 

from a: = ^0 + Coi to a: = fo + <’o< + d{t). 2r/T-i 

The pressure distribution is found from p = po(c/Co) ^ and 


(75.10) , 

(75.11) p = Poll + (1 + u)<r + 

Immediately behind the shock front we have from (75.09) 


(75.12) 


(T = d 


d(t) 


+ b 


d\t) 


acot -h 1 ’ ’ (acat -f 1)’ 
which by (75.05) is equivalent to (75.03) 


<r 


= 2 




By substituting (75.03) in (75.11) we easily see that the pressure rise 
across the shock front or simply the shock strength decreases in in¬ 
verse proportion to the square root of the time. 



Fia. 40. Decaying shock wave produced 
by stopping a moving piston. 


A decaying shock wave of this kind, produced by a rarefaction 
wave overtaking it, is found in a tube when a piston, after creating 
a shock of constant strength, is suddenly stopped. For, the head of 
the centered rarefaction wave sent out the moment the piston is 
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stopped follows the shock front at sound speed, and catches up with it. 
For this case the function co = a)(^) and the constants Ay a, and b 
are easily calculated, see [55]. The resulting flow pattern is shown 
in Figure 40. 

If the piston is not suddenly stopped but suddenly retracted 
with constant speed and then suddenly stopped in its oripnal 
position, a second shock front is sent out at the instant when the piston 
is finally stopped. The wave pattern, illustrated in Figure 41, con¬ 
sists then of a ‘‘head shock front,across which the gas is accelerated 
and compressed, a rarefaction wave across which gas is decelerated 
to a negative velocity and expanded to under-atmospheric pressure, 
and a “tail shock front,” across which the gas comes to rest and 
acquires atmospheric pressure again. 

A wave pattern of this type has been called an “A-wave.” The 
tail shock of such an A-wave can be treated in the same manner as 
the head shock and its asymptotic behavior can be described by 



Fig. 41. Decaying N-wave with head 
and tail shock due to the retraction of a piston. 


essentially the same formulas. The rarefaction wave may be divided 
into two parts separated by the sound wave, ? = , carrying the gas 

velocity u = 0 and the sound speed c = co. The head shock front 
traverses the forward part of the rarefaction wave, the tail shock 
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front the backward part. If the original position of the tail shock 
front is at c = , we find that the vridth of the N-wave zone is asymp¬ 

totically, 

(75.13) d{t) + di{t) = 2(y/A + VTi) Vco't - (A + A^) 


in which 
(75.14) 


d 1 


32 


r'" c(,v)dv 

k [4 - <r(„)P • 


Again the width increq^es like the square root of t. The asymptotic 
distribution of c, p is given by the formulas (75.09-.il) as before. 



Fig. 42 . Pressure distribution in a decaying 
N-wave with head and tail shock. 

The asymptotic pressure distribution in the iV-wave resulting from a 
retracting piston is shown in Figure 42. 


76. Formation of a shock 

As we have demonstrated in Part B, a discontinuity may arise 
in a compression wave. The wave form may gradually steepen so 
much that an infinite slope occurs at some point, see Section 41, 
and at this point a shock will develop. Described in an (x, 0-dia- 
gram the C+-characteristics in a forward-facing compression wave may 
form an envelope starting at a cusp, see Section 48. At this cusp 
a shock path begins. The envelope (unless it falls entirely into 
one point) has two branches having the same direction at the cusp 
and the quantities u, c, p themselves are still continuous at the cusp 
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(only their derivatives become infinite there). Consequently, the 
shock begins with the strength zero and is weak during the early 
stages of its formation. The simplifying assumptions made in 
Section 74 may therefore also be made in describing the formation 
of a shock. 

We confine ourselves to discussing the case in which the shock 
begins at the head of a forward-facing simple compression wave 
entering a zone of rest. This case arises, for example, in the com¬ 
pression wave produced by a uniformly accelerated piston, see the 
end of Section 49. The situation is then practically the same as if 
a simple wave overtakes a shock, see Section 75, except that in this 
case the initial shock vanishes. 

Assuming that the shock begins at the time ^ = 0 at the place 
.T = 0, and the zone x ^ 0 is at rest at t = 0, we require co(fo) = , 

dco/d? < 0 for ^ < 0, and in order that a shock be formed at x = 0, 
t = 0, dcc/d^ = - 00 at ^ = 0. Specifically we assume 

(76.01) (T = + • • •), ^ > 0 

with CO = co(l + <r), see (74.08). Then we may use the formulas 
(74.08) and (74.01). Expanding the right members of these formulas 
with respect to powers of ^ we find 

4 _ 

Cot = — V—f + • • • J 

6a 

(76.02) 

or 

(76.03) X = Cot + + • • • 

as the representation of the shock path. 0 hus the shock begins to 

move with the velocity Co , as expected, and the acceleration 3a"Co/8. 
The growth of the shock strength is seen from the formulas 

u = f(l — + • • •) 

(76.04) c - cn = \iiaclt + • • •, 

p — Po = f(l + ii)v^(ic4 + • • •, 

which follow from (74.03) and (76.02). 
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We can specify these formulas easily for the formation of a shock 
in the compression wave produced by a uniformly accelerated piston 
moving according to x = ^bt^. The compression wave is given by 

(76.05) X = + [co + {t- 0), 

see (49.06). Tfaii cusp is formed at 

(76.06) < = /<,= (!- ii‘)co/b, x = Xc = (1 - m^)co/6 , 

see (49.10). Shifting the origin of the coordinate system to this 
point and setting 

<T = 0/tc 

( 76 . 07 ) , = 


we write (76.05) in the form 

(76.08) X - X. = ^ + Cod + <r)(< - Q. 


Hence the coefficient a in (76.01) is given by 


(76.09) 


, _ _ 2b 

ybt] (1 — fi*)cl 


After replacing x and thy x — Xc, t — te and inserting (76.08) and 
(76.09) in formulas (76.02-.04), we obtain the description of the 
development of the shock. For a more detailed discussion, in par¬ 
ticular of cases in which, the shock develops in the interior of the 
wave region, see [55]. 

It should be emphasized again that all the preceding results 
and their numerical application in speciHc cases are valid only as 
long as the shock strength is sufficiently small. As soon as this 
assumption becomes inadmissible, we must not only consider non- 
isentropic flows but also realize that the shock modifies the simple 
wave behind it. This is an interaction effect which may be inter¬ 
preted by a “reflected wave” of noticeable strength (while weak shocks 
do not noticeably reflect the flow behind them). In Part D we shall 
study interactions without any assumptions on the weakness of the 
shock. 
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77. Remarks on strong non-uniform shocks 

It is a complex analytical problem to determine precisely the 
development of the shock that inevitably occurs within a compression 
wave beyond the early stages in which it is weak or moderately 
strong. The region tl in the (x, <)-plane in which the flow is in¬ 
fluenced by the shock is evidently bounded by the shock path be¬ 
ginning at the cusp A, a section of the cross-characteristic from A 
to a point B on the piston path and the arc of the piston path beyond 
B, see Figure 43. If the shock path S and its strength were known 
we could obtain along S definite initial values of u, p and the entropy 
S in the region fJl by means of the .shock relations. With these initial 
values we could solve the differential equations (34.06) and deter¬ 
mine u, p, S in 91. Now the shock path must be chosen in such a 
way that on the arc of the piston path beyond the point B the solution 
has the values u prescribed by the velocity of the piston. 



Fig. 43. The region R influenced by the shock 
originating in a compression wave. 

This is an initial boundary value problem with an unknown 
boundary, and no direct theoretical treatment seems possible. The 
solution of each particular problem could be determined by numerical 
methods, for example by finite differences. The following reverse 
procedure may also be feasible. Assume a shock path § and deter¬ 
mine the initial values on the other side of it according to the shock 
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conditions. Then solve the initial value problem and find the cor¬ 
responding piston motion as the motion of the flow through B. 
By carrying out such computations for a suitable variety of assumed 
shock paths S, an assortment of flow patterns can be obtained from 
which one can choose the one most closely representing a given piston 
motion. 

To clarify Urn basic (lucstions one must formulate in general 
terms the mathematical problem presented by the flow of a gas in 
a semi-infinite tube under the influence of a piston operating at the 
closed end: A solution otthe differential equations (34.06) is sought 
in the domain of the (a:, 0-plane bonnded by the positive x-axis and 
an arbitrarily prescribed ^^piston path’’ t?: x = X(0, 0 < t 
For t — 0 the state p, p, S, u is prescribed and along fP the value of u 
is prescribed to equal Up{() = X{i). 

We know that this initial boundary value problem does not in 
general possess a continuous solution. The question arises: If 
shock discontinuities across certain not a priori given lines are ad¬ 
mitted, is the problem always solvable and is the solution uniquely 
determined? 

The answer to such general questions is still beyond the present 
state of knowledge. Even more is this true of corresponding or 
similar (piestions for flow in two or three dimensions. But at least 
such questions serve to direct the groping efforts in the few special 
cases which alone are accessible at present. 

D. Interactions 


78. Typical interactions 

As stated repeatedly before, a general solution of flow problems 
is not feasible. If the beginning of the flow is of a simple nature, 
we can, however, achieve a fairly complete analysis of the subse- 
(pient phases of the motion characterized by the “interaction” of 
initial “elementary waves,” i.e. expansion waves, compression waves, 
shock waves originating from a state of rest and contact discontinu¬ 
ities. In many cases of major interest the gas moves initially in 
elementary waves, separated from each other. What happens 
shortly afterwards is that such waves are reflected, see Section 70, 
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meet or overtake one another, so that by inkraclion a more general 
state of motion results. The motion thus produced is the subject 
of the following discussions. Unlike the case of linear wave motion 
no principle of superposition is valid here. Phenomena altogether 
different from those of linear wave motion occur. As a classical 
instance we mention Lagrange’s problem in interior ballistics treated 
in detail by Love and Pidduck [50]. A tube is closed at a fixed point 
O by a rigid wall and at the other end by a piston of given mass with 
a variable position B. Up to tim(! t = 0 there is atmospheric pressure 



Fig. 44. Initial situation in Lagrange’s problem. 


in the tube. Then at t = 0 an explosion in the tube produces a gas 
still at rest with constant entropy So, density po, and a very high 
pressure po . The piston is accelerated by the pressure difference 
between its two sides; consequently the gas in the tube behind the 
piston is also accelerated and thinned out. This expansion spreads 
into the interior of the tube as a rarefaction wave. It travels from 
the piston to the wall at the point 0, is reflected on tho wall, meets 
and intersects the wave still traveling from the piston into the tube, 
is reflected on the piston, etc. The problem is to describe the motion 
of the gas as well as that of the piston. 

Another typical problem of interior ballistics involving interac¬ 
tions occurs in the following case: We have the same situation as 
before, but in place of the piston we imagine that the exploded gas is 
separated from the atmospheric air in the tube by a membrane 
which is instantaneously removed. The initial discontinuity at the 
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interface between the exploded gas and the air splits into two waves, 
a shock wave racing into the quiet air and compressing it, and a 
rarefaction wave sweeping backward over the exploded gas and 
expanding it. The rarefaction wave is reflected at the closed end. 
The reflected rarefaction wave catches up first with the interface 
between the exploded gas and the air, which has been pushed away 
from the wall by the expansion of the gas. Finally it catches up 
with the shocl^ Each “catching-up'' produces a complicated inter¬ 
action process involving more reflected waves. Some indication 
of the process is given in Figure 45. 



Fig. 45. Wave motion produced by removing a mem¬ 
brane between gas under high pressure and atmospheric 
air. 


As stated, we shall content ourselves with the study of elementary 
interactions, between two waves colliding, or one wave overtaking 
another, or one wave meeting a discontinuity. We shall see that as 
the ultimate outcome of such interactions we can, in general, expect 
two waves moving in opposite directions away from the place of 
interaction. 
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A general observation on the problem of one wave overtaking 
another should be made here. Any two waves facing in (he same 
direction, with the exception of two rarefaction waves, eventually overtake 
each other. To demonstrate this important fact we must examine 
the four possible cases. (All velocities are observed relative to the 
gas in the region (1) between the two waves.) 



1) A shock front Si travels behind a shock front S 2 facing in the 
same direction, see Figure 46. Then, the first shock Si travels with 
subsonic speed and the second shock Sj travels with supersonic speed, 
see Section 65. Therefore Sj will catch up with Si. 



2) A rarefaction wave 91 is followed by a shock wave S, see 
Figure 47. The tail of 91 travels with sound speed ci while the shock 
front travels with a speed greater than ci. 

3) A shock wave S is followed by a rarefaction wave 91, see Figure 
48. The head of the rarefaction wave travels with sound speed Ci, 
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but the shock front travels with subsonic speed. Therefore 91 
overtakes S. 

4) However, two rarefaction waves facing in the same direction 
never meet, see Figure 49. The tail of one travels with the vsame 
sound speed as the head of the other. 




Fig. 48. Rarefaction wave over- Fig. 49. Two rarefaction waves 

taking shock wave. facing in the same direction. 

The fact that two shock waves or a shock wave and a rarefaction 
wave, fating in the same direction, always overtake each other implies 
that two shock fronts or a shock front and a centered rarefaction 
wave may never start from the same point at the same time, and 
face in the same direction. 

79. Survey of results 


It is convenient to describe the results of interactions by symbolic 
equations. We denote a shock front facing in the direction of in¬ 
creasing X by , an opposite shock front by , and similarly, 
rarefaction waves by or according to whether the gas moves 
into the wave from the right or from the left.* Contact discontinu¬ 
ities, see Section 56, which frequently arise from interactions, are 
denoted by the symbol T. Contact discontinuities may be distin¬ 
guished as T> or T< according to whether the sound speed on the 
right side of T is greater or smaller than that on the left side of T; 
for polytropic gases with the same value of 7 , higher sound speed cor- 

* Once more it should be stressed that the direction in which an elementary 
wave faces has nothing to do with the direction in which the wave front moves. 



SURVEY OF RESULTS OF INTERACTIONS 


177 


responds to higher density. By the symbol fTJ we denote a zone in 
which the pressure and flow velocity are constant but in which the 
density, entropy, and temperature vary from one particle path to 
another. 

In a head-on collision of Iwo shock waves of different intensities the 
following situation results. After the two shock waves have pene¬ 
trated (and thereby weakened and retarded) each other, they leave 
behind them an expanding zone of constant pres.sure and flow velocity. 
In this zone, however, the denisity is not uniform; instead, a point 
moving with the flow velocity of the zone separates two regions of 
different (uniform) density (and temperature). In other words^ 
a contact discontinuity of the type envisaged in Section 56 appears.* 
This fact, well established experimentally, shows that we must con¬ 
sider contact discontinuities together with shock and rarefaction 
waves in interactions. 



Head-on collision of two unequal Head-on collision of two equal 

shock waves. shock waves. 


The effect of the collision of two shock waves can therefore be de¬ 
scribed symbolically by the formula 

• 

* This fact seems to have escaped many writers in the field and was brought 
to general attention by von Neumann, see 1511. 
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In other words, head-on collisions of shock waves result in two 
shock fronts moving apart and separated by a contact discontinuity. 
In the case of two symmetric waves or what is equivalent, the re¬ 
flection of a shock on a rigid wall along the line of symmetry, the 
contact discontinuity vanishes and we have, for reflection, the 
explicit results given in Section 70. 



X 

Fig. 51. Overtaking of one shock wave by another. 

The overtaking of shock waves in gases with an adiabatic exponent 
7 ^ 5/3 results in a transmitted shock, a reflected (in general weak) 
rarefaction wave, and a contact discontinuity between them: 

for T ^ 

a result first obtained by von Neumann [51]. For 7 > which is 
not supposed to occur for an ideal gas, we may have the same situa¬ 
tion, but there are also cases where a shock is reflected: 

< or for 7 > f. 

Reflection and refraction of shock waves on contact surfaces (or 
between differeht media) occur according to the two formulas 
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This means that if a shock wave in one gas hits a second gas with a 
higher sound speed, at a discontinuity surface, a reflected and a trans¬ 
mitted shock wave result. In case the second medium has a lower 
sound speed than the first there are two possibilities. First, if the 
second medium has a lower value of c/(l — m^) or if the shock is 
sufficiently weak a rarefaction wave is reflected but a shock wave is 
still transmitted. Second, if the second medium has a higher value of 
c/(i _ ^2) and the shock is sufficiently strong a rarefaction wave is 
transmitted and a shock wave is reflected, see Section 83. 



Interaction of a shock wave and a Interaction of a shock vmve and a 

contact surface J<. contact surface J>. 


In interactions not involving rarefaction waves, a reflected and 
transmitted wave always emerge immediately after the collision. 
Interactions with rarefaction waves, however, lead at first to a period 
of penetration during which the flow cannot be described as made up 
of simple waves. 

The waves emerging from the zone of penetration are simple waves 
according to our fundamental theoi'em since they are adjacent to 
constant states. If this penetration is completed in a finite time the 
zone between the two emerging simple waves is in a constant terminal 
state for similar reasons, see the fundamental lemma of Chapter II, 
Section 29. The following descriptions refer only to these terminal 
states. We imagine that the process starts with two simple waves 
separating zones of constant pressure and flow velocity. Then, inter- 
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actions with rarefaction waves lead to terminal states as follows. 
The head-on collision of two rarefaction waves (in the case of symmetry 
this is equivalent to the reflection of a rarefaction wave on a rigid wall) 
again yields two rarefaction waves as the terminal state: 

Likewise, the ^tcome of a collision of a rarefaction wave with a zone 
with higher sound speed is simply described by 

while the interaction produces a compression wave in which a 

shock wave eventually forms, see [52]. 




Fig. 53. Head-on collision of two Fig. 54. Interaction of a rarefaction 
rarefaction waves. wave and a contact surface rr<- 


When a shock overtakes a rarefaction wave or a rarefaction wave 
overtakes a shock the process of interaction may go on indefinitely. 
We met such possibilities in the approximate treatment of the inter¬ 
action of weak shock and simple wave, see Section 75. It is prob¬ 
able, however, that the interaction is completed in a finite time if 
the strength of the overtaking wave is definitely greater than that of 
the overtaken wave. Under these circumstances, we would have 
the following result: 
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What is iicre denoted as a reflected shock is really a compression 
wave which leads to a shock—we should note that it was an essential 
part of our approximate treatment to neglect the reflected waves. 

One further comment lelating to those descriptions and figuies 
is necessary. Zones fTfT result from shocks penetrating into a rare¬ 
faction wave (with the effect of mutual weakening); the shock path 
is bent and the particles crossing the shock undergo different changes 
in entropy. That ultimately all these particles emerge with the 
same velocity is a simplifying assumption which has been found 
true in the first approximation. This assumption, however, cannot 
be expected to represent the facts accurately. 


80. Riemann’s problem. Shock tubes 

Interactions involving two shocks are related to a more general type 
of phenomena, studied by Riemann in his classical paper. Riemann’s 
problem is to find the gas flow resulting from an initial state in which 
the gas at the right-hand side, a: > 0, is in a constant state (r) given by 
Mo, Po, PO and at the left-hand side, x < 0, in a constant state (1): mi , 
Pi, Pi, n- The difference between Riemann’s problem and that 
discussed above is that the two given states are here considered inde¬ 
pendent, while only five of their data can be arbitrarily prescribed if 
they both are connected by shocks with a previous intermediate state 
(m) (which has shrunk to a point by the time f = 0). 

Riemann’s answer is: there are four possible types of subsecpient 
flow, inasmuch as in both directions from the origin a shock or a 
centered rarefaction wave may proceed depending on inequalities 
prevailing for the initial quantities. The analysis of interaction 
processes discussed in the following section likewise applies to Rie¬ 
mann’s problem. , • *i. 

We are particularly interested in the special case when in the 
initial state the gas is at rest, u, = Mr = 0, and when pi> Pr,Pi> Pr- 
This case represents an important experimental arrangement for the 
production of constant shocks in a long tube. Suppose the gas in the 
tube at the side x < 0 is of higher pressure and density than that 
at the side x > 0 and a membrane originally separating the two 
parts of the tube is suddenly removed at "the time t = 0. Then a 
motion results as indicated in Figure 55 (in the neighborhood of the 
origin) and described by a shock racing into the quiet low pressure 
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gas, raising the pressure p to a value pm* between pz and pr and 
followed by an expanding column of gas moving at a constant speed 
Um towards the right. The end of this column is traversing the high 
pressure gas to the left at local sound speed and is followed by a rare¬ 
faction wave facing to the left, raising the pressure pm* to the pressure 
Pz of the high pressure zone, which remains at rest ahead of the ex¬ 
panding rarefaraon zone. 



Fig. 55. Wave motion produced in a shock tube. 


Devices of this type, introduced by Payman [62], have often 
been used since in experimental investigations. 

81. Method of analysis 

While reference must be made to a detailed report [52] for the 
justification of the statements of Section 79, the general method for 
obtaining these results in the case of polytropic gases can be indi¬ 
cated here. It amounts to an algebraic discussion of the transition 
relations for shock fronts and rarefaction waves, with the help of 
a graphical representation in the {u, p)-plane. 

By subscripts a, b, m, I, r, k we denote zones with constant values 
of p and a, the letters I and r meaning ^deft” and ^Tight” or smaller 
and larger values of x respectively. 

From our previous analysis we recall the following results for 
shocks. For all shock waves we have Ur < Ui, see (57.01); in addi¬ 
tion for forward-facing shocks we have Pr < Pi i and for backward- 
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facing shocks pr ^ pi, see Section 65. Furthermore if a state (a) 
of the gas w = Ma , P = Pa , r = Ta , and another state ( 6 ), with the 



Fig. 56. The pressure behind or ahead of a shock front as a function 
of the velocity change. 


quantities Ub, pt, i'b, are 
have, see (67.04), (67.05) 

(81.01) m = 


connected through a shock wave, then we 


Pb - Pa 

Ub — Ua 


± 



Pb + M^Pa 
(1 — p^)t„ 


From this we infer that 


(81.02) 


Ms = Wo ± <^o(pt), 


where 

(81.03) 


<t>a{p) = (P - Pa) 



(1 — M^)r , 

p + M*Pa 


and that the plus sign is to be taken for shock fronts , the minus 
sign for shock fronts . The monotonic function <t>a{p) has the 
following simple properties: 


(81.04) 

(81.05) 


<l>aip) —^ ^ 

</>a(p) 0 


-<t>b{Pa), 
for p —> 00 , 
for p —> oo, 


and the curve 0 = 0 a (p) meets the 00 -axis at 

(81.06) 4> = UO) = 
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where Ca is the sound speed in region (a). Relations (81.02) are 
shown graphically in Figure 57; the various branches of the curves 



Fio. 57. Locus of all states which can be connected with a 
given state (a) through shock waves §-► and facing toward 
and away from (a) as indicated. 



Fig. 58. (1) Locus of possible states {1) on the left of a shock front if the 
state (r) on the right is prescribed. (2) Locus of possible states (r) on the 
right of a shock front if the state (0 on the left is prescribed. 


correspond to shock waves facing toward or away from (a) and are 
determined from Ur < ui. 

In Figure 58 the loci of all states which can be connected by shock 
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waves §_♦ and §«_ with a given state (r) to the right or (1) to the left 
are indicated. 

A similar representation can be obtained for the one-parametric 
family of constant states which can be connected with a fixed 



Fig. 59. The pressure behind or ahead of a simple wave as 
a function of the velocity chanj^e. 



Fig. 60. Locus of all states which can be connected with a 
state (a) through rarefaction waves fjl-+ and facing toward 
or away from (a) as indicated. 

state by a rarefaction wave. We saw in Section 40 that across 
a rarefaction wave or , u j c = u Vyrp - 

constant. Now, since only adiabatic changes of state occur, we have 
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P./P^ = or = V^« Thus 

Ub - Ua = ± - ^—Z (y/yTaPa “ VW^) 

(81.07) ^ -- 

= ± vi - -ULrTpT^p'r'""^ - 

M* 

so that, analogous to (81.02), we have 
(81.08) W6 = Wa db ^a(p6), 

where 

(81.09) wp) - - p;’-"”). 

The plus sign prevails for waves and the minus sign for waves 9L- 



Fig. 61. (1) Locus of possible states (r) on the right of a rarefaction wave if 
the state (i) on the left is prescribed. (2) Locus of possible states (0 on the 
left of a rarefaction wave if the state (r) on the right is prescribed. 

since Ui is now less than Ur, and hence pr > pdor forward-facing waves, 
Pr < pt for backward-facing waves. The monotonic function ^aip) has 
the properties 

(81.10) i'aiPh) = -MPa), 

^a{p) w for ?-*•<», 

( 81 - 11 ) ^ nr 

iaip) -^0 for p-* », 

and the curve ^ = lAa(p) touches the ^-axis tangentially at 
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^ = ^o(O) -\/t,p„ 



As in the case of shock waves, and for similar reasons, we show 
graphically in Figure 60 the possible stales (b), given by (81.08), 
which can be connected with a fixed state (o) through rarefaction 
waves facing toward and away from (a). Figure 61 shows the loci 
of all states which can be connected with a given state (1) or (r), on 
the left or right of the wave respectively, by rarefaction waves 9l_ 
or . 

We note now that all states which can be reached from a state (r) 
by a forward wave may be represented in the {u, p)-plane by a curve 




Fig. 62. (1) Locus of all states which can be reached from a given state 
(r) on the right of a forward wave §-» or 91-.. (2) Locus @i of all staj;es which 

can be reached from a given state (1) on the lef t of a backward wave or Jl. 


expressed analytically by 


(81.13) 


I M = Mr + ^r(p), V > Vr , . 

|m = Mr + ^r(p)i P < Pt, > 


see Figure 62, while all points representing states connected with (0 
by a backward wave are on a curve 
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(81.14) 


ill = ni — <l>i(p)j V > Vi ^ 
\u = Ui — ypiiv), P < Pi j 


Now the problem of interactions can be attacked as follows. 
Suppose that before the interaction we have a state (0 to the left 
and a state (r) to the right, both joined to a middle zone (m) of con¬ 
stant velocity and constant pressure po by certain given waves. 
At the instant the interaction begins, the middle zone (m) disappears 
and, either instantaneously or after a period of penetration, a forward 
wave moves into the stat^ (r) and a backward wave moves into the 
zone of state {1). These two waves are now separated by a new 
middle zone (m*) of constant velocity and constant pressure p , 
see Figure 63. All that we have to find is the state (m*) and the 
waves connecting (r) and (Z) with (m*). 

If the two states (Z) and (r) are known we need simply draw the 
two S curves through them. The point of intersection then deter- 



Fig. 63. The various zones of a gas be¬ 
fore and after the collision of two shock 
fronts. 


mines the state (m*) and the waves from (m*) to (1) and to (r). In 
practice, graphical construction often will not be sufficiently precise, 
but it indicates the proper arrangement for numerical calculation. 
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To illustrate the procedure we consider a few cases in more detail. 

To study the collision of two shock waves and we ob¬ 
serve that our states (0 and (r) must be represented in the (w, p)- 
diagram as in Figure 64 since they are obtained from (m) by a forward 
and backward shock respectively (and are therefore not entirely 
independent, a fact which is not essential to our procedure). T-he 
curves and , according to our diagram, must intersect in a 
point 7 n*, and m* is on the upper part of 8r as well as 8i. Hence 
the two transitions from m* are shocks as stated, see Figure 50. 



In the state (m*) we have constant values of p and u. The shock 
transition from (r) to (w*), however, in general determines a value 
p* different from the value p* obtained by the sliock transition from 
(1). Hence, in the zone {m*) of the (x, 0-plane, there is a line of 
contact discontinuity coinciding with the particle path from the 

point of collision. . 

The collision between two rarefaction waves leads to a terminal 
state which can be determined just as easily. Here the relative 
positions of (m), (0, and (r) and consequently of (m*) are immedi¬ 
ately seen to be those of Figure 65, see also Figure 53. But this 
shows that (m*) is on those parts of % and 8, to which rarefaction 
waves correspond. Hence our previous statement 
is justified. (Of course, no contact discontinuities occur since no 
changes of entropy have taken place.) There are cases in which 



190 


ONE-DIMENSIONAL FLOW 


CHAP. Ill 


the two curves do not intersect. In such cases the process of 
penetration continues indefinitely, see [52]. 




Fig. 65. Collision of two rarefac¬ 
tion waves. 


Fig. 66. One shock wave over¬ 
taking another. 


The problem of one shock wave overtaking another is slightly more 
delicate. Here the original states (0, (m), (r) are separated by two 
shock fronts facing to the right; we have 

Pi ^ Pm ^ Pry 

Ui > Um > Ur. 

In the (w, p)-diagram the point m is evidently on the curve Qr since 
m is connected to r by a shock and the unknown point m* must be 
situated on the same Sr. On the other hand, m* lies on a Qi which 
connects it with i, and hence a situation as in Figure 66 results if Sr 
passes on the right side of 1. It is possible to show that this is the 
case from the algebraic form of our functions 0 and ^ if 7 ^ see 
[51 and 52, A3]. Then our diagram indicates that an intensified 
forward shock (between r and m*) and a weak backward rare¬ 
faction wave result. For the same reason as in (a) we can expect 
a contact discontinuity in zone (m*). 

If 7 > however, situations are possible in which Sr passes to 
the left of ly so that we obtain a (weak) reflected shock instead 
of a reflected rarefaction wave. 

The method of analysis here discussed for elementary inter¬ 
actions, obviously applies also to the general problem of Riemann, 
see Section 80. 
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In the problem of the shock tube, mentioned in Section 80, the 
two initial states (1) and (r) are represented by two points (0, pi), 



occurring in a shock tube. 

(0, pr) in the (u, p)-diagram as indicated in Figure 67 and it is imme¬ 
diately seen how the intermediate state (m*) and other quantities 
pertaining to the phenomenon are represented. 


82. The process of penetration for rarefaction waves 

As emphasized before, the analysis of Section 81 yields only 
the elementary waves that are assumed to emerge ultimately from 
elementary interactions. However, when rarefaction waves or 
contact surfaces are involved in the interaction a more complicated 
flow occurs before the elementary waves move apart (the ultimate 
stage of such a motion may sometimes never be reached). This 
process of “penetration” requires the solution of boundary value 
problems for the differential equations of flow. As observed before, 
we must in general consider the equations (17.01-.03) in which 
non-uniform shocks, and thus variable entropy, are involved. For¬ 
tunately, in the case of the collision of two simple waves the problem 
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of penetration depends only on the differential equations of isen- 
tropic flow and can be treated explicitly for polytropic gases on the 
basis of Riemann’s theory, see Section 38. 

Suppose two given rarefaction waves and 31^ = 912 

collide, see Figure 68. After first meeting at the point P(xo , to) 
the two waves fRi and 912 , consisting of families of straight line 
characteristics C^and , respectively, along which u and c are 
constant, interact to form the penetration region Q bounded by the 
characteristics , C\ , Ci and Ci . Upon entering Q the straight 
line characteristics no longer remain straight, and u and c vary along 
them. However, + (1 — and — (1 — u^)c remain 
constant along the 6%- and (7_- characteristics respectively. Finally 
upon emerging from the region Q, these characteristics are again 
straight lines and compose the two “transmitted” simple waves 
and . 



Fig. 68. Interaction of two rarefaction waves. 

If the Riemann invariants r and s are introduced as characteristic 
parameters through equation (37.05), the problem becomes one of 
solving the differential equation, 

(82.01) tr. + + <•) = 0; 
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here X = 


2iu^ 


This equation is to be solved in a rectangle, since the 


region Q is mapped in a one-to-one manner into a rectangle ® with 
sides parallel to the axes in the (r, s)-plane. Here the lines C+ and 
Ci are represented by 


(82.02) 

and 

(82.03) 



respectively, while and are represented by 


(82.04) 

and 

(82.05) 



respectively, see Figure 69. 





Fig. 69. Domain iD in the plane of the Riemann 
invariants corresponding to the domain Q of pen¬ 
etration, see Figure 68. 


Furthermore, since the characteristics and C_ , as well as 
the distribution of u and c along them, are explicitly given as soon 
as the waves fRi and 9^2 are known, t{r, sq) and t{ro , s) can be cal¬ 
culated. Hence, the problem of determining the penetration region 
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Q of two colliding simple waves is equivalent to solving a “character¬ 
istic initial value problem” for equation (82.01). For a specific 
case this will be carried out explicitly. 



Fig. 70. Interaction of two centered rarefaction waves. 


We consider, as an example, the case in which the two waves 
fjli and 9 I 2 are centered at the points (xi, 0) and (x 2 , 0) so that they 
first meet at (0, k), see Figure 70. Furthermore, we may assume 
that Wo = 0, and thus formulas (82.02-.03) simplify to 

1 

(82.06) ro = So = ;firi ' 

The distribution of x and t along r = ro is obtained by substituting 
(82.01) in (38.02), 

(82.07) X. = ®) ’ 

and from the equations of the straight line characteristics that 
sweep dll , 
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If Xs is eliminated from these two equations, we obtain, for r = ro 

(82.08) t, + I = 0 . 

ro + s 

Likewise for s = sc, 


(82.09) 

tr H--j-- t 

r + So 

= 0 . 

Thus we find for the initial conditions 


(82.10) 


Vll 

Vll 

0 

(82.11) 


So ^ ^ Si 


As Riemann [38] first found and as is easily verified, the solution 
of (82.01), satisfying the initial conditions (82.08-.il), can be given 
explicitly: 


(82.12) 


= / (>’0 ~1~ ^0) F X 1 

“ (ro + s)’‘(r + So)^ \ ’ ’ ’ 


(ro — r)(8o — 8) \ 
(ro + So)(r + s)/ 

(ro - r)(so - s) \ 
(ro + s)(r + So)/ 


in terms of the hypergeometric function F{a, b, c, z). 

Interesting formulas may be obtained from (82.12). For example, 
the duration of the interaction of the two waves is 


- <.[, Jr(i - X, X. 1 . - 

I L(Ci + C2 —Co)J \ Co(Cl + C2 — Co)/ 

(82.13) <(r,s) r 2 nx / , x/,. 

- J^1r(x,x,i, <'^-f 

LO1C2J \ C1C2 / 

In accordance with our previous remarks, see Section 38, the 
function F(1 X, X, 1, 2 ) reduces to a polynomial of degree X - 1 

1 'Y "4“ 1 ... TkT 2iV^ “f" 1 j 

if X = - ^ is a positive integer iNT or if 7 = 2 ]^ ZTi » 

sequently the solution of the problem can be given explicitly in those 
cases. 
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For arbitrary values of X the following remark, due to C. De 
Prima*, is of mathematical interest. As known from the theory 
of hyperbolic differential equations, see e.g. [32, Ch. 5], the solution 
of initial value problems can always be expressed in terms of Rie- 
mann’s function Rif, s; r, s) of r, s and two parameters f,S.which 
as a function ofj^, s satisfies the differential equation (82.01), and 
as a function of^f^ s the adjoint differential equation 

(82.14) Rr. - (Rf + Ri) + 0 

and the additional conditions 



Rr - « = 0 

r-t- s 

for s = s 

(82.15) 

Ri ^ 

r 4- s 

for f = r 


R = 1 

for f = r, s 


These relations (82.14-.15) characterize Riemann’s function. More¬ 
over, Riemann’s function R*if, s; r, s) of the differential eciuation 
adjoint to (82.01) is given by the identity 

(82.16) R*if, s; r, s) = R{r, s; f, s) 

and of course satisfies (82.01) as well as the corresponding boundary 

conditions. / x i i 

From the properties it follows: The solution t{r, s) of the char- 

acteristic initial value problem for the penetration of two centered rarefac¬ 
tion waves is given explicitly by Riemann’s function: 

(82.17) K*". s) = toRiro , So ; r, s). 


Another explicit expression. 


(82.18) 


tir, s) = t 



in which a = , /3 = " and /\(z) denotes Legendre’s function of 

order n, was derived in an elegant way by R. Shaw**; it could be re¬ 
duced to the preceding one by a known transformation formula con¬ 
necting hypergeometric with Rpgendre functions. 


* In an unpublished note. 

»• In a master’s thesis at New York University. 
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These explicit solutions, particularly in cases in which they can 
be expressed by polynomials, are very suitable for numerical com¬ 
putations, and compare in this respect favorably with the approxi¬ 
mate step-by-step procedure through finite differences discussed in 
the next section. However, when the rarefaction weaves are not 
centered, or when the medium is not a polytropic gas, and even 
more when interaction of rarefaction waves with contact surfaces or 
shocks is considered, then the method of finite differences is appar¬ 
ently more tractable than any explicit representation of the solution. 


83. Interactions treated by the method of finite differences 

To find the flowin the zone of penetration of two elementary waves, 
the most suitable method in general is the use of finite differences. 
The following section taken from [53] explains the method. How it 
applies to the problem of penetration of two simple waves is obvious. 
Next in simplicity is the problem of a rarefaction wave catching 



with a contact discontinuity. 

up with a “contact discontinuity” or “separation line” (represented 
in the {x, <)-plane). The contact discontinuity originally separates 
two constant states (0) and (1), see Figure 71, with different values of 
entropy, temperature, and density, but with the same values of 
pressure and particle velocity. In the {x, O'pianc the discontinuity 
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line 3) is straight until it is met by the incoming rarefaction wave. 
The effect of the interaction is a gradual slowing down of the dis¬ 
continuity point, or, in the (x, 1 )'representation, a bending of the 
line 2) until 2) has crossed the entire width of the wave, after which 
it again continues straight. The problem is then to determine from 
the given data the position of 2) at any time and thereby the resulting 
flow during and after the penetration by the rarefaction wave. For 
simplicity the gas is taken to be poly tropic. 

The flow is isentropic on each side of 2) and the differential 
equations can be written in the following characteristic form, see 
(34.02-.03), 

Xa — (W "f C)<a = 0, 

Xfi — {U — c)tfi = 0, 

2 

(83.01) = 0, 

2 n 

- TZl 


here x, t, u, c are the space, time, particle velocity, and local sound 
velocity respectively and y is the adiabatic exponent, while the 
lines a = a(x, t) = constant and /3 = 0{x, t) = constant are the 
characteristics. The initial data for the “zone of penetration,” see 
Figure 71, in which the flow is not a simple wave are then obtained 
as follows: Since the incoming rarefaction wave generated by straight 
characteristics /3 = constant is given, the first “reflected” charac¬ 
teristic Lo which meets 2) is known as well as the distribution of 
u and c along Lo. Although the position of 2) is to be determined, 
we do know some data along 2: firstly, 2 is a particle path, i.e., 

along 2 we have ^ secondly, the portion of the rarefaction wave 

transmitted through 2 is again a simple wave so that for any point 

Pg on the right hand side of 2 the relation m(P g) — j c{Pg) = 


Cl, holds in which the subscript 1 denotes quantities in 

the constant state (1). Thus, since p(P«) = p(Pl) (Pt is the 
point opposite to P« on the left side of 2) and u{Pg) = m(Pl), we 
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may express u{Pl) as a function of c{P l) along 
relation is 


(83.02) u{Pl) - u{Ai.) 



yoCyi-D/tiCto-D 


Explicitly this 


I2c(il«) 

Jti - 1’ 


As will be indicated, these initial data, together with the equations 
(83.01), are sufficient to determine 3) as well as the flow uniquely. 
Figure 71 exhibits the region of penetration, the transmitted wave, 
and the wave reflected from 2). 

Problems in which the flow does not remain isentropic are of a 
more complex character. As an example we consider, by a method 
different from that of Section 75, the process of a straight shock 
overtaken by a rarefaction wave. During the penetration the shock 
gradually diminishes in intensity and speed and eventually emerges 
as a weakened constant shock. Because of the decay of the shock 
the isentropic character of the process is lost. Therefore, one has 
to consider the equations (17.01-.03) of one-dimensional non-steady 
flow involving entropy changes. Now we have three families of 
characteristics defined by equations of the form: 


— (w "b c)fa > 


(83.03) Xfl = (m - c)/g, 


Xm = Ut„ . 


The first two are formally equivalent to those in the isentropic case 
whereas the third consists of the particle paths. Introducing the 
parameters ct — o:(x, y) — constant and ^ ~ ^(^» y) ~ constant as 
new independent variables in the differential equation, we obtain, 
see Sections 3 and 4, 

Xo = (w + c)^a > 

Xfl = (m — 


(83.04) 


Ua “b 


W(J — 


y — 1^“ y{y — 1) ’ 

2 _ CTiff 


Ctfa 


Cf = 


y-l " 7(7 - 1) ’ 

■HcU + neta = 0; V 


with 0 = {y — l)c»S, 
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We arrive at the formulation of the boundary problem for the 
system (83.04) as follows, see Figure 72. From the given rarefaction 
wave we determine the first “reflected” characteristic Lo as well as the 
distribution of u, c, „ along Lo - The other data are given along the 
shock line § whose position is also to be found. These data now take 



Fig. 72. Ovot laking of a uniform shock by a rarefaction wave. 

the form of the three shock conditions connecting the known con¬ 
stant state (0) in front of the shock with the state behind the 

doc 

shock. In these relations, we express the shock velocity m terms 

of the particle velocity u, sound speed c, and entropy 17/(7 “ I)®" 
just behind the shock, i.e., 

t 

dt 

(83.05) “ 9W. 

I - 

The functions h, g, k are given by the Hugoniot relations. With 
these data it is then possible to determine the flow in the penetra- 
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tion region shown in Figure 72 as well as the position of the shock 
line S. 

For both problems mentioned, a finite difference method for the 
approximate solutions, utilizing the characteristic equations (83.01) 
or (83.04), has proved to give reasonable results with relatively little 
labor as many calculations have shown. The procedure is as follows: 
In the case of a rarefaction wave overtaking a contact discontin¬ 
uity, we consider in the (a, /3)-plane the network of straight charac¬ 
teristics a = constant and (3 = constant. The characteristic Lo 
becomes a given line a = constant whereas the characteristics in the 
wave become straight lines = constant. The discontinuity line 'J) is 
mapped into a curve to be determined in the («, /^f)-plane, and 
the corresponding characteristic lines are drawn as in Figuie 73. 



oc 

Fig. 73. Domain in the (a,/3) -plane 
representing the interaction of a rare¬ 
faction wave with the discontinuity 
front 3). 

At the intersection of any two such characteristics we may then 

determine the values of u and c, since along a = constant and d = 

2 

constant we have from (83.01) the two relations u ^ ^ ~ 

2 

constant and u +-; c = constant, respectively. The constants 

7 — 1 

are determined by the initial distribution on Lo and by the relation 
(83.02) between u and c on 3). We then consider the first two equa¬ 
tions of (83.01) written as 

(83.06) A.X = (u + 2)Aa< along 0 = constant, 

^ along a = constant, 
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where A a or A^ means the difference between two successive points 
of intersection on = constant or a = constant, respectively; 
u + c or u — c means the average between the values of w + c or 
w — c at the two successive net points. If one knows the value of 
X and t at two neighboring points such as Pi and P 2 of an interior 
net point P, then by means of (83.05) the values of x and t are deter¬ 
mined at P, SQjgi^Figure 73. All that remains is to determine the 
values of x and t along S. This is accomplished by writing the 

relation ^ = i/ on 3) as a difference relation Ax = uAi on 9). From 
at 

this relation and the first equation of (83.05), the position of 9) is 
determined. This completes the procedure. 

In the case of the overtaking of an originally constant shock 
by a rarefaction wave the finite difference method is somewhat 
more complex. Again a similar net configuration is drawn in the 
(«, ^)-plane where § is to be determined. Now, however, the 
distribution of w, c at the net points is not immediately determined 
as before. Instead, knowing the values of x, u, c, r; on Lo one 
writes the system (83.04) as a system of difference equations: 


AaX = {U + C)Aat 

along /3 = constant. 

A^x = (it — i)A^t 

along a = constant. 

(83.07) 

along p = constant, 

7 - 1 ') "7(7-1)^” 

along a = constant. 

AafjApt “h A^riAat = 0- 


The difference equations (83.07), together with 

the initial values of 


X, t, Uy c, rj along Lo and the relation (83.05) along S, serve to deter¬ 
mine the flow at all the net points of Figure 72 as well as the position 
of S. Specifically, suppose that P is an interior net point and that 
the values of x, t, u, c, rj are known at the two neighboring points 
Pi and P 2 , see Figure 74. By utilizing the first and third equations 
of (83.07) between Pi and P, the second and fourth between P 2 
and P, and the fifth equation for the three points Pi, P, P 2 , then 
the X, ty u, c, t; at P may be determined. If, however, Q is a point on 



INTERACTIONS TREATED BY FINITE DIFFERENCES 


203 


S and if the solution is already determined at the neighboring points 
Qo (on §) and Q 2 , then the second and fourth difference equations of 
(83.07) are taken between Q 2 and Q, while the three relations (83.05) 
along S (written as difference relations) are used between Qi and Q. 
These relations are sufficient to determine Q (in the (a:, ^)-plane) as 
well as Uy c, and 0 at Q. 



Fig. 74. Domain in the (a,i8)-plane representing 
the interaction of a rarefaction wave and a shock. 

For solving the difference equations (83.07) as well as the rela¬ 
tions (83.05) an iteration process can be employed. First assume 
that A?; = 0 at the point in question and the first four equations of 
(83.07) give a first approximation for x, tj Uj c. The fifth equation of 
(83.07) determines a new value for which can then be used to obtain 
new values of x, r, c. This iteration converges quite rapidly. 
Furthermore, it is convenient to tabulate the functions A, g, k of rela¬ 
tion (83.05) numerically. 

An interesting concrete result of such computations may be 
mentioned. In the overtaking of a shock wave by a rarefaction wave 
the “decay time^^ is quite long in general. As an example, consider 
a shock traveling at 2.6 times sound speed into atmosphere with a 
pressure of 7.3 atm. behind it; it is overtaken by a rarefaction wave 
which needs one unit of time to pass the point on the x-axis at which 
the rarefaction first meets the shock wave. Then a computation 
shows that after 230 units of time, the speed of the weakened shock 
drops to 1.5 times sound speed while the pressure behind it falls to 
2.4 atm. 
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It should be mentioned that a satisfactory theoretical treatment 
of boundary value problems, as formulated, seems well within reach 
but has not yet been carried out. 

E. Detonation and Deflagration Waves 
84. Reaction p^9c€sses 

About 1880 a number of French physicists, chiefly Vielle, Mallard, 
Le Chatelier and Berthelpt, began experimenting with the propaga¬ 
tion of flames. They found that under normal circumstances the 
flame in a tube, filled with combustible gas ignited at one end, is 
propagated with a low velocity of a few meters per second. Under 
certain circumstances, however, the slow combustion process changes 
over into a very fast process which races ahead with a tremendous 
speed, 2000 meters per second and more. This second type of 
combustion process was called detonaliou. Naturally, the strange 
fact that there are two such completely different types of propaga¬ 
tion of combustion (occurring time and again not only in gases but 
also in solid explosives) called for a theoretical explanation. A very 
simple and convincing explanation was given in 1899 by Chapman 
and independently in 1905 by Jouguet. In this explanation it is 
assumed that the chemical reaction takes place instantaneously; 
in other words, that there is a sharply defined front sweeping over the 
unburnt gas and changing it instantaneously into burnt gas. Evi¬ 
dently the transition across such a front is analogous to the transition 
of uncompressed to compressed gas across a shock front. The only 
difference from a shock transition is that the chemical nature of the 
burnt gas differs from that of the unburnt gas and that the reaction 
influences the energy balance. 

It is true that the assumption of sharp flame fronts is an extreme 
idealization, generally acceptable for detonation but rarely satisfied 
for combustion processes. C"ombustion processes are in general 
strongly influenced by the viscous boundary layer which develops 
at the walls of the tube. They are also strongly dependent on 
gravity and frequently the resulting flow is turbulent. Nevertheless, 
valuable insight of a general character is gained on the basis of the 
preceding assumption. 

In the present part we shafl discuss the theory of gas flow in- 
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volving chemical reaction processes which, by assumption, take place 
across sharply defined fronts. We shall see that these reaction 
processes have many features in common with shocks but that there 
are striking differences, particularly as to the unique determinacy 
of the flow process. Nevertheless, on the basis of very simple 
arguments we can explain why, in spite of their great similarities to 
shock processes, detonations and combustion flames are propagated 
in a different manner. One of the differences between shocks and 
reaction processes is the fact that the internal energy function c(t, p) 
for the burnt gas is different from that for the unburnt gas. In 
addition we must take into account the energy liberated during the 
chemical reaction and transformed partly into kinetic and partly into 
internal energy of the burnt gas. The liberated energy is taken from 
the molecular binding energy of the unburnt gas. Here we denote as 
the molecular binding energy the potential energy of the atoms in the 
molecule, contrary to common usage. We assume that the process is 
exothermic, i.e. that the energy used up in recombining the atoms to 
form the new molecules is smaller for the burnt gas than the binding 
energy of the unburnt gas. We denote the binding energy or ^^energy 
of formation” per unit mass by g and introduce the complete energy 

E = e + g. 

We assume that this complete energy is a known function 
E = E^^\t, p), of specific volume r and pressure p for the unburnt gas, 
and E = p) for the burnt gas, even though the chemical compo- 

sition of the burnt gas may actually vary with pressure and specific 
volume. After these stipulations the relations governing the transition 
from unbumt to burnt gas are derived from the three conservation 
laws of mass, momentum, and energy in the same way as were the 
relations governing a shock transition. 

We suppose that the flow of the burnt and unburnt gases takes 
place in a cylindrical tube, and that across each cross section the 
state of the gases, characterized by specific volume r, pressure p, 
and velocity u is uniform. As before we denote the velocity of the 
reaction front by U and the velocity of the gases relative to the 
front hYv = u—U. If we observe the process from a frame moving 
with the reaction front and indicate the state in the unbumt gas by 
the subscript 0 and the state in the burnt gas by the subscript 1, 
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the two laws of conservation of mass and momentum are identical 
with the corresponding laws for shock fronts 

(84.01) pqVq = pivi = m, 

(84.02) po + po^^o = Pi + Pi 

The law of conservation of energy takes the form 

(84.03) , Po) + PoTo + hvl = , Pi) + PiTi + \v\ . 

The latter formula is essentially different from the corresponding 
formula for shocks; for instead of the internal energy we have the 
complete energy which is, moreover, a different function of r and p 
on the two sides of the front. We shall see that this difference has 
important consequences. 

From the first two (mechanical) conservation laws (84.01) and 
(84.02) the relation 


(84.04) 


Pi - Po 

Ti — To 


2.2 2^2 
‘P V — —poVo 


follows, as for shocks, see (54.08-.09). Formula (84.04) implies that 
the sign of pi — po is opposite to that of ri — to ; in other words, that 
pressure and specific volume decrease or increase in opposite directions 
or, what is equivalent, that both pressure and density increase and 
decrease in the same direction. Thus two different types of processes 
are compatible with the conservation laws; those in which both pres¬ 
sure and density increase and those in which both pressure and density 
decrease. Processes of the first kind are called detonations; processes 
of the second kind correspond to slow combustions. Combustions 
are sometimes called deflagrations in contrast to detonations. In 
non-reacting gases, processes in which pressure and specific volume 
decrease, and which satisfy the shock transition relations, were ex¬ 
cluded because they would involve a decrease of entropy. However, 
deflagration processes cannot, as we shall see, be excluded on such 
grounds. A characteristic difference between detonations and 
deflagrations is implied in the formula 


(84.05) = -Povo = -Pivx, 

— 1(0 


which follows from the conservation of momentum (84.02). For 
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simplicity, take a specific case in which the reaction front is facing 
backward and accordingly vq and Vi are positive; the unburnt gas (0) 
is to the left of the front and the burnt gas (1) is to the right. Relation 
(84.05) then shows that for a detonation, in which the pressure 




ih_^ 


Uq-O 


Uo“0 


Fia. 75. Change of gas velocity through a detonation (D) and a deflagration (C). 


increases, the velocity of the gas decreases when the reaction front 
sweeps over it. In other words, a detonation retards the burnt gas 
relative to the front. On the other hand, in a deflagrationj in which 
the pressure decreases, the gas is accelerated away from the reaction 
front j when the reaction front sweeps over the unbumt gas. 

85. Assumptions 

For the following arguments we shall make a few assumptions 
about the nature of the energy function E{t, p) usually satisfied in 
physical reality. First we shall assume that the partial derivatives 
of E with respect to p, and of the complete enthalpy 

(85.01) 7 = jB + pr 

with respect to r, are positive, i.e., 

(85.02) Ep >0, Ir> 0. 
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A second assumption is tiiat the relation 


(85.03) dE = de = -pdr + TdS 


holds. It is valid if wo can disregard the dependence of the en¬ 
ergy of formation g on p and r. 

Incidentally, assumptions (85.02) follow from (85.03) if we make 
the basic assuia|[»tions gr < 0 , <73 > 0, see (2.04) and (2.07), for the 
function p = gir, S). In that case Cpgs = T > 0 yields Cp > 0 
or Ep > 0 ; further, u = Cr + p = -c^g, is then positive, and thus 

Ir = ir > 0 . 

A further requirement expressing the exothermic character of 
the process is that for the same pressure and density the total energy 
and enthalpy of unburnt gas is always greater than the total energy 
and enthalpy of burnt gas. Specifically we reeiuire this for the 
values of (to , po) and (ri, pi) in the unburnt and burnt gas re¬ 
spectively, just before and just after the process, i.e. 


(85.04) 


£/'®'(to, Po) > £'‘\to, Po), 
/■"(to, Po) > /'"(to, Po), 


(85.05) 


E^^\n , Pi) > E^^\n , Pi), 
/‘“'(ti , Pi) > /"'(ti , Pi). 


86. Various types of processes 

It is useful to eliminate the velocities from the three relations, 
(84.01), (84.02), and (84.03), as we did for shocks in Section 64. 
We then obtain the Ilugoniot relation 

(86.01) E^^\tx, pi) - •^'“’(to, Po) = —Kti - To)(pi + Po), 

which by (85.01) is equivalent to 

(86.02) /‘"(ri, pi) - /'“’(to, Po) = i(Ti + To)(pi - Po). 

Suppose we consider a process in which the specific volume re¬ 
mains unchanged, that is ti = to . Relation (86.01) then implies 

(86.03) ^'"(n , pi) = £'®(to , Po). 

From assumptions (85.04) and (85.02) the inequality pi > po follows 
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immediately. In other words, the process is a detonation, a so called 
^‘constant volume deionaiion” From relation (84.04) it is seen that 
the speed [ fo | of the front relative to the unburnt gas is infinite in such 
a constant volume detonation. That indicates that such a process 
should be considered only as a limiting case of detonations involving 
small volume increases and racing ahead with tremendous speeds. 

Consider, on the othei’ hand, a process in which the pressure 
does not change, = po . By relation (86.02) this implies 

(8G.04) pi) Po). 

By assumptions (85.04) and (85.02) this implies ri > tq . There¬ 
fore such a process is a deflagration, a so called ^'constant pressure 
dejlagratiem.''' From relation (84.04) we see that in such a de¬ 
flagration the flame front would be at rest relative to the unburnt 
gas. Therefore, such a process should lie considered as the limiting 
case of deflagrations involving small pressure drops and progressing 
very slowly. 

For discussing reaction processes it is useful to employ the 
Hugoniot function for the burnt gas 

(86.05) //“’(r, p) = p) - 7i’'‘’(To , Po) + - To){p + Po), 

see Section 64. Omitting the subscript I for the burnt gas, relation 
(86.01) can bo written in the form 

(86.06) p) = E^'^\ro , Po) - E^'\ro , Po), 

in which the right member is positive according to assumption 
(85.04). Suppose the specific volume tq and pressure po of the 
unburnt gas are given, but not the velocity of the reaction front. 
Then the pressure and specific volume of the burnt gas satisfy rela¬ 
tion (86.06) in all reaction processes compatible with the three con¬ 
servation laws (84.01-.03). However, not all values of r and p 
satisfying this relation actually correspond to a reaction process 
compatible with (84.0l-.03) because of the condition 

(86.07) ^ 

Tl — To 

derived from (84.04). 

A graph of those points in a (r, p)-plane which satisfy equation 
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(86.06) and inequality (86.07) is called the Ilugoniot curve, see Figure 
76. It is remarkable that this graph consists of two separate branches, 
exhibiting the fact that the conservation laws are compatible with 
two quite distinct types of processes. The two branches will be 
referred to as '‘detonation” and “deflagration branches”, according 
as T < To or p < po. 


Strong ditonation 


“ Jouguet detonation 



'^Ny^Constant volume detonotion 

_B_^Constant pressure deflogrotion 

Weak deflagration 


Fig. 76. Hugoniot curve for detonations and deflagrations. 


Among the detonations and deflagrations we shall again distin¬ 
guish several types. For this discussion we make the additional 
assumption that the pressure increases indefinitely along the detona¬ 
tion branch of the Hugoniot curve. 

We consider in the (r, p)-plane a straight line through the point 
(to , Po) and its intersections with the Hugoniot curve. If the slope 

?- ^ is a large negative number there will be an intersection near 

T —■ To 

the point A, corresponding to a constant volume detonation. From 
the assumption that the pressure increases indefinitely along the 
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detonation branch of the Hugoniot curve it follows that this straight 
line has another intersection with the detonation branch. We shall 
show later, in Section 88, that there are only these two points of 
intersection, at least if assumption (85.03) is valid. If we increase 
the slope (p — Po)/(t — tq) , the two points of intersection eventually 
coalesce at a point D because, when p reaches the value po, the only 
intersection lies on the deflagration branch as we have shown before. 
Thus there is a point D on the detonation branch which separates 
it into two parts. In other words, as we note for later use, any ray 
through (to , Po) with a slope somewhat less than that of the ray 
through D intersects the Hugoniot curve in two points. Detonations 
represented by points on the lower part of this branch, i.e, the part 
with smaller values of p, will be called weak detonations; those rep¬ 
resented by points on the upper part of this branch will be called 
strong detonations. The detonation corresponding to the point D 
separating these two points is called a Chapman-Jougnet detonation. 

Similarly, if the slope (p — po)/(r — tq) of the straight line is 
a small negative number, it will intersect the deflagration branch 
near the point B which corresponds to a constant pressure deflagra¬ 
tion. On decreasing this slope a second intersection and, as we shall 
show, at most a second intersection, may occur. Deflagrations 
represented by the first intersection points will be called weak, those 
represented by the second points will be called strong. Weak and 
strong deflagrations are separated by a so called Chapman-Jouguet 
deflagration represented by the point C. For later use we note that 
any ray through (tq , po) with a slope somewhat greater than that of 
the ray through C intersects the Hugoniot curve in two points. 


87, Chetpman-Jouguet processes 

The Chapman-Jouguet reaction processes have a variety of peculiar 
properties which we now discuss using assumption (85.03) throughout. 
By the definition of the points D and C the straight line through the 
point (ro, Po) and D or (7 is a tangent to the Hugoniot curve. In 
other words, for Chapman-Jouguet reactions the relation 

dp ^ p - P o 
dr r — To 


(87.01) 
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holds, in which the differentiation refers to the Hiigoniot curve. 
From (87.01) and from the identity 

(87.02) p) = TdS + U (r - n)dp - (p - po)dr\, 

which follows from (86.05) by assumption (85.03), we have the 
relation 


(87.03) ^ dS — 0 at D and C. 

In other words, if the state of the unburnt gas is fixed, the entropy of 
the burnt gas behind the various possible reaciion processes assumes a 
stationary value for a (Chapman-Joug^iel process. Furthermore since 
an adiabatic process is characterized by dS — 0, the derivative dp/dr 
along the Hugoniot curve at T> or C agrees with the derivative 
dp/dr along the adiabatic curve through D or C. 

The sound speed c of tlu^ burnt gas satisfies the relation 


(87.04) 


o o 

p^C = 


dp 


in which the differentiation dp/dr refers to the adiabatic curve; hence 
the same relation holds at the point D or C when the differentiation 
refers to the Hugoniot curve. Combining relations (87.04), (87.01), 
and (84.04) we obtain 

(87.05) c ~ \ v\ at D or C. 

That is to say, in a Chapman-Jouguet process the speed | v | of the 
burnt gas relative to the front equals the sound speed of the burnt 
gas, or a Chapman-,Jouguet reaction front, when observed from the burnt 
gas behind it, moves with sound speed. This is the famous statement, 
made by Jouguet in 1905. A further property is derived from the 
relation 


(87.06) (wo - Uf = vl = -tI ? - 

T — To 

which follows from (84.04). Differentiating this relation along the 
Hugoniot curve, keeping tq and po fixed, we obtain the relation 

(87.07) dvl = 7—^^^ {{t - n)dp - {p - Pa) dr], 

(r - to)2 



from which 
(87.08) 
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d{uo — U) = dvo = 0 at T) and (\ 

Relation (87.08) states: Among the various possible reaction processes 
starting from the fixed state (0), the Chapman-Jouguet process yields 
a stationary value for the velocity of the reaction front relative to the 
unburnl gas. This is the property formulated by Chapman in 1899. 

More specifuadly th(i ('Raracter of the stationary values of the 
entropy and the reaction front veloc'ity in Chapman-.Iouguet reactions 
can be described as follows: for Chapman-Jouguet delonalioris the speed 
I Vo I and the entropy of the burnt gas are relative minima^ while for Chap¬ 
man-Jouguet deflagrations the speed | Vo | and the entropy are relative 
maxima. 

Significantly, for a Chapman-Jouguet detonation, which is the 
one that occurs under normal circumstances as we shall see, the 
entropy is a minimum. One might, on the contrary, have expected 
a detonation for which the entropy is a maximum. (This expectation 
has misled some writers into claiming that S has a maximum at D.) 
It is also interesting that the Chapman-Jouguet detonation is the 
slowest of all detonations. 

We proceed to justify these statements by first deriving the 
relation 

> 0 ni D and C, 
dr"^ 

in which the differentiation is to be taken along the Hugoniot curve. 
This follows immediately from tlie statement made earlier, at the 
end of Section 8(), that the ray through (tq , Po) with a slope somewhat 
less or greater than the slopes of the tangent ray through 1) or C 
respectively intersects the lJugoniot curve at t wo points near 1) or C. 

Next we differentiate the relation 


2Tf 

dr 


ip - Vti) - (t - To) 


dr 


along the Hugoniot curve, see (87.02). The result is 
(87.09) 




at D and C 
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dS 


Since — 
dr 


0 at these points. Consequently, 


> 0 at D, 

<0 at C. 

We now exclu3fe the ecjuality sign by the following argument. By 
differentiating the relation p = g{T, S) along the Hugoniot curve, 
we find 


— 9t 0 sSj and 

ar 


p 

d^ 


— (JrT + 9 sSrr 


at D or C, 


since Sr = 0 there. Through the basic assumption Orr > 0, the last 
relation shows that prr and Srr cannot vanish simultaneously at 
D or C. Relation (87.09) then shows that these quantitie?s cannot 
vanish at all at D or C. Hence we have 


(87.10) 

(87.11) 


dT^ 


> 0 


at D or C, 


d\S 

dr^ 


> 0 


at Z>, 


d^S 


dr^ 


< 0 


at C. 


The latter relation implies that S has a minimum at D and a maxi¬ 
mum at C. 

Differentiating relation (87.07) along the Hugoniot curve we 
obtain, through (87.01), 


,2 2 
d Vq 


2 i2 

To dp 
T — To dr^ 


at D and C, 


from which by (87.10) 

(87.12) xf >« at/>, ^^“<0 ate. 


It then follows that | | is a minimum at D and a maximum at C. 
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88. Jouguet^s rule 

We shall now formulate characteristic properties by which wt can 
distinguish weak from strong reaction processes. These properties 
are embodied in the following statement which we shall refer to as 
JougueVs RuU: The gas flow relative to the reaction front is 
supersonic ahead of a detonation front 
supersonic behind a weak detonation front 
subsonic behind a strong detonation front 
subsonic ahead of a deflagration front 
subsonic behind a weak deflagration front 

supersonic behind a strong deflagration front. 

Jouguet\s rule is best derived on the basis of the considerations intro¬ 
duced by H. Weyl for the discussion of shocks and explained in 
Section 65, see also [73]. The following facts were shown to hold for 
any ideal gas and hence for the burnt gas in a reaction process. 

On any straight ray in the (r, p)-plane through the point (tq , po), 
any stationary value of the entropy S is a maximum. Consequently, 
there is at most one such stationary value. Further, because of the 
relation 

(88.01) = 7US, 

which by (87.02) holds along any ray, the Hugoniot function 
also has at most one stationary value on that ray, and this value is 
also a maximum. 

An immediate consequence of this fact is the important statement 
made previously in Section 87: A straight line through the point { tq , po) 
intersects the Hugoniot curve in at most two points. Otherwise the 
function would have at least two stationary values on this line. 

We now consider the two intersections which the straight ray 
through the point (ro, po) makes with any of the two branches of 
the Hugoniot curve characterized by equation (86.06), 

(86.06) p) = , Po) - £“’(to , Po), 

and the inequality (86.07). The ‘‘first^* point of intersection cor¬ 
responds to a weak process, the ‘‘second^^ one to a strong process. 
' At these two points of intersection the Hugoniot function has 
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the same value, and hence it lias a maximum at some intermediate 
point. Consequently, the entropy S also has a maximum at this 
point, and since S has no other stationary value along the ray, S 
increases at the first point of intersection and decreases at the second. 

If the ray intersects the detonation branch, r decreases along it 
from the point (tq , po) on, and thus the last statement is expressed by 

(88.02) < 0, and > 0, 

dr 

respectively, at the first and second points of intersection with the 
detonation branch. Similarly 

(88.03) > 0, and < 0, 

dr 

respectively, at the first and second points of intersection with the 
deflagration branch. Along a straight line dp/dr = (p — P(^,'{r — ro); 
hence dp!dr = — by (84.04). Further, along an adiabatic 
^r/Sp = —dp/dr; hence Sr/Sp = p^c by (2.05). Consequently 

(88.04) ^ = p\r: - v')8, 

dr 

since Sp = l/ps > 0 by (2.07). 

Thus conditions (88.02) and (88.03) are equivalent to 

(88.05) c < I p I , and c > | r | , 

respectively, at the first and second points of intersection with the 
detonation branch, 

(88.06) c > I r I , and c < j p | , 

respectively, at the first and second points of intersection with the 
deflagration branch. 

Thus the part of JougueVs rule referring to the state behind the 
detonaiion or deflagration front is proved. 

In order to establish JougueVs ride for the state ahead of a reaetion 
front we consider a state behind the front as fixed and vary the state 
ahead of it. Equation (8G.01) or (86.00) now takes the form 

(88.07) p) = , Pi) - , pd, 

the right member of which is now negative by assumption (85.05). 
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Again it remains true that and S have at most one stationarj^ 
value along the ray and that this value is a maximum. In contrast 
to the situation for the Ilugoniot curve given by (86.06), any ray 
through the point (ri, pi) can intersect the Hugoniot curve given by 
(88.07) in at most one point. For, suppose that there were more than 
one point of intersection; then the quantity which vanishes at 
the point (ri , 7 ) 1 ) and assumes the same value at the points of inter¬ 
section, would have a minimum between two such points. For the 



Fig. 77. Ilugoniot curve for the state ahead 
of the reaction front if the state (ri,pi) behind it is given. 

same reasons it is clear that decreases along the ray at a point 
of intersection. This is also true for the entropy S, of ( 88 . 01 ). At a 
point of intersection with the detonation branch we have r > n; 
hence dS/dr < 0 there, a result which by (88.04) is equivalent to 
> c^. Thus we have shown that the flow ahead of a detonation wave 
is supersonic. In a similar manner we find that ahead of a deflagra¬ 
tion wave the flow is subsonic < c^. Thus Jouguet’s rule is 
completely proved. 

This rule, it should be emphasized, simply enumerates the various 
combinations mathematically compatible with the conservation laws 
across a discontinuity front. Physical reality, however, does not 
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present all the possibilities suggested by this mathematical pattern. 
As a further discussion in Sections 93 and 94 will show, stro7ig de¬ 
flagrations can Jiever actually occurs and weak detonations are possible 
only under extreme and rare circumstances. Postponing this deeper 
analysis, we first draw conclusions within our present mathemat ical 
framework. 

89. Determinacy in gas flow involving a reaction front 

We assume that at an initial time, t — 0 , a cylindrical tube ex¬ 
tending from .X = 0 to X = oo is filled with combustible gas, and that 
at the time t = 0 at the cross section x = 0 a reaction starts which 
proceeds in a forward direction. Usually one is concerned with the 
case in which the end x = 0 remains closed or is completely open. 
We shall, however, give a slightly more general analysis by con¬ 
sidering the case in which a piston starts to move at the time t = 0 
from the end x = 0 with the prescribed constant velocity Ur . This 
analysis not only contributes to the clarification of the problems of 
determinacy but also is helpful for undersanding more complicated 
phenomena. 

Our object is to solve the problem: To what extent is the gas flow 
determined by the initial state and the piston motion, provided that 
there occurs one shai'p reaction front moving at constant speed 
into the combustible gas? Of course, these discontinuities must 
satisfy the conservation conditions (84.01-.03). 

With this provision we can now discuss the existence and unique¬ 
ness of a solution for the flow. If no chemical reaction takes place, 
the flow problem has a uniquely determined solution. This solution 
involves a unicpiely determined shock for positive piston velocity, 
and a centered simple rarefaction wave for negative piston velocity. 
The question arises whether the same kind of determinacy prevails 
when a chemical reaction takes place. In other words, given a 
state of rest for x > 0, a reaction starting at x = 0, ^ = 0, and a 
constant piston velocity u = Up, is there one and only one solution 
for the flow in the tube? As we shall see, this is not necessarily the 
case. The explanation for this difference is found in JougueUs rule. 

According to the principles of determinacy formulated in Section 
36 the determinacy depends on whether or not the curves in the 
(x, 0-plane on which data are prescribed are time-like or space-like. 
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When such a curve is considered, time-like character corresponds to 
subsonic, space-like character to supersonic velocity relative to the 
gas flow. Time-like or space-like character in the (x, t) representation 
means that the two characteristic directions with dt > 0 point re¬ 
spectively toward different or toward the same sides of the curve. 
We assume for simplicity that the flow of unburnt and burnt gas is 
isentropic, so that there are only two characteristic directions. The 
statements made in Section 36 then imply that the solution of a 
flow problem in a region between two curves is unique in two cases: 

1 ) Both curves are time-like and one quantity is prescribed on 
each, and at the point of intersection two quantities are prescribed. 

2) One curve is spacc-like and has two quantities prescribed on 
it, and the other curve is time-like and carries one prescribed quantity. 

Without proof we further state: 

If in case 1) the data are continuous at the intersection of the 
two lines and the two lines are time-like there, the, solutions exist 
as long as these two lines remain time-like. 

The solution exists in case 2) if shocks are admitted as part of it. 

In our present case the piston path is always time-like since it 
is identical with the path of the adjacent gas particles; it carries one 
quantity, the velocity Up . The a:-axis is evidently space-like; it 
carries two quantities, the velocity u = 0 and the sound speed c — Cq 
(or po or To) corresponding to the assumption that the unburnt gas is 
originally at rest. However, the statement on uniqueness cannot 
be applied directly to these two lines because of the interference of 
the unknown path of the reaction front. The statement must 
therefore be applied separately to the sector between the :r-axis and 
the reaction path 1®, and the sector between the reaction path and 
the piston path £P. 

We distinguish four cases AA^ AB, BA, BB according as the flow 
relative to the reaction path TO is supersonic (/I) or subsonic {B), 
before or behind the front. The determining elements are the relative 
positions of the characteristics , C- , and of the particle path Co 
and accordingly there are the following four possibilities as represented 
in Figure 78: 

Suppose that the slope of "TO, that is, the velocity of the reaction 
front, is prescribed arbitrarily. If this reaction is supersonic relative 
to the gas in front of it, the reaction path T0 is space-like observed 
from the region ahead of it. The initial values, uq = 0 and co, along 
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the x-axis at / = 0 determine the flow uniquely up to 18, namely 
u — Uo ,c — Co throughout. By the transition conditions (84.0i-.03), 
the values of \i and c immediately behind the reaction path are 





Fig. 78. Possible relations between characteristic 
directions and reaction front. 

determined. For the continuation of the flow there are now two 
possible cases. 

In the first case, AA, the flow behind is also supersonic relative 
to T0. Then T0 is space-like for the region behind it and carries 
two data, u and c. By Jouguet^s rule, the reaction then is a weak 
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detonation. Since the piston path 9 is always time-like, the flow 
in the domain between tt) and fP is uniquely determined according to 
the general principle, see Section 28. Since the velocity of the reac¬ 
tion front could be chosen arbitrarily (subject only to the condition 
of being supersonic), there remains one degree of indeterminacy. 

In the second case, AB^ however, the path T9 is time-like with 
respect to the region behind it. Accordingly, immediately behind 
T9 considered as initial curve for the region between T9 and fP, only 
one quantity can be prescribed arbitrarily in order that a unique 
solution exist. The other quantity behind 'T9 is then determined. 
Since this (piantity is also determined by the slope of ‘T9, it is clear 
that this slope, the velocity of the reaction front, is no longer arbitrary 
but is to be adjusted properly. (We shall show in Section 90 that 
this can be done if the piston velocity iip is constant and sufficiently 
large.) While thus in the case A A the wave front "T9 could be chosen 
arbitrarily, there is no such leeway in the choice of T9 in the case AB, 
in whicii by Jouguet’s rule the reaction is a strong detonation. The 
situation is similar to that for a flow in a non-reactive fluid which in¬ 
volves a shock, where the velocity of the shock front is determined 
in siudi a way that adjustment to the prescribed piston motion 
results. Similarly, in case AB, the flow is determined by the initial 
conditions and the piston velocity. The degree of indeterminacy 
is then zero. 

In the case BA the reaction path T9 observed from the state ahead 
of it is tiine-like, so that in front of T9 one boundary condition can 
be arbitrarily imposed. Then behind the reaction front the state is 
determined by the transition conditions; T9 is space-like with respect 
to this region, fP is time-like, and according to the general principle, 
the flow between T9 and tP is determined. Thus there are two 
degrees of indeterminacy in the case BA , in which the reaction is a 
strong deflagration. In addition to the initial state and the piston 
motion two more quantities, the reaction path and one quantity 
ahead of it, can and must be prescribed to determine the flow. 

In case BB, the reaction path T9 is time-like with respect to both 
adjacent zones. The quantity prescribed in front of T9 must then 
be chosen so that the resulting values of the three quantities behind 
T9 are compatible with the boundary condition at the piston. Ac¬ 
cordingly, there is one degree of indeterminacy in this case, in which 
the reaction is a weak deflagration; a single quantity, such as the wave 
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velocity of the reaction front, can and must be prescribed to determine 
the flow. 

It should be emphasized that in both cases BA and BB the state 
ahead of the reaction front is not necessarily constant; in other words, 
the state ahead of the reaction front is influenced by the reaction. 

The higher degree of indeterminacy of flows involving a detona¬ 
tion or deflagralfilm front as compared with flows involving merely 
shock discontinuities is due-to the fact that all cases AA, AB, BA, 
BB are compatible with the conservation laws in reaction processes, 
while shocks always beloftg to the case AB. 

90. Solution of flow problems involving a detonation process 

We now supplement the preceding general remarks by showing 
in detail, for the case in which the piston velocity Up is constant, how 
the adjustment of the flow to the boundary conditions at the piston 
is effected. 



Fig. 79. Strong detonation supported by a 
piston moving with velocity Up > ut)> 

I jet US first consider a detonation, beginning at the point x = 0 
at the time / = 0, with a state of rest, Uo = 0, ahead of it. As 
we saw at the end of Section 84, the velocity u behind the front is 
positive. The velocity of the reaction front is then determined from 
the three conservation laws. By Ud = Cd^ see (87.05), we denote 
the particular value of the gas velocity behind the detonation front 
which satisfies the Chapman-Jouguet condition. 

We start with the case 


( 90 . 01 ) 


Up > Ud 
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and maintain that then just one flow, involving a strong detonation 
front,\s possible. The state behind the front in this flow is constant; 
in particular the velocity u equals Up. The situation is similar to that 
in a flow involving a shock front. Since the strong detonation front 
is time-like when observed from behind, the remarks made at the 
beginning of Section 89 make it likely that no other solution exists. 
Next we show that whenever 

(90.02) Up < Ud 

a flow involving a Chapman-Jouguet detonation is possible. The 
gas flow u = Ud immediately behind the Chapman-Jouguet front 
need not be equal to the piston velocity Up . Adjustment in this 



Fig. 80. Chapman-Jouguet detonation. The 
flow of the burnt gas comes to rest through a 
centered rarefaction wave. 


case is effected by a centered simple move which follows the detonation 
front immediately, since both the front and the first sound wave in 
the simple wave move with sound velocity relative to the gas liehind 
the front, see Figure 80. Only if np = no does this rarefaction 
wave drop out. 

If the end of the tube is fixed, Up = 0, or withdrawn, u = up < 0, the 
present case applies. A Chapman-Jou^guet detonation is then possible. 
That this detonation is the one that actually occurs is essentially the 
famous Chapman-Jouguet hypothesis. 

On the basis of the present analysis a flow involving a weak 
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detonation would be possible for any piston velocity Up . If the 
velocity n immediately behind the front lies between Up and tin , 
the flow would also involve a centered rarefaction wave which, 
however, would lag behind the front. This wave would drop out if 
u = Up . \i u < Up , adjustment would be effected by a shock 
which also would lag behind the detonation. In the latter case 
u is restricted ton* value below a certain value u^^ < Up . For u — 
the shock and detonation fronts would coalesce and together have 
the same effect as a strong detonation. We do not discuss these 
matters in greater detail fpr the simple reason that weak detonations 
do not exist, as we shall show in Section 94; we mention them only 
in order to make it clear that weak detonations cannot be excluded 
on the basis of the three conservation laws alone. 

91. Solution of flow problems involving deflagrations 

In deflagration processes the situation is in many respects quite 
different from that encountered with detonation processes. Sup¬ 
pose a weak deflagration wave begins at the piston, x = 0, and 
moves into the unburnt gas at rest in the interior of the tube, a: > 0. 
Then by (84.05) the velocity u of the burnt gas behind the deflagration 
front is negative, u < 0. This is compatible with the conditions of 
the problem only if the piston is withdrawn with a speed at least equal 
to u. Otherwise it is impossible for a deflagration front to move into 
the quiet explosive gas. We have here the case BB; the line "18 is 
time-like with respect to the region behind it; an adjustment to a for¬ 
ward moving piston is impossible. Therefore the flow must neces¬ 
sarily take place according to a pattern different from that assumed 
in the preceding analysis. What actually happens is that a 
pre-compression wave is sent out into the explosive. It pushes the 
explosive gas ahead with a velocity just sufficient to ensure that it 
may come to rest when it is swept over and burnt by the deflagration 
front. 

The occurrence of a pre-compression wave is in complete agree¬ 
ment with, or rather a consequence of, the theoretical considerations 
of Section 88. Indeed, according to JougueFs rule, the flow ahead of 
a deflagration is subsonic (case B) and consequently the deflagration 
influences the state of the gas ahead of it. 

If the piston velocity is coi^stant, for example, if the piston is 
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kept fixed, Up = 0, a flow exists involving a constant deflagration 
and a centered pre-compression wave. (It is likely that this is 
the only solution of the flow problem.) A centered compression 
wave is nothing but a constant shock wave. The solution of the 
problem accordingly involves a constant pre-compression shock sent 
out into the unburnt gas compressing and accekrating the unburnt gas 
so that, through the constant deflagration wave following the shock wave, 
the gas burns and comes to rest or acquires the prescribed piston velocity, 
see Figure 81. 



shock and closed end up — 0. 

To each assumed pre-compression shock there is still a great 
variety of possible adjustments, either by a uniciuely determined 
weak deflagration wave (case BB) or by a strong deflagration wave 
(case BA) (whicli may be arbitrarily chosen within a one-parametric 
variety and is followed again by rarefaction or shock waves). These 
possibilities are, of course, limited by the condition that the velocity 
of each wave is less than that of the preceding wave. 

The main point in the discussion of deflagrations is that deflagra¬ 
tion processes have a higher degree of indeterminacy than detonation 
processes. Again it is necessary to exclude certain deflagration 
processes on the basis of a discussion of their internal mechanisms, 
although such processes are compatible with the conservation laws. 
We shall indicate such a discussion later on, see Sections 93 and 94. 
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The result will be that strong deflagrations are never possible and that 
weak deflagrations are possible only with a well determined speed Vq 
depending on the state of the unlmmt gas and also on the heat conductivity 
of the gases. On the basis of our previous discussion it could then be 
shown that, again, to every piston velocity Up a flow involving a con¬ 
stant pre-compression shock and a constant deflagration wave exists, 
under certain liijjif,ations for up . The limiting case is that in which 
the pre-compression shock coalesces with the deflagration. 

92, Detonation as a deflagration initiated by a shock 

A deflagration wave coalescing with its pre-compression shock 
wave is equivalent to a detonation wave, see Jouguet [64], v. Neumann 
[71]. Thus, by increasing the strength of the pre-compression wave 
so much that its speed equals that of a possible detonation, one 
may envisage a continuous transition from a deflagration process 
to a detonation process. We shall see in Section 94 that the inter¬ 
pretation of a detonation as a shock followed by a deflagration de¬ 
scribes to a certain extent the internal mechanism of a detonation 
process. 

The formal equivalence of these two processes is easily verified. 
Consider a shock with the velocity U through which the pressure po 
and the density po are raised to p* and p* and which produces a flux 
'm = pq{uq — U) = p*(n* — U). Let this shock be followed by a 
deflagration with the velocity U* through which the pressure p* 
and the density p* drop to pi and pi in such a way that the relative 
flux is the same as through the shock, m — — U*) = pi{ui— U*). 

It follows that both processes have the same velocity, = U, and 
hence coalesce if they did so at some initial time. From the mechan¬ 
ical conditions (84.0l-.02) the relation 

p^ - Po _ Pi - P* _ Pi - Po _ 

-- --— - 

r* — To Ti — r* Ti — To 

follows. Since the energy law takes the form vl + Eo = v% + = 

vl + El, it is clear that the transition from the state (0) to the state 
(1) is equivalent to a single reaction process. That this process is 
a detonation is seen from Figure 82 in which the Hugoniot curves 
for shocks and reaction processes are shown. There are two pro- 
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cesses beginning with (to , po) having the same flux m. Since the 
pressure drop in a weak deflagration is less than in a strong one we 



F'lo. 82. A detonation as a den igration coalescing 
with its pre-compression shock. The two curves are the 
Hugoniot curves with and without reaction. 


see: a strong detonation is equivalent to a shock followed by a weak de¬ 
flagration, and a weak detonation is equivalent to a shock followed by 
a strong deflagration. 


93. Deflagration zones of finite width 

We have seen that reaction processes are not determined by 
the conservation laws, as shocks are. To determine a reaction process 
its internal mechanism must be considered. A first step in this 
direction consists in assuming that the change of chemical composi¬ 
tion does not take place instantaneously as we have assumed so far, 
but occurs gradually over a zone of finite width. In this way v. 
Neumann [71] has arrived at a justification of the Chapman-Jouguet 
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hypothesis for detonations, see also [68]. Before presenting his argu¬ 
ment we shall first employ similar reasoning to exclude strong 
deflagrations. 

We assume a steady deflagration process takes place in a finite 
zone Xo < X < Xi , unburnt gas (0) being at the left, x < .To , burnt 
gas (1) at the right, x > Xi . The intermediate compositions of the 
gas are assumed««ftixtures of burnt and unburnt, gas. We denote by 
€ and (1 — e) respectively tlie fraction of burnt and unburnt gas in 
the mixture. The thermodynamic nature of the mixtures may 
be characterized by the U)tal energy as a function of r and p. 
We assume specifically that this total energy is the sum of the total 
energies that the burnt and unburnt gas contained in the mixture 
would have for the same values of r and p: 

(93.01) p) = (1 - 6)£"”(r, p) + €75'«(t, p). 

This assumption can b(‘ justified if the gases are ideal and accord¬ 
ingly E^"^ depends only on the temperature or, ignoring the variation 
of the molecular weight, only on the product rp. 

The reaction is to take place according to a definite reaction 
rate K which is a given function of T = Rpr, p, and e: 

(93.02) = K{T, p, e). 

All that we need know about the reaction rate is that it is not negative: 
(93.03) K{7\ p, e) > 0. 

(l^ater on we shall permit K to vanish at the ends of the reaction zone.) 
Since we are dealing with a steady process the reaction e(|uation 
(93.02) takes the form 

(93.04) = 

ax 

V, the velocity of the flow, is positive since the flow is to take place 
from the unburnt gas at Xo to the burnt gas at Xi > Xo. Therefore 
we have 
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Tho argiimont now is that the conservation laws should hold 
throughout the process, see [70], and that, therefore, the three laws 
(84.01-.03) in the form 


PqVq = peVe = W, 

(93.06) Po + PqVq = Pe + Ptvl , 

, Po) + PoTq + hi = , p,) + , 

should hold; here the subscript € indicates the values of quantities 
at the place at which the mixture ratio has the value e. Through 
elimination we obtain relations corresponding to (59.02) and (55.05), 


(93.07) 


Pe — Po 


— —m 


Tt — To 

(93.08) , V.) - , Po) = -hiu - ro)(p. + Po). 

Equation (93.07) means that in the (r, p)-plane the process is rep¬ 
resented by a straight line, or 


(93.09) 


dpt ^ Pt - Po 

dre — To ‘ 


Differentiating relation (93.08) we obtain by (93.01), (93.09), and 
(85.03) the relation 


(93.10) T, , p.) - , p.)] ^ . 


We use this relation in particular for e = 1. The right-hand member 
is then positive because of (93.05) and assumption (85.05). Since 

drt 

we are dealing with a deflagration we have --- > 0. Hence (93.10) 

(tx 

implies 

(93.11) ^ > 0 fo*" ‘ = 1- 


From inequality (87.11) we now see that the point (n , pO is a “first” 
point of intersection of the ray through (tq , po) with the Ilugoniot 
curve for e = 1, see Section 88. Hence the process is a weak 
deflagration. Thus it is shown that strong deflagrations are impossible. 
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The basis of the argument will become clearer if we consider the 
set of Hugoniot curves expressed, according to (86.06), by 

(93.12) p) = , po) - E^‘\n , Po) 

= e[£;‘“>(r„ , Po) - £;‘“(ro , po)l 

(in obvious notation). If the set of curves is as indicated in Figure 
83, a transitioaphfrom (to , po) to a ^'second’’ point of intersection 



Fig. 83. The impossibility of a strong deflagration. 



Fig. 84. A situation permitting a strong deflagration 
but excluded by conditions on the Hugoniot function. 

(n , pi) is not possible along the straight ray without passing through 
a region which would correspond to e > 1, which is meaningless. 
A situation, as indicated in Figure 84, in which it would be possible 
to reach such a pointy see [721, is excluded by condition (85.05), be- 
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cause from the definition of and (85.05) we have , pi) 

> y Pi) = 0, while the figure indicates , pi) < 0. 

The assumptions on which the argument was based are unrealistic 
in some respects. It has been assumed that no reaction takes place 
in the gas until it reaches the cross section x — Xoy when suddenly the 
reaction rate assumes a positive value. A more adequate description 
would be as follows: After ignition has taken place, the unburnt gas 
is heated through conduction from the parts already burnt; only 
when the unburnt gas has acquired a sufficiently high temperature 
will the reaction rate assume noticeable values increasing rapidly 
with increasing temperature. Thus a proper description of a de¬ 
flagration process should necessarily take heat conduction into ac¬ 
count. Only by accounting for bu^at conduction is it possible to under¬ 
stand why, among the set of weak deflagrations compatible with the 
conservation laws, only one with a particular velocity is possible. A 
discussion of this question will be given in Section 96. 

94, Detonation zones of finite width, Chapman^Jouguet 
hypothesis 

By analyzing the beginning of the reaction one could also show 
that a detonation cannot be described, in the same manner as we have 
described a deflagration, as a gradual change of state guided by the 
reaction rate. (Otherwise the preceding argument which excluded 
strong deflagrations would also exclude strong detonations in contra¬ 
diction to the facts). The proper description of a detonation is: 
a detonation is a combustion process initiated by a shock. Through 
the shock, pressure, density, temperature, and entropy are raised 
instantaneously; through the subsequent combustion process pressure 
and density are decreased again, while temperature and entropy rise 
further. Clearly, the combustion process in a detonation is of the 
same character as a deflagration except that it is initiated differently. 
Since strong deflagrations are not possible we see that those detona¬ 
tions are impossible in which the combustion process corresponds to 
a strong deflagration; these are the weak detonations as was shown 
in Section 92. Consequently, weak detonations are impossible. 
Thus only strong and Chapman-Jouguet detonations remain pos¬ 
sible; we have seen in Section 90 that it is plausible that then the 
flow process is uniquely determined. 

Consider the flow in which the detonation starts at the end of 
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a tube where a piston is moved with a velocity iip < Ud , see (90.02); 
for example, assume that the end is closed, tip = 0, or withdrawn. 
Up < 0. It was found that in this case no strong detonation is 
possible. Now we see that in this case only a Chapman-Jouguet 
detonation is possible. Thus we have justified the Chapman-Jouguet 
hypothesis, see Section 90. This justification is largely due to v. 
Neumann [71k 

95. The width of the reaction zone 

The width I of a deflagration or detonation zone can be calculated 
when the reaction rate K is known, by 

(95.01) I = Xx - a-o = [ de; 

Jo 

here K is a given function of p, r, and €, and v, p, r are known functions 
of € through relations (93.06). If, as is more appropriate to assume, 
the reaction rate vanishes for e = 1, the width I becomes infinite. 
In that case the definition of the width I is to be modified. It may 
be defined in a somewhat arbitrary way as the width of a zone over 
which the changes of the quantities T and € are noticeable. 

Often the reaction rate K is assumed to have the form 

(95.02) K = (1 - . 

Other semi-empirical expressions for the reaction rate, depending 
on the type of chemical reaction, have also been used. 

It turns out that the value of I is extremely sensitive to varia¬ 
tions of the coefficient A in the exponent in (95.02), which in general 
is not very accurately known. Therefore formula (95.01) has been 
used in the reverse direction to determine the value of A from the 
experimentally measured width of the reaction zone. 

96. The internal mechanism of a reaction process. 

Burning velocity 

Assuming that the chemical reaction takes place over a zone of 
finite width is only the first step in analyzing the mechanism of 
the reaction process. A more refined discussion would have to 
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account for the way in which the state of the gas changes in addition 
to the change of composition. It is natural to proceed in the same 
way as with shocks, see Section 63, and to introduce the effects of 
heat conduction and viscosity. The same objections to using these 
notions that were raised in the case of shocks could be raised here. 
But again it is probable that the picture developed on that basis is 
qualitatively correct. 

The differential equations, in a one-dimensional steady process, 
are then 

(96.01) pv — m — constant, 

(96.02) pv^ + p — pvx ~ P constant, 

(96.03) + 7^"^) — piVx — XTx = Q = constant, 

(96.04) V€x = K. 

The first two equations are the same as equations (63.05-.07), except 
for the presence of the total enthalpy 7^*^ which depends on the 
mixture ratio e and includes the energy of formation, sec Section 84 
and (93.01). Assuming the gas mixture is ideal, we have T = Rpr. 
The last equation (96.04) is the same as (93.04); K depends on T, 
p, and €. 

Once the three constants m, /^, Q are known, equations (96.02-.04) 
are three differential equations of the first order for the quantities 
Vj T, and e through which all other quantities can be expressed. 
As in the case of a shock we prescribe boundary conditions at a; = 
— oo and X — + . We assume the process to be backward-facing, 

so that the values v = Vq , t = tq y p ^ po, e =- 0 for the unburnt gas 
are to be prescribed at a; = — oo. The values v = Vi y r = n , 
p = Pi y e = 1 for the burnt gas are then prescribed at ;r = + qo . 
We seek a solution existing in the whole range — oo < < co and 

approaching values at x = ± oo in such a way that the derivatives 
Vx y Tx , and ex approach zero. To make this possible we require that 
the reaction rate K vanish for € = 1 and for r = ro, p = po, e = 0. 
The constants m, Py Q can then be expressed in terms of the boundary 
values. The requirement that these expressions have the same 
values for the states (0) and (1) imposes three conditions on the 
boundary values, which of course are nothing but the three conserva¬ 
tion lawSy (84.01~.03). We assume that these three conditions are 
satisfied. 
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The question then is whether any two such states (0) and (1) obeying 
the conservatim laws can be connected by solutions of the equations 
(96.02-.04), or whether additional conditions must be satisfied by 
the data. 

A preliminary investigation shows that the number of these con¬ 
ditions depends just on whether the flow in the states (0) or (1) is super¬ 
sonic or subsoni q^ in other words, it depends on whether the process 
is a weak or strong detonation or deflagration^ see [72]. More specific¬ 
ally it turns out that the number of conditions to be satisfied in the four 
cases just agrees with thejtegree of indeterminacy found in Section 89 
for flows involving any of these four processes. In other words, 
the “indeterminacy” of what might be called the “external flow prob¬ 
lem”, found by taking only the conservation laws into account, is 
balanced by the “over-detcrminacy of the internal flow problem.” 

A closer analysis of the solutions of equations (96.01-.04) gives 
the following results, see [72]. No conditions are to be imposed for 
strong detonations; one condition is to be imposed on weak detona¬ 
tions, namely that it reduces to the limiting case of a Chapman- 
Jouguet detonation (except if the reaction rate K assumes extremely 
high values which are probably excluded by additional physical con¬ 
ditions) . On the basis of such an analysis, strong deflagrations should 
be subjected to two conditions. A more refined analysis, however, 
shows that they do not exist at all, in agreement with the results of 
Section 93. 

For weak deflagrations the result is that the data at the two ends are 
subjected to one condition which depends essentially on the coefficient X 
of heat conduction. In other words only one point on the deflagration 
branch of the Hugoniot curve, Figure 76, is possible. Here we have 
a materially new result which could not have been derived by the 
considerations of Section 93. This condition does not apply to the 
combustion process occurring in a detonation because this process 
is initiated differently, by a shock. 

To illustrate these statements we consider the limiting case of an 
“almost constant pressure” deflagration, see Section 86. We assume 
that the velocity v is small of the same order as the heat conductivity 
X and the reaction rate K] further, that the variation of the pressure 
and the viscous stress nVx is of the same order of magnitude as , 
consistent with (96.02). We introduce e and T = Rpr as dependent 
variables. Equations (96.03~.04) then assume the form 
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(96.05) \Tx — = constant, 

(96.06) mt, = RvK{T, P, t)/T\ 


here the pressure p is a given constant. From these relations we 
obtain the equation 


(96.07) 


^ ^ m p) - 1 ^^^ T 

de X K(TyPy€) lip' 


A solution of this equation is to be found which satisfies T = To 
for e = Oy T = Ti for c = 1. The values To and Ti are restricted 
by the condition 

I^’‘\To,p) = /“\'A ,p) = 7® = 7<”. 


If m is nearly zero, the solution T = Tie) beginning with T(0) = 
To remains approximately constant. If m is very large, this so¬ 
lution will reach the value Ti before e has become equal to one. 
Consequently, there is one particular value of m for which this solu¬ 
tion just assumes the value Ti for € = 1. That m should have just 
this value is the condition to be imposed on the data. Thus, the 
relative burning velocity vq = mro is determined in its dependence 
on X, p. To y To y and the functions p) and K{Ty p, c). 


APPENDIX 


Wave Propagation in Elastic-Plastic Material 


97, The medium 

Solid matter is capable of elastic deformations under certain 
conditions, and of plastic changes in shape under others. The 
property of matter characterizing it as elastic or plastic can be ex¬ 
pressed mathematically by the relation existing between the stress 
and the strainy and will be defined in the following paragraphs, 
see also Section 5. 

In such elastic-plastic materials an important variation of wave 
propagation occurs which differs in many respects from wave motion 
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in gases. The decisive new feature (see the bibliography) is that 
shock waves and continuous simple waves occur in both expansive 
and compressive motion. It is also interesting that there is always 
a sonic discontinuity at the head of a rarefaction wave entering a zone 
in which the material is unstrained. In contrast to a gas, which ex¬ 
pands indefinitely under zero pressure, an elastic-plastic material 
assumes a well-(t@hned original state when it suffers no stress. 

The Lagrangian represerrtation seems the natural one to employ 
for the treatment of motion in such material. Let us consider an 
elastic-plastic cylindrical 4)ar of uniform cross section in its original 
(unstrained) state. When the bar is deformed in the direction of 
the axis, the axial coordinate .t of a particle depends on its “original’’ 
abscissa a and on the time t: x = .^(a, t). The strain is then defined 
in terms of the rate of change Xa = dx/da by 

(97.01) e = Xa - 1. 

When p is the density of mass and po the “original” density, 
we clearly have poda ^ pdx or 

(97.02) = (I + t). 

P 

The stress is the force per unit area acting in normal direction 
against a cross section; for the following considerations, however, 
a somewhat different quantity is to be used. Actually, the motion 
of the bar .loes not take place solely in the axial direction since an 
extension in the axial direction is always connected with a contraction 
in the perpendicular direction. Thus for the desired approximate 
one-dimensional treatment, the significant quantity is not the stress, 
but the total force acting in the normal direction against a cross 
section. This total force divided by the constant area of the original 
cross section, the so-called engineering stress^ is the one denoted in 
the following by a and simply called the stress. This stress is then 
assumed to be a known function of the strain 

(97.03) cr = (T{e), 

this function depending only on the nature of the material. One 
always has 

(97.04) <7 ^ O^for € ^ 0, 

that is, the stress is positive in tension and negative in compression 
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((T == 0 for € = 0 is true by definition). For most materials the 
further inequality 

(97.05) ^ > 0 

de 

is satisfied throughout; that is, increasing strain implies increasing 
stress. In the following discussion we assume relation (97.05) 
to hold. 

A material is called elastic when the stress depends linearly on 
the strain. Most materials are elastic when the strain does not 
exceed a certain limit, the critical strain e*. The stress-strain 
relation is then 

(97.06) (7 = £?€, I € I < 6* , 

the constant E being Young’s modulus. 

A material is here called plastic when the stress is a nonlinear 
function of the strain, the latter being greater than the critical 
strain. For the plastic region we assume 

0 <E, I « I > e* 

«€ 

I <0 . > „ 

5?1>0 

It should be noted that for some materials there is a certain range 
of values of the strain where the stress is independent of the strain 
but depends on the rate of strain. Some authors reserve the notion 
^‘plastic” for such a state of the material. We have excluded these 
cases by condition (97.05). A typical function <t = a{() is indicated 
in the accompanying graph, see Figure 85. 

It is interesting to compare the stress-strain relation for an elastic- 
plastic material with the adiabatic pressure-density relation for 
a polytropic gas. To this end we identify the pressure with the 
negative stress, p = — o- (although this is not quite proper since cr 
is the ‘‘engineering stress”)- We further set p = po/(l + e) in 
accordance with (97.02). Then the adiabatic relation for a gas 
becomes 

^ 

(l+€)^^ 


(97.07) 

and 

(97.08) 
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the graph of which is given in Figure 86. We observe that for tensile 
strain, € > 0, the trend of the two (c, a)-curves is the same, in that 



Fig. 85. Graph of the stress- 
strain relationship for an elastic- 
plastic material. 



Fig. 86. Graph of the “s tress- 
strain” relationship for a gas, 

<r = -p. 


dalde decreases for increasing e. However, for compressive strain, 
€ < 0, the slope da/dt decreases as e decreases for elastic-plastic 
material, while for gas it increases as 6 decreases. The significance 
of this fact will become apparent in the following sections. 


98. The equations of motion 

The motion of a particle with the original abscissa a is given by 
a function x = x{a, t) ; its velocity is therefore given by 


(98.01) 


u = Xt = 


dx 

m' 


The equation of motion, pUt = (Ta/xa , becomes by (97.01) and (97.02) 

(98.02) ut = g^tay 

with 

(98.03) 

As a second equation we have from (97.01) and (98.01) 

(98.04) — Vfa • 

The difference between the present equations and the form of 
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the Lagrangian equations which we have employed for gases, see 
Section 18, is that t is used instead of t = 1 /p, and a instead oih= p^a. 

The quantity g is clearly the rate of change da/dt with which a 
disturbance shifts from particle to particle. We call a rate of change 
da/dt a shift rate and g(e) is in particular called the characteristic 
shift rate. The shift rate g is connected with the sound speed c 
and the impedance k = pc, previously defined for gases, by the 
relations 



Po Po 


where c is defined by 


(98.06) 

In the elastic range, the shift rate 
(98.07) 

is constant while the sound speed c = {po/p)go is not. The graph of 
the characteristic shift rate g{e) is given below. In accordance 





Fig. 87. Graph of the rolationsliii) 
between the shift rate g and the 
strain e for an elastic-plastic material. 


Fig. 88. Graph of the relation¬ 
ship between the “shift rate” 
and the “strain” for a gas. 


with assumption (97.08), gie) decreases during tension when e be¬ 
comes larger than €« , and also during compression when e becomes 
smaller than — €♦ . 
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99 . Impact loading 

The basic problem of wave propagation in a bar of elastic-plastic 
material is concerned with the motion resulting from impact-loadmg^ 
i.e., from a velocity being suddenly imparted to one end of the bar 
and then maintained there. Pushing in or pulling out the end of 
the bar corresponds to pushing in or withdrawing the piston in a tube 
filled with gas.*"Vrom a receding piston a centered rarefaction wave 
is propagated into the gas. * We proceed to discuss the corresponding 
phenomenon when the end of the bar is pulled out. 

Imparting a constant velocity Uo to the end cross section is, 
as we shall see, equivalent to imparting to it a constant strain €o. 
If this strain eo is less than the critical strain e* , the strain resulting 
in the bar through wave propagation also remains below the critical 
strain. The wave propagation is, therefore, governed by linear dif¬ 
ferential equations with constant coefficients. If such is the case, 
initial discontinuities are propagated as discontinuities with constant 
characteristic shift rate. 

Whenever the initial strain €o is greater than the critical strain, 
the differential equations of propagation are nonlinear, and non¬ 
linearity implies: whether the initial discontinuity is propagated 
through a shock wave or smoothed out by a rarefaction wave depends 
on whether the characteristic shift rate g(e) increases or decreases with 
increasing e. According to the assumptions made here, see (97.08), 
g{€) decreases when e > increases. Consequently the influence 
of greater values of e is propagated with smaller speed. This fact 
entails that a suddenly imparted initial strain eo, when it is greater 
than the critical strain, is propagated through a rarefaction wave. 

In order to determine the resulting motion it is convenient to 
write the equations of motion in characteristic form, according to 
the methods of Section 22, 

(99.01) da == dzgdt, 

(99.02) du ^ g de = 0. 

Introducing the function 

(99.03) 0(c) = f gie) de, 

•^0 
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We can write equation (99.02) in the form 

(99.04) d{u 4= '^) =0. 

Suppose now that the bar lies along the positive a:-axis, x ^ 0, 
and the impact produces a velocity m„ < 0 at the end cross se^ion 



Fig. 89. Centered simple compression wave 
in an elastic-plastic material. The curve in 
the (a,e)-plane shows the distribution of strain 
in the elastic-plastic material at time h after a 
tensile impact. 


^ = 0. A centered simple wave will move in a forward direction. 
Across it M + <#>(e) is constant; since m = 0, <^>(e) = 0 for i = 0, a; > 0, 
we have, across the wave, 

(99.05) u + <^(«) = 0. 

In particular, the strain «o produced by the impact at the end cross 
section is such that 

(99.06) «„ = -,#,(«o). 

The quantity <j>{i) is called the impact velocity because —4>{e) 
is the velocity u that must be imparted to the end of the bar in 
order to produce the strain e there. 
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The influence of the impact travels with the shift rate ; hence 
we have 

(99.07) € = 0, M = 0 for 0 < < < - . 

do 

If €o < , the strain (of a particle with original position a) jumps 

from € = 0 to € = Co at the time i = ajg^ ^ while the velocity jumps 
from u = ^ tff^x = Afterwards the state remains constant; 

(99.08) € = €o, for t > - . 

If, however, €o > €♦ , the strain jumps from e = 0 to e = 6* 
at the time t = a/go, while the velocity jumps from = 0 to 
'll = — <^(6:tc). Afterwards there is a simple centered rarefaction 
wave which can be described by the parametric representation 

(99.09) n = -<#>(€), y = gie), for e* < € < €o. 

Accordingly, to every time in the interval (a/g{ei^) < t < (i/g{eo) 
values c and ti are uniquely assigned, since g{€) decreases with increas¬ 
ing € according to assumption (97.08). After the impact strain eo = 
~(t){uo) has been reached, the state remains constant: 

(99.10) € = €o, u — — <#>(€()), for t > • 

The motion would, of course, also be described by formulating the 
occurrence at a fixed time t = ti , Figure 89 corresponds to such a 
description. 

The discontinuity at the head of the wave is of particular interest. 
It does not deserve the name ‘‘shock'’ since it is “sonic", moving 
with the characteristic shift rate. It may be considered as a de¬ 
generate section of a simple wave due to the fact that all the char¬ 
acteristics a = ^(e)^ for 0 < € < €♦ have the same slope and thus 
coincide. 

We now discuss the case of an initial impact producing a positive 
velocity uo and hence a compressive strain co < 0. This case cor¬ 
responds to that of a piston suddenly pushed into a gas-filled tube. In 
the gas, as we know, a shock wave results. In the elastic-plastic 
material, however, the compression is propagated through a simple 
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wave with a discontinuous head just as a tensile impact would be 
propagated. The description of the wave can be obtained from 
that of the expansion wave by substituting —u for u in forniulas 
(99.05-.10). The simple wave derived from (99.09) is such that to 
every time in the interval a/g(—c^) < t < a/g{eo) values of e and u 
are uniquely assigned; this follows again from the fact that gie) 
decreases as e decreases from — €* to €o according to assumption 
(97.08). 

Quite generally, an initial discontinuity, as stated before, is 
propagated through a simple wave if, and only if, the characteristic 
shift rate g for the state ahead of the discontinuity is greater than 
the shift rate for the state behind the discontinuity. For the material 
considered we saw that this is the case for both a tensile and a com¬ 
pressive impact since gie) decreases as [ € | increases from €♦ on. In 
a gas, however, g{e) increases with decreasing e; therefore a com¬ 
pressive impact in a gas is propagated through a shock wave. 

It may be mentioned that there are materials for which assump¬ 
tion (97.07) is not satisfied and dg/de changes sign for sufficiently 
large strains. Then, if the impact is strong enough, the transition 
is propagated by a simple wave followed by a shock, the state in 
front of the shock being so determined that the characteristic shift 
rate of this state coincides with the shift rate of the shock wave 

100. Stopping shocks 

There is another peculiar situation in which shocks are propagated 
through an elastic-plastic material. So far, it has been assumed that 
the velocity imparted to one end is maintained there indefinitely 
by applying the appropriate stress, a = ^(eo). It is, of course, 
important to investigate what happens when this stress is suddenly 
released. The influence of this new discontinuity can certainly not 
be propagated through a simple wave since the characteristic shift 
rate g is smaller before stopping than after stopping. It is therefore 
to be expected that the influence of this stopping is propagated 
through a shock wave. This shock is of a particularly simple type 
due to the phenomenon of hysteresis: When a plastic material is 
released from a s'trained position it will not, on its return, obey the 
same stress-strain relation as when the strain was produced. The 
general experience is that on returning, the stress depends linearly on 



244 


ELASTIC-PLASTIC MATERIAL 


CHAP. Ill 


the strain, and that dtr/de = E as in the elastic state, see Figure 90. 
Therefore, when the stress has returned to zero, a “permanent” strain 
different from zero remains. The same then is true for the transition 



Fig. 90. Stress-strain graph illustrating the phenomenon 
of hysteresis in a plastic material. 

across a stopping shock. Let [a] and [e] be the differences of the 
values of a and e, respectively, in front of and behind the shock. 
Then, according to the property dafde = E formulated above, 

(100.01) [a] = E[e]. 

The shock transition relations for the Lagrangian representation were 
derived in Section 62. The first two of them can be written 

(100.02) [u] = — dfe], [a] = —pod[u]j 

where d is the shift rate of the shock, pod is the mass flux per unit 
area crossing the shock from front to back. Eliminating [u] we find 

(100.03) [a] = pod%]. 

Hence a = E/po or d = go. Thus it is seen that the shift rate d of 
the shock coincides with the characteristic shift rate go belonging to 
the elastic state. 

The third shock relation, expressing conservation of energy, can 
now be used to determine energy changes; but the shock is already 
determined by the first two conditions alone. It is in this respect 
that the present “stopping shock” is simpler in character than the 
shocks occurring in gas dynamics. 

The decisive feature of gas dynamical shocks is that they produce 
permanent changes in the conditions of the gas by increasing the 
entropy. One is tempted to consider the change of entropy as 
analogous to the permanent strain resulting after a stopping process. 
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This analogy, however, does not carry very far. Permanent changes 
in elastic-plastic material appear to V)e linked with the nonlinear 
phase of the process; in contrast to gases, they would also occur if 
the stress were reduced in a gradual manner. Therefore, permanent 
deformations can not be ascribed to the shock transition as such. 


lOL Interactions and reflections 

The stopping shock eventually catches up with the simple wave 
running ahead, and a more complex process of interactions ensues. 
Due to the simple nature of the shock it is possible to analyze this 
process of interaction in all detail. This has been done, but we shall 
refrain from reporting on the results here, mentioning only that the 
final permanent change of state of the material can be determined 
completely. 

Wave motion in elastic-plastic material has also been analyzed 
in another direction. The motion in a bar of finite length can Ije 
described by a succession of reflections. It is appropriate to intro¬ 
duce as new independent variables the velocity n and the impact 
velocity <t) = 0(e). Then equations (98.02) and (98.04) are trans¬ 
formed into the linear equations 

(101.01) = gU , Uu — gU j 

Avhere g may be considered a function of 0. When the other end of 
the bar, x — Ij is fixed, the velocity there is n — 0; hence the region 
in the (w, 0)-plane is the fixed strip 

Uq < U < Oy 0 < 0. 

It is to be borne in mind that in the (?q 0)-plane tlie image of 
a constant state is a point and the image of a simple wave is a line. 
The image of a region of interaction between incoming and refle(;ted 
waves is a triangle. The motion corresponding to this triangle can 
then be determined by an approximate method using characteristic 
lines. It is seen that on successive reflections the strain increases. 
Accordingly, the characteristics which coincided in the first simple 
wave and formed the elastic discontinuity front will, when continued 
through reflection, come into the nonlinear range and thus spread. 
Therefore the reflected waves have a continuous front. The char- 



246 


ELASTIC-PLASTIC MATERIAL 


CHAP. Ill 


acteristic line resulting through reflection from the one with e = €♦ 
is shown as a dotted line in figure 91. 

One more remark might be made in conclusion. The nature of 
the stress-strain relation is in reality not so well established as that 
for gases and varies considerably for different materials. Various 




Fig. 91. Graphic reinesentation of the motion of a bar as a succession 
of reflected waves in a (?^,^)-plane and an (a, 0-plane. 


approximate assumptions can be made. In particular, the relation 
a — die) can with sufficient approximation be so chosen that an 
explicit integration of the differential equations becomes possible. 
The assumption 


g = 


go 

ib + ey^ 


for instance, has proved to be very suitable for this purpose. In 
particular, the problem of reflection can be treated rather explicitly 
under this assumption and the final state approached as time in¬ 
creases indefinitely can be determined. 



CHAPTER IV 


Isentropic Irrotational Steady Plane Flow 


102. Analytical background 

Next in simplicity to one-dirnensional flow is Iwo-dimcmional 
or plane flow which is moreover steady, irrotational, and isentropic; 
see Sections 10, 13, and 16. Its theory parallels that of Chapter III. 

Lot us recall the analyticxil background developed in Section 16. 
Under our assumptions the flow is characterized by the two com¬ 
ponents Uy V of the velocity q as fumdions of the (-artesian ('oordi- 
nates x, y in the plane; similarly, p, p, a are functions of x, y alone, 
not depending on ? or on t and connected with q^ = by llei 

noulli’s equation 

(102.01) r/ + 2f = q^ = constant, 

see (16.02), which for poly tropic gases can be written in the form 

(102.02) + (1-m')c'‘ = c^, = i/q, 

see (14.07-.08). As we saw in Section 16, see (16.06-.07), the differ¬ 
ential ecpiations of motion are 

(102.03) Cx - Uy = 0, 

(102.04) (pu), + (py), = 0. 

The differential of p as a function of u and r, derived fiom (102.01), 
is given by 

(102.05) rdp = —c^^qdq — —c~^{udn + vdv)y 

see (16.04). Equation (102.04) can by (102.05) be written in the 
form 

(102.06) {c — u)njc — uv{uy -f- Vx) + (c“ — v^)vy = 0, 

see (16.08), in which is a given function of q^ = u by (102.01) 
or (102.02). 
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By int roducing a potential function <p{x, y), such that 
(102.07) = u^ (py = Vj 

see (l().10-.l 1), equation (102.06) becomes an equation of second 
order, 

(102.08) (c — pf)pxx — 2<PjiPyiPxy + {(^ — ^"v)^yy — 0. 

By introducing a stream function ^(x, ?/), such that 
(102.09) \[/j, = ~pv, ipy = pu, 

see (16.12), equation (102.03) becomes a differential equation of 
second order for \p. 

A general mathematical theory would attempt to analyze flow 
phenomena by formulating and solving appropriate boundary value 
problems for the differential equation (102.08). We shall discuss 
this genei'al point of view at the end of the chapter, in Part F. Tan¬ 
gible results, however, have so far been achieved primarily by study¬ 
ing special flow pattern;^. Most of this chapter is therefore concerned 
with methods of finding special solutions; these solutions are useful 
since they can be adapted to relatively simple boundary conditions. 


A. Hodograph Method 


103. Hodograph transformation 

Before turning to our main subject, we insert a brief account 
of the approach by the hodograph transformation, already indicated 
in Chapter II, Section 21. The extensive work which has been done 
on the basis of this method, initiated by Chaplygin [74, 75], is pri¬ 
marily concerned with subsonic flow and can not be described here in 
any detail. 

The differential equations (102.03), (102.06) are linear and 
homogeneous in the derivatives of u and?; with coefficients depending 
on u and v only. Therefore these equations are reducible to a pair 
of linear differential equations by introducing x and y as functions 
of the velocity components u and r, provided that the Jacobian 

(103.01) j = UxVy — UyVg 
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does not vanish, see Section 21. By means of the relations 

Ux jljv , Uy = -jXy , V, = -jyu , Vy = jXu, 

the two equations (102.03) and (102.06) are transformed into the 
two linear differential equations 


(103.02) 


Xv — ?/u = 0, 

{c - u^)y^ + uv{xy + ?/„) + {c - v^)Xu =■ 0 . 


The first equation implies that a fune>tion 4> = ^{u, v) exists such 
that the relations 


(103.03) = X, 4>, = y 

hold, and the second ecjuation then takes the form 

(103.04) (/ - + 2uv^„ + (c - y")<I>„„ = 0. 

The function ^(u, y), by the way, is the Legendre transform, see 
for example [32, p. 26], 

(103.05) ^ = ux + vy - v?, 

of the potential function (pix, y) whose derivatives are u = , 

V = <py and which obviously is represented by 

(P = J <Px dx + (py dy = Xipx 4 * y^Py — 4 >. 

It is worth while mentioning that a Legendre transform ^{pu, pv) 
can also be introduced for the stream function ypix^ y) by 

(103.06) '^(p^, p?d = piiy — pvx — ^{x, y). 

To the relations \px = —pv, = pu correspond the reciprocal ones 

(103.07) = y, ^pv = 

Equation (103.04) is a linear differential equation for 4>(t/, v)\ 
therefore once several solutions of it are found, a manifold of solu¬ 
tions can be obtained by superposition. Every solution v) 

defined in la certain region of the {u, v) plane leads to a flow given 
by u and v as functions of x and y provided that the Jacobian 

(103.08) J — “ Xuy„ x^yu 

does not vanish and hence x and y can be introduced as new vari- 
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ables by (103.03). Equation (103.04) is elliptic for subsonic flow, 
hyperbolic for supersonic flow. 

For subsonic flow the Jacobian J never vanishes unless 4>uu = 
= 0. For, by (103.04) we have 

{c - u)^l, + + (c' - = -(c* - ?/)(<!>„«$». - 4>l.) 

and, because "u = (f < (?, the left member here is a posi- 

live definite (|ffkdratic form in 4>nt, and 4>u«. A similar argument 
shows that the Jacobian j never vanishes for a non-constant sub¬ 
sonic flow. Thus the problem of subsonic flow is essentially 
equivalent to that of solving the linear equation (103.04). The 
advantage of linearity gained in this way is paid for by a complication 
in the boundary conditions; the boundaries in the ('W, i»)-plane, corre¬ 
sponding to given walls in the (a:, 2 /)-plane, depend on the solution of 
the problem. 

On the other hand the problem of supersonic flow is not just equiva¬ 
lent to solving equation (103.04) for the Jacobians J and J may change 
sign, as we saw in Section 30 and shall discuss again in Section 105. 
As was explained in Section 30, the hodograph of the flow is not simple 
if j changes sign; in this case, the image of the flow in the {u, i;)-plane 
covers certain parts of the flow two or three times. If J changes sign, 
the functions x(u, v)^ y(Uj v) do not represent a flow throughout the 
(x, 2 /)-plane since the image in the (x, z/)-plane possesses a fold covering 
certain parts two or three times. The edge of such a fold is called a 
‘‘limiting line.” We shall discuss these singularities in more detail in 
Section 105. 

In spite of the possibility of such singularities, one can obtain 
a number of special significant flow patterns, supersonic and subsonic, 
by the hodograph method. 

For this purpose it is convenient to use both the potential function 
ip and the stream function in addition to 4> and Considered as 
functions of u and v they satisfy linear differential equations which 
are obtained from 

<Pu^x “h ~ "1“ “ 2^) 

^puUx + ypvVx = ^uUy + \l/vVy = pu, 

together with (102.03) and (102.06) by eliminating Ux, Uy , Vx , Vy . 
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The result is the linear system 


(103.09) 


p(:V(pu — u<pv) + {urpu + v\l/v) = 0 , 

pciu<pu + Vifv) + {q ~ c)(v^u — uypr) = 0 . 


It polar coordinates q, B are introduced in the r)-plane through 

(103.10) u = <7 cos 0, V — 7 sin 

equations (103.09) become 


(103.11) 


P<P9 , 


pq<pq = 





from which equations for (p and xp can be found by eliminating \p 
or (p respectively. It may be noted that the Legendre transforms 
'I' as functions of q and 6 satisfy a similar system: 


(103.12) 




Q y 


which iseasily derived from (103.03), (103.07), (103.10), and the relation 

(103.13) d(pq) (^1 - p dq, 

which follows immediately from (102.05). The connection between 
the quantities ip and $ expressed by (103.05) assumes in polar co¬ 
ordinates, by (103.03), the form 

(103.14) ip = q^q ~ ipq =- q^g, , 

Equation (103.04) becomes 

(103.15) - (?* - c*)(g"'4>, + = 0; 

this relation can also be obtained by eliminating ^ from (103.12). 
The connection between the quantities \f/ and 4^, as expressed by 
(103.06), assumes by (103.07) and (103.13), the form 

(103.16) ^ = pq%, - = (l - 
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It is frequently more convenient to employ the relations 


(103.17) 


qyP^ = p{q% - , 

\pQ = p{q^,i + 


which follow from (103.11), (103.14), and (103.15) and determine the 
stream function ^ once a solution has been found. 

For later purposes we note that the Jacobian ./ given by (103.08) 
assumes in polar coordinates the form 

(103.18) q \iPqq{q<pq + ipee) — isPqB — q V^)^], 


as is easily verified. 


104. Special flows obtained by the hodograph method 

We now proceed to discuss some special flows. 

1. A simple solution of equation (103.15) is 

z= kd = A: arctan 

By (103.03) we have 

X — —kvq~^y y = kuq~^\ 

hence 

q = kr~^y u = /c?/r~^, v — —kxr^^. 

These relations represent a circulatory flow with the angular velocity 
kr~^. The corresponding stream function is found from (103.17) 



2. Another simple solution is given by 

\p = kOy 

for a function v? = ^piq) satisfying (103.11) can then be determined. 
Assuming that depends only on g, 4> = 4>(g), we derive from (103.17) 

4> = fc f q~^ dq. 

•'ffo 

From (103.03) we have 

X = kp~^(f%^ 


y = kp \ 
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and 


r — kp ^ 


Taking /c > 0 we can obtain q as a function of k V, 


q = Q{k V), 


and 

n = xr ~^Q{k~W), v =■ 7/r Y^(ArV). 


dliese formulas represent a purely radial flow. It is important* 
that the inversion of the relation r = kp ^q ^ is uiii(|uely possible 
only if q > Cia ov q < c+ ; for th(i derivative (p V/ — p (c — q 
see (103.13), vanishes for q = c and thus for r/ = c* . Here c* is 
the critical speed introduced in Section 15. The flow under con¬ 
sideration is therefore eiifur purely subsonic or purely supersonic. 
Evidently, the quantity p V \ considered as a 1 unction of ry, has a 
minimum for ([ = c* ; hence r > holds for both flows. 

In other words, both the subsonic and. the supersonic flows are confined 
to the exterior of a certain circle r — r^ at which the speed becomes sonic 
while the acceleration qdq/dr = pceiiq — c) ^ becomes infinite there. 
This circle r = r* is then a lirnitinq line of the flow, see Sections 30 
and 105. 

3. Superimposing the functions 4> tor the purely rjidial and the 
purely (hrculatory flow we obtain the function 


p~^ q~'^ dq 

0 

with the stream function 


4^ = koO k 


i 


pq ^ dq + kO. 

F urther 

X — i — koV + kp ^u)q y — (hvU + kp ^e)q 

and 

r = \/kt+'k^fr^<r'. 



The Jacobian J, see (103.08), is by (103.18), (103.13-.14), 

J = - klq * = -klq * + kVY\c " - qY. 

* See the discussion of nozzle flow later, Section 144. 
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Since this expiession varies from a finite negative value to infinity 
as q varies from the sound speed c* to the limit speed g, it is clear 
that J = 0 for a certain value qi > c* of q. It follows then that the 
solution represents hoo branches of a flow, one being purely supersonic, 
the other being partly subsonic partly supersonic. Both take place 
outside a certain circle r = ri which serves as a limiting line, see Fig- 



Fig. 1. Streamlines of a spiral flow showing a transition 
from subsonic to supersonic speed at the circle r = r* and a 
limiting circle r = n. 


The streamlines \l/ = constant of both flows are evidently spirals 
which meet the limiting circle at the angle arcsin c/q. This fact 
could be verified from the expression for the stream function by a 
direct calculation. 
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4. The spiral flow just discussed illustrates the possibility that 
gas may flow from a region in which the flow is supersonic to one in 
which it is subsonic or vice versa. A simple example of a flow being 
first subsonic, then supersonic, and finally subsonic again, was 
given by Ringleb [79]. Such flows are obtained by seeking solutions 
4>, 4^ or <p, \f/ which are products of functions of q with functions of 6. 
The simplest case is characterized by the functions 

\p = sin 6, (p = cos 6, 

which satisfy equations (103.11). From (103.17) one finds 



from which by (103.03) 

X = k f p~^ q^^ dq + kp~^ q~^ cos^ 6, 
y = kp"^ cos 6 sin 6. 


For small values of q we have 

k _ 1 _2 k —1 —2 • ^ 1 


and hence 

X '^r cos 26, y ^ r sin 26, ^ ~ kpo{r — x). 

Consequently, at great distances, the streamlines are approximately 
parabolas, r — x = constant. Furthermore the positive x-axis 
appears as a streamline since y = 0, x = 0, xp == 0 for 0 = 0 and 
0 = tt. Thus it would appear that the gas flows around a section 
of the positive x-axis. This is, however, not the case since the flow 
reaches a limiting line before it can turn around the edge, see Figure 2. 
The Jacobian J is found from (103.18), 

J = kY\c-\0S^6 ~ q-^). 

Therefore the limiting line is characterized by the condition | cos 0 | 
= q'~^c. This line consists of four branches. Two branches enter 
the x-axis perpendicularly, the other two extend to infinity with 
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X CO , These branches meet at a cusp characterized by = 


2c^ 


qc 


dc 

Jq' 


For a polytropic gas we find that the cusp is at g = 


\/2c* , c = \/(3 — y)/2c^ ; hence we have | cos 6 \ = cq ^ = ^\/3 — y 
there. A simple discussion then shows that there are streamlines 
passing near the cusp but not intersecting the limit line along which 
the flow is first sBbsonic, then supersonic, and finally subsonic again, 
see Figure 2. 



Fig. 2. Showing streamlines of Ilingleb’s flow with the limiting line JP 
and the circle on which the change from subsonic to supersonic flow takes 
place. 

Many other special flows can be obtained from special solutions 
of equation (103.15). For details we refer to the literature in the 
bibliography. 

105, The role of limiting lines and transition lines 

The method of hodograph transformation to obtain solutions 
of the flow equations is applicable only if neither the Jacobian 

J UxVy XtyV X 
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of the desired flow ii{x^ ?/), v{x, y) nor the Jacobian 

x^y^ ^vVu 

of tile solution x{u, li)^ y(u, v) of the linear hodograph equations 
vanishes. 

In Section 30 we have described the behavior of the hodograph 
mapping if either J = 0 or j = 0 along a ^'criticaP^ curve. For 
steady two-dimensional flow now under consideration the descrip¬ 
tion can be amplified by discussing the behavior of the streamlines 
and potential lines at a critical curve. 



Fig. 3. Limiting line in the (x/t/)-plane and critical curve in the 
(?/,?;)-plane. 

Suppose the Jacobian J vanishes for a solution a;(iq v)j y(iij v) of the 
linear hodograph eciuations along a critical curve in the (iq ?;)-plane. 
Then the mapping of the (?q r)-plane into the (:r, /y)-plane forms a 
fold in the (x, ?/)-plane. The edge of the fold, the limiting line^ 
was shown to be the envelope of one set of C-characteristics while 
the characteristics of the other kind have a cusp on the edge. Stream¬ 
lines and potential lines bisect the angles between the two C-char- 
acteristics, as will be shown in Section 106. Therefore they are not 
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tangential to the edge and are, consequently, images of curves crossing 
the critical line in the {u, t;)-plane in the exceptional direction. Hence, 
according to the statements made in Section 30, streamlines and 
potential lines in the (x, y)-plane also have cusps at the limiting line. 
Since the exceptional direction in the (w, i;)-plane is characteristic it 
follows that a critical curve in the (u, v)-plane can be characterized by 
the condition thm^ the images of streamlines and potential lines pass 
through it in a characteristic direction^ viz. the exceptional direction. 

This property may on occasion enable one to spot a critical curve: 
if one observes that the images of a potential line and a streamline 
in the (u, 2 ;)-plane are tangential to a characteristic or to each other, 
the occurrence of a critical curve in the (w, ?0-planc, or a limiting 
line in the (x, 2 /)-plane, is assured. Since the streamlines and po¬ 
tential lines have cusps at the limiting line, their curvature, in general, 
is infinite there. 



Fig. 4. Transition Mach line C+ in the (x,i/) -plane and edge characteristic 

r+ in the (m,v) -plane. 


A limiting line can never occur in an actual flow since the flow 
would have to perform a physically impossible reversal of its direction 
at a limiting line. Actually shock fronts will form before limiting 
lines are reached. 

We may consider now the other case, in which along a ^Transition 
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curve” in the (x, ?/)-plane the Jacobian j vanishes for a solution 
(u, v) of the flow equations. This transition curve, as was shown 
in Section 30, is a C-charac^teristic. The corresponding F-charac- 
teristic is the edge of the fold of the mapping of the (x, ?/)-plane into 
the (u, r) -plane. The other ^-characteristics cross the transition 
line in the exceptional direction. Therefore, the streamlines and 
the potential lines cross the transition line in non-exceptional direc¬ 
tions. Conseciucntly, the imcujes of streamlines and potential lines 
in the v)-plane are tangential to the V-characteristic which forms 
(he edge of the fold. Transition lines do occur in actual flow; for 
example in nozzle flow, as will be shown in Chapter V, Section 146. 


B. Characteristics and Simple Waves 


106. Characteristics. Mach lines and Mach angle 

From now on we shall be concerned primarily with supersonic 
flow assuming q > c^^ > c^ > 0. Then a large part of the theory 
is based on the characteristic transformation of the differential equa¬ 
tions. We recall from Section 23, the following facts: 

The C-characteristics of equations (102.03) and (102.06) satisfy 
the differential equation, see (23.07), 

(106.01) {c — u)dif^ -t- 2uvdydx -f- {c — i)^)dx = 0, 

or 

(?{dx^ + dy^) — {udy — vdxY, 

which yields two roots for the quotient dy/dx. The F-char- 

acteristics in the (w, ?’)-plane are the solutions of the equation, see 
(23.08), 

(106.02) (c^ — 'ii)du^ — 2uvdudv -f- (c^ — v^)dv^ = 0, 

or 

c^(du^ + dv^) = {udu -f vdv)^. 

Equation (106.01) for the C-characteristics depends on the par¬ 
ticular flow, while the F-characteristics are two fixed families of 
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curves in tlie (it, !>)-plii^ne; wc .shall describe them in detail in Sections 
107 and 108. 

Once the two roots ("4 , are determined irom etiiiation (106.01), 
this equation can be split into 

(106.03) t’+ : ?/„ = f+ x„ , C- : xi> . 

As shown in Sec,tt*nn 23, equation (106.02) then splits into 

(106.04) r+: : w,, = -(-+Cs • 

From these four characteristic equations the rt'lations 

(106.05) UaXj, + VnVti = 0, UfiX„ + = 0 

immediately follow; they express the important lact; 

If (u, v) and (x, y) are represtmted in tlu' same coordinate plane, 
Uie. direclions of the C-charactcrislice of one kind are perpendicular to the 
V-characteristics of the other kind. Or, more precisely, the directions of 
C+ and r_ and of C- and r4 through corresponding points {x, y) and 
(u, v) are perpendicular. 

Geometrically, we interpret the characteristic equations (106.03) 
and (106.04) by introducing the angle A between the direction of the 
flow velocity (m, ti) and that of the ^-characteristic {dx, dy) at a point 
(x, y) and the angle A' between the flow direction and that of the 
corresponding P-characteristic (du, dv) at the corresponding point 
(u, v). Then, with + v-, equation (106.01) can be written 

in the form 

(106.06) c' = g"sin"A, 

and (106.02) as 

(106.07) = f/cos^A'. 

Consequently, 

(106.08) A' = OO'^ - A. 

Relation (106.06) holds for both characteristics through a point. 
Consequently, both characteristics make the same angle, the Mach 
angle A, with the streamlines. Relations (106.06-.08) also imply: the 
component of the flow velocity normal to the direction of a characteristic 
C is equal to the sound speed, and similarly, the component of the flow 
velocity in the direction of a V-characteristic is equal to the sound speed. 
Suppose we denote by (7^ that C-characteristic which forms with 
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the flow direction the angle A in the positive sense, then the cor¬ 
responding F-characteristic l\ forms with the flow direction the 
angle A' = 90° — A since its direction is perpendicular to that of 
. Of course, then forms the angle —A with the flow direction 
and r„ the angle — A' = A — 90°, see Figiu-e 5. 




Fig. 5. Angles between the flow direction and the C- and F-characteristics. 

The characteristic equations can be most conveniently expressed 
by introducing the angle 6 between the flow direction and the positive 
a;-axis; then 

(106.09) u = gcos^, V = qsmd. 

The roots and , being the slopes of the characteristic directions, 

are then given by the relations 

(106.10) = tan (0 + A), = tan (0 - A), 

in which the choice of the sign in front of A corresponds to the con¬ 
vention just stipulated for the characteristics. With these notations 
the characteristic equations (106.03) and (106.04) assume the form 

(106.11) Va cos (0+A) = Xa sin (^d-A), 

ye cos (0—A) = sin (0—A), 

Va sin (0—A) = —Ua cos (0—A), 
vq sin (^+A) = — W/s cos (0+A). 


(106.12) 
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It should be noted that, in these equations, both B = arctan v/u and 
the Mach angle A are known as functions of u and v by (106.06) and 
Bernoulli’s law (102.01). For a polytropic gas we have from (102.02) 
the relation 

(106.13) sin^ A = “2 = - - — - l) ; 

q I - / 

here q = is the limit speed, see Chapter I, Section 15. 

The quantity 

(106.14) M = qjc = 1/sin A 

is called the Mach number of the flow. It is greater than one for 
supersonic flow. For sonic flow for which q = c or M = 1, we have 
A = 90°; the Mach directions then coincide and are perpendicular 
to the flow direction. When M —> oo we have A —> 0, hence the 
Mach directions approach the flow direction. In particular this is 
the case when cavitation is approached, c —> 0 and q—^q. 

The characteristics C are often called Mach lines. 


107, Characteristics in the hodograph plane as epicycloids 


If the gas is polytropic, the differential equation (106.02) for 
the r-characteristics can be solved explicitly. Geometrically ex¬ 
pressed: For poly tropic gases the T-characteristics in the {uy v)-plane are 
epicycloids generated by the points on the circumference of a circle of 

diameter c* — 1^ = ^ — c* which rolls on the ^‘sonic circle^^ 

u^ + — c% , 

A simple proof of this fact follows from the preceding geometrical 
interpretations: First, using Bernoulli’s equation in the form (102.02) 
we write equation (106.06) in the form 

(107.01) + (1 - m') sin' a} = cl . 


Secondly, we note that a F-characteristic is a curve which makes the 
angle A' = 90° — A with the direction of the vector q — {u, v). Now 


we consider Figure 6, in which a circle of radius r ~ 



touches, at the point T, the ‘^sonic” circle about 0 with radius c* . 
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OQ represents the vector g. If the outer circle rolls on the sonic 
circle, then the point T is the instantaneous center of rotation; 
hence the trajectory of Q is perpendicular to the segment TQ. To 



Fig. 6. r-cliaracteristics as epicycloids. 

identify T with the trajectory of Q, i.e. with an epicycloid as described, 
it is therefore sufficient to show that the angle OQT, temporarily 
called (T, is equal to the Mach angle A. Denoting the angle ORQ 

by so that 2^ OTQ = 90° + we obtain from the triangle ORQ 

the relation 

= (r + + / — 2r(r + c*) cos^ 

or 

or 


^ q , 
cos ~ = — sm a 
2 c* 




Through the relation 
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found from the triangle OQTy we find in turn 

(/I,/ + (1 - = cl. 

Comparing this result with (107.01) yields 

(T — A. 

Through each point of the annular ring cl < < q — 

cX in the (//., r)-plane theiv pass two epicycloids, so that this ring is 

covered with a net ot two families ot 1 -(‘haractca'istics as dc'scribed 
in the general theory of Chapter II, Section 22. 


108. Characteristics in the (u, v)-plane continued 

Independently of Section 107 we now d( termiiK^ the r-charac- 
teristics analytically as integral curves ol the oi'dinary differential 
eciuation (100.02). 

For this purpose it would seem natural to introduce polar co¬ 
ordinates q and 6 inste:iu of u and r by (103.10) and to try to int('grate 
the differential ecpiation 

(108.01) = ±(/(X)tA' = ±</tan A, 

which is cciuivalent to (100.12). It is simpler, however, to set up 
a system of differential eciualions for the components c and g of 
the vector (n, v) in, and perpondicular t-o, the direction of the T- 
characteristic considered. The angle which the direction of a F-char- 
acteristic makes with the positive w-axis is evidently 

CO = 0 + A' = 0 - A + 90° for r.f , 

(108.02) 

cc = d- A' = d + A- 90° for r_ . 

Accordingly, 

(108.03) dll sin oj — dycosoj = 0 

along r. From (106.07) and (108.02) we have 
(108.04) c — iicosoj + i^sinw; 
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introducing the component g by 

(108.05) g = vcoao) — usino), 

we have 

^ u = c cos 0 ) — (7 sin w, 

(108.06) 

V = c sin cj + g cos o). 

We now consider co as a parameter along T and determine c and g 
as functions of o). 



Fio. 7. Relationship between the angles d, 
0 ), A, and A'. 


By differentiating equation (108.06) with respect to w we obtain 
the relations 


(108.07) 


dll 

do) 

dv 

dco 


— cos CO — sin cj — (c sin co + ^ cos co), 

== Co, sin CO + ^ 0 , cos CO + (c cos co — gr sin co), 


which, when inserted into (108.03), yield 


(108.08) 


Ocs = -c. 


From Bernoulli's relation (102.02) for a polytropic gas we have 


(108.09) cl - c^ - Aq' - c) = 


from which, by differentiating with respect to co and using (108.08), 
' (108.10) c„ = mV- 
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The solution of the two equations (108.08) and (108.10) is evidently 
g = sin fiio) — co*), 

c = c* cos ijl{o) — (j 0 ^)j 


( 108 . 11 ) 


with an arbitrary constant oj* . Inserting this result in (108.06), 
we find the paj:c‘i^metric representation of the velocity components 


— = cOvS — 0 )*) cos CO + /i ^ sin ju(co — co*) sin co, 

(108.12) 

_!!_ = cos )Li(co — CO*) sin CO — /i ^ sin ijl(co — co*) cos co. 
c* 


The angle co — co* ranges from — 7 r/ 2 /i to T/2fjL since c > 0 . From 
(108.02) and (108.05) we have 


(108.13) 


g = —qsin A' = —q cos A for r+ , 
= q sin A' =7 cos A for r_ . 


Consequently g < 0 or g > 0 for the or r_-branch respectively; 
hence co > co* corresponds to the T\ -branch and co < co* to the 
r_-branch. From our construction it is obvious that all the curves 
represented by equations (108.12) an^ obtained by rotating one of 
them about the origin 0. 

The characteristics V are again easily identilied as epicycloids 


between th.e circles = c* and u“ + // 


^ 2 
2 c* 


a2 

q • 


Figure 


8 shows the various geometric (piantities involved. 
P'or later application we not(‘ the relation 


(108.14) tan A = m | cot jufco — co*) | 


which by (106.06) follows from (108.11) and the relation | <7 
— c^y imphed by (108.06). 


109. Simple waves 

The theory of simple waves is fundamental in building up the 
solutions of flow problems out of elementary flow patterns. Mathe¬ 
matically a simple wave was defined, in Section 29, as a flow in a 
region in the (a:, 1 /)-plane whose image in the (w, y)-plane is an arc of 
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one r-characteristic. It was shown that the simple wave region is 
swept by a one-parametric family of straight ^-characteristics, Mach 
lines, along each of which w, v and consequently c, p, p, r remain 
constant. A significant property is, see Section 29: A non-constant 
state of flow adjacent to a constant state is always a simple wave. Two- 
dimensional steady simple waves were discovered by Prandtl and 
the theory was elaborated by Meyer [100]. 



Ficj. 8. Construction of one pair of epicycloidal 
characteristics. 


The non-straight Mach lines in a simple wave may be called 
cross Mach lines. The image of each of them in the {u, r)-plane 
is the same F-charactcristic. (On occasion we shall call a simple 
wave a T^-wave or a r_-wave depending on whether the simple 
wave maps into a r+- or into a r_-characteristic.) Each straight 
Mach line is mapped into one point of this F-characteristic and its 
direction is perpendicular to the direction of this F-characteristic 
at this corresponding point. The angle co which the latter direction 
makes with the positive x-axis is therefore at the same time the 
angle which the straight Mach line makes with the positive !/-axis, 
see Figure 8. 
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The set of straight characteristics can be prescribed in the form 

(109.01) X -== a(o') — rsinwCo-), y = bia) + rcosa)(o-), 

with arbitrary functions a(cr), b(a), w(o-) of a parameter a. Here 
r is an abscissa along the straight line a = constant and co, according 
to Section 108, is the angle between the straight charactei’istic and 
the positive ?/-^^^is. The values of and c on each of these lines 
are given through tlui relal ions wlii(‘h represent the F-characteristic 
corresponding to the simple wave, in particular, for polytropic gases, 



Fig. 9. Three straight Mach lines C+, one streamline, and one 
cross Mach line C_ in a centered simple wave corresponding to a 
section of a r_-characteri8tic. 

through relations (108.12). Then the value of i and hence those of 
c, p and p on these lines are found from Bernoulli’s equation (102.01). 
That a flow so described really satisfies the differential equations 
(102.03) and (102.06) follows from the general theory of ('hapter 11, 
Section 29, but could, of course, be verified directly. 

If all straight characteristitrs pass through one point, called the 
center (i.Q. if afrr) and b{a) are constant), the wave is (allied a 
centered simple wave, see Figure 9. 

When a simple wave is traversed by letting the parameter a 
vary monotonically, the image point in the {u, ?;)-plane need not 
run monotonically through a section of the corresponding F-char- 
acteristic. Furthermore, the image point may touch the sonic 
circle (/ = and pass over from a F^-branch to a F_-branch or 
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vice versa. In such a transition the roles of 6% and as straight 
Mach lines interchange. 

In the following discussion we consider simple waves for which 
the corresponding section of the F-characteristic is traversed mono- 
tonically, or in which the angle co of the straight Mach lines with the 
y-axis changes monotonically with a. We may then identify the 



Fig. 10. Three straight C+-Mach lines (0,1,2) in a simple wave correspond¬ 
ing to a section (0-1-2) of a r_-characteristic. 

parameter a with the angle co. If the flow speed g of a gas particle 
increases as it crosses the simple wave and hence the pressure p, and 
also c and p, decrease, the wave is called an expansion or rarefaction 
wave; if the flow speed decreases, the wave is called a compression or 
condensation wave. 

We consider sections of simple waves bounded by two straight 
Mach lines, a streamline or an envelope of the Mach lines, and ex¬ 
tending indefinitely in one direction. Such sections occur as ele¬ 
ments in more complicated flow patterns. 

In Figure 10 we show expansion waves corresponding to a section 



270 


PLANE FLOW 


CHAP. IVB 


of a r_-charactcristic; tlie wave shown in Figure 11 turns from a 
compression wave into an expansion wave and corresponds to sec¬ 
tions of both and r_ curves. The flow of Figure 12 is a com- 



Fig. 11 . Simple wave leading supersonic flow through sonic 
flow to supersonic flow. 



pression wave corresponding to a section of a F^.-characteristic. 
In all these cases the angle co decreases in the direction of the flow. 
In Figure 13 we show a complete simple wave which corresponds to 
a whole arc r_ . 

In a complete simple wave the flow is sonic at one end and the 
flow direction is perpendicular to the Mach line CV there; at the 
other end, the speed is the limit speed g, and pressure, density, and 
sound speed are reduced to zero; a zone adjacent to this end would 
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therefore be a zone of cavitation. Since the Mach angle A is zero 
at this end, each Mach line C+ or approaches a streamline there. 



Fig. 13. Complete simple wave covered by 6V-Mach lines 
corresponding to the complete T-arc. 


Cavitation is approached across a F-wave in a polytropic gas 
when CO “ oj* approaches the value —^12^1 since then the Mach 
angle A, by (108.14), approaches the value zero. The angle 0 of 
flow direction, given by 0 = co + A' for a F^-wave, see (108.02), 
varies from the value 6^ — co^ to the value ^ = co* — 7r/2/i + ir/2. 
The total change of the angle 6 is therefore 


(109.02) 


^ — 



TT 

2 ’ 


Since /z < |, we have | 0 1 > 7 r/ 2 . 


The values of 



for various values of 7 are given in Table II, Section 116. 


110, Explicit formulas for streamlines and cross Mach lines in 
a simple wave 

It is easy to determine explicitly any streamline or crass Mach 
line in a simple wave if one streamline or one cross Mach line respec- 


toi ^ 
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lively is prescribed. We employ the representation (109.01) and 
assume that x = aia), y = b{a) represents the given initial stream¬ 
line or cross Mach line; the parameter r then measures the distance of 
a point from this initial curve along the straight Mach line through it. 
Along a streamline we have by the definition of d 

( 110 . 01 ) ^ = tme 

ax 

and along a cross Mach line in a F-j.- or r_-wave we have by (100.11) 

(110.02) ^=tan(0±A). 

Along the initial curve x = a(o-), y = b{a) we prescribe th(' 
distribution of 6 and A such that relation (110.01) or (110.02) holds. 

It is convenient to use the angle o) defined by (108.02), and to 
consider A a given function of co which for polytropic gases is given 
by (108.14). We assume that w = o}(a) is prescribed on the initial 
curve. 

The relations (110.01) and (110.02) may then be written in 
the form 

(110.03) cos(co + kA)xe + sin(w 4: kA)ya = 0 

with k ■■= ztl for a streamline, fc = ±2 for a cross Mach line, the 

upper sign referring to a r+-wavo, the lower one to a r_-wave. We 

insert into relation (110.03) the expressions 

Xff = — rwa cos CO — r^sinco, 

(110.04) 

y<r = ba ~ sin 0 ) + cos co, 

which result from (109.01) by differentiation. Observing that the 
functions x = a(cr), y == bia), representing the initial curve, satisfy 
relations (110.03) we obtain 

(110.05) Ta — r cot kA co^, 

and, through integration, 

(110.06) r = roexp f cotfcAdw 

•'«0 

with arbitrary values of ro and wo. We note that A is a known 
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iunclion of co, and co(o-) is prescribed. For polytropic gases we have 
by (108.14) 

± cot A = /X ^ tan — co*), 

(110.07) 

± cot 2A = rb^cotA — tan A) 

= ^[/i Han /i(co ~ o)*) — M cot/x(a' — w*)]. 

Hence (110.06) leads to 

(110.08) r — R cos~^ V(w — o)*) 

as the representation of the streamlines and to 

(110.09) r = Rcos~^^ ^ 11(03 — co*) sin"~V(w — oj^) 

as the representation of the cross Mach lines^ with appropriate 
constants R. 

An interesting observation can be made from relations (110.08) 
and (110.09), namely that, as cavitation is approached, w — w* —> 

TT 

— —, both the distance between streamlines and the distance be- 

2/i 

tween cross Mach lines increase indefinitely. 

For streamlines in centered simple waves in which a = 6 = 0 the 
relations (110.05) have a simple physical interpretation. Along 
a streamline we identify the parameter o- with the time t. Then 
ra = f is the radial velocity and co^ = w the angular velocity. Com¬ 
paring equations (110.04) with (108.06) we are led to identify 

f == f7, roj = — c, 

in agreement with the meaning of g as the component of the flow 
velocity in the direction of the straight Mach line and of c as the 
perpendicular component. 


Ill, Flow around a bend or corner. Construction of 8im-> 
pie waves 

Supersonic flow around a bend or sharp corner, one of the most 
important elementary flows, is effected by a simple wave. We 
suppose, see Figure 14, that the flow arrives with a constant velocity qo 
along a wall which is straight up to a point A, then bends along a 
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smooth bend K from A to B and continues straight beyond the point 
B. We further assume that the oncoming flow is of constant state 
in a region adjacent to the straight part of the wall before A. Then 
the question is: How does the flow turn the corner? Or how does 
the flow continue along the bend K and along the straight wall 
beyond B7 

If the oiw^ming flow is subsonic, the problem involves potential 
flow, governed by an elliptic differential equation whose solution 
at any point depends on the boundary conditions even at remote 
parts of the boundary. 



Fig. 14. Flow around a bend effected by a simple 
expansion wave. 

We confine ourselves, however, to the case of supersonic flow. 
Then the solution is much simpler. It can be obtained by piecing 
together three domains of the flow that have essentially different 
analytic character. These are the zone (I) of constant state of 
the oncoming flow, a simple wave (II) which follows and through 
which the flow effects its turn, and finally a zone (III) also of constant 
state which may be either a zone of flow parallel to the straight wall 
beyond B (if the simple wave effects the complete turn prescribed 
by the bend) or a zone of cavitation (if the flow has expanded to 
zero density before the full turn around the bend has been achieved). 

Let us construct this solution in detail. First, the zone (I) of 
constant state is terminated by a Mach line of characteristic C+ or 
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Cl which forms the Mach angle Ao, defined by 

(111.01) sin Ao = - , 

Qo 

with the direction of incoming flow, i.e., with the straight wall. 
This angle Ao is known since the state (0) or (I), and hence the cor¬ 
responding sound speed Co, is known. The variation of the flow 
starts at one of two possible Mach lines, one inclined downstream and 
one inclined upstream. For the moment we discuss the first possi¬ 
bility in which the transition Mach line is C^. The straight Mach 
lines are then C^-lines and the adjacent simple wave corresponds to 
a section of a r_-wave if, as in Figure 15, the angle 6 of flow direction 
decreases. The speed q then evidently increases, see the figure, and 
thus the wave is a rarefaction or expansion wave. To construct the 
simple wave we need only realize that the wall including the bend is 
a streamline and that hence at each point P of the bend the direction 
of the bend is that of the flow. The known flow velocity {uo , Vo) 
on the transition Mach line C'l is represented by a point in the {u, v)- 
plane through which the r_-characteristic representing the simple 
wave is determined. Along this r_-characteristic u, v, q and hence 
also Cj Ay py and p are known functions of $. For poly tropic gases 
one can determine the angle cj as a function of 6 by inverting the 
formulas (108.02) in which A is a given function of co by (108.14) 
once CO* is known. More about this will be said in Section 116. 

Here we describe a geometric procedure for a polytropic gas. 
We pass the complete epicycloidal arc r_ through the point 
{'Uo , Vq) = (qo , 0) in the (w, t^)-plane corresponding to the given initial 
state. On it the point Ai at the distance qo from 0 corresponds to 
the beginning A of the bend. The angle at 0 subtended by the epi¬ 
cycloidal arc SAi is the angle 0* = co* . To any point P on the bend 
K we obtain the corresponding position Pi on r_ by drawing OPi 
parallel to the tangent on K at P. The straight Mach line 
through P is then determined as the line perpendicular to the direc¬ 
tion that r_ has at Pi, i.e., parallel to the line PPi, T being the 
point of contact between the rolling and the fixed circle. Along ( 7 + 
the velocity 5 is parallel to the line OPi and the speed q is given by 
the length of OPi. 

If each point P of the bend has an image Pi on r then the arc 
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AiBi of r_ represents the incomplete simple wave from which the 
flow emerges parallel to the straight wall beyond B with the speed 
equal to the length of the segment OBi. 

Tf, however, the l)end is too strong, i.e., if the end Bi of the arc 
r, at which T touches the limit circle q — q, corresponds to a point 
of the bend between A and /i, then the simple wave is completed 
by the Mach line (7 , through J5, whic^h is then tangent to the bend 
at B; beyond this Mach line there will be (*avitation, see Section 109, 



Fig. 16. Incomplete centered simple wave (air, y = 1.4). 


and the flow in the wave zone (II) will acquire asymptotically the 
direction of this terminal Mach line. 

'll V q 

By using the non-dimensional quantities m, we can 

carry out this continuation with one single epicycloidal arc F, depend¬ 
ing on ju only. It is obvious how to proceed graphically; forex- 
ample, by using an arc V drawn on transparent paper. 

All of the preceding discussion has referred to a bend K with con¬ 
tinuously turning tangent. The entire treatment, however, holds just 
as well for the idealized case where the gradual bend is replaced by a 
sharp comer /C, see Figure 16. Then the flow arrives along the wall 
before K and suddenly turns at K into a new direction. The turn, 
discontinuous at the corner K, is smoothed out into a continuous turn 
inside the flow region; it is effected by a centered simple wave^ swept 
by a set of characteristics all of which come from the center K. 
The previous discussion remains unchanged except that the angle 
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indicating the direction of the flow along the bend K loses its meaning. 
A complete centered simple wave which is entered by the constant 
flow in the x-direction through a sonic Mach line in the y-direction, 
0* = CO* = 0, is shown in Figure 17 with streamlines, straight char¬ 
acteristics C+ meeting in the center 0, and curved characteristics ( 7 _ . 



Fig. 17. Complete centered simple wave (air, y — 1.4). 


This complete simple wave is bounded by two regions of constant 
state, one of sonic flow, the other of cavitation. Figure IG shows an 
incomplete centered simple wave bounded by two constant states. 
The incomplete wave corresponds to a sector, outlined in 
Figure 17, cut out of the complete wave, and the states on either 
side of the incomplete wave are constant. In the regions of con¬ 
stant state the straight Mach lines are parallel and the cross 
Mach lines (T continue straight and parallel out of the incomplete 
simple wave; both cut the streamlines at a constant Mach angle. 


112. Compression waves. Flow in a concave bend and along a 
hump 

The simple wave considered in the preceding section was an 
expansion wave around a convex bend. However, compression 
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Fio. 18. Simple expansion (top) and compres¬ 
sion wave (center) which can turn the oncoming flow 
with velocity ^0 around a convex bend K, 

waves in a flow around a convex bend or corner are equally possible, 
as is immediately seen, for example, by considering the flow which 
is the reverse of an expansion wave, see Figure 18. In the preceding 
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sections we selected those solutions of the differential equations 
which yield expansion waves along the bend K by choosing the 
branch of the epicycloid from the point Ai in the (n, -plane which 
leads to larger values of q — u H- and hence to smaller values 
of p and p. However, for a given bend or corner we might just as 



Fig. 19. Simple compression (top) and expansion wave 
(bottom) which can turn the oncoming flow with velocity 
qo in aconcave bend. 

well have chosen the r+-branch of the epicycloid through the point 
Uo , Vo in the hodograph plane, which corresponds to decreasing 
speed q when the flow angle B decreases and thus to increasing pressure 
and density. All our arguments and formulas remain essentially 
the same for the choice of a characteristic arc r+ representing a com¬ 
pression. 

For compression waves the characteristics C_ along which w, v, 
p, c, p remain constant are the Mach lines inclined, not downstream but 
upstream, against the streamlines, as indicated in Figure 18 (center). 

What actually happens in an individual case, whether an expansion 
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or a compression occurs in flow around a corner or a bend of a wall, 
depends on conditions on oilier parts of the boundary, as will be ex¬ 
plained in the following section. 

So far we have assumed that the flow turns around a convex bend. 
In the same way we can handle the case of flow turning in a concave 
bend. In the ^^normal’^ case in which the straight Mach lines issuing 
from the wall are inclined downstream we have a compression wave; 
in the ''exceptional' case in which the straight Mach lines issuing from 
the wall are inclined upstream we have an expansion wave. Such 
an exceptional expansion wave can be considered as the reverse of a 



Fig. 20. Simple wave flow along a bump in a straight wall. 


certain “normal" flow. We note that, in both cases the straight Mach 
lines eventually form an envelope so that the flow can be described 
by a simple wave only in a neighborhood of the wall which becomes 
smaller as the curvature of the bend increases. Therefore, in the 
limiting case of a sharp corner this neighborhood shrinks to the vertex 
itself; then no continuous flow in any neighborhood of the corner is 
possible. In the general case, the occurrence of an envelope, or more 
generally, the intersection of our straight characteristics indicates that 
at least at some distance from the corner a discontinuity must develop. 
We shall treat flows in concave bends or corners in the next part with 
the aid of the shock theory. 

Of considerable interest is the flow along a wavy wall or simply the 
flow along a wall which is straight except for a “bump." In the nor¬ 
mal case, as we shall show in the next article, the straight Mach lines 
issuing from the beginning of the bump are inclined downstream. 
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Suppose the bump is an indentation into the flow region, see Figure 20. 
Then the resulting simple wave is first a compression wave, then an 
expansion wave, and finally a compression wave again. The final 
flow velocity agrees with the initial one. 


113, Supersojjjj^c flow in a two-dimensional duct 

The reason why the flow around or in a bend is under normal 
circumstances a simply wave whose straight Mach lines viewed from 
the bend are inclined downstream becomes clear when such a flow 
is regarded as the limiting case of a flow in a duct, one wall of which 



Fig. 21. Supersonic flow in a duct showing 
simple expansion and compression waves adjacent to 
the parallel flow with straight Mach lines inclined 
towards the flow. 

is removed to infinity. We consider a two-dimensional duct bounded 
by two walls beginning with a straight parallel entrance section in 
which the flow is assumed to arrive with constant supersonic velocity 
5o. When the flow passes the points P+ and at the two walls at 
which the bend begins, it starts to deviate from a constant parallel 
flow. To determine where each gas particle changes its velocity, one 
draws those Mach lines issuing from the points P 4 and P- which are 
inclined downstream, i.e. the C+dine from the point P+ at the wall to 
the right and the C--line from the point P_ at the wall to the left. 
Each particle moves with the velocity go until it meets one of these two 
‘Transition'^ Mach lines; thisijollows from the theory of the uniqueness 
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of the solutions of hyperbolic differential equations, see Section 
24. Beyond the transition Mach hne, the flow is a simple wave 
according to the fundamental theorem of Chapter II, see Section 
24. It is thus well determined which type of a simple wave occurs. 

Suppose now one of the walls is removed to infinity; then the 
remaining transition Mach line starting at the remaining wall is 
inclined downstream. Thus under normal circumstances this is 
what occurs. We shall see below under which special circumstances 
the straight Mach lines of the simple wave are inclined upstream. 

In Figure 21 we have shown a flow in a duct for which the two 
transition Mach lines intersect inside the duct at a point Q. There¬ 
fore two simple waves W+ and arise. The continuations of the 
Mach lines C+ and C_ through the waves W- and respectively 
are cross Mach lines of these waves and intersect the walls (if at all) 
at the points and respectively. These continued Mach lines 
then delimit the simple wave regions. Beyond them an interaction 
process begins which no longer results in a simple wave. About 
such interaction processes we shall say more in the next section. 

A somewhat different flow pattern arises if one of the Mach lines, 
(7+ say, issuing from the point at the beginning of a bend, meets 
the opposite wall at a point R.^ at which this wall is still straight. 
Then this Mach line is the only transition Mach line and only one 
simple wave zone occurs, see Figure 22. This simple wave region 
is bounded by the cross Mach line, the ''reflected’' transition Mach 
line, which issues from the point R+ at which the transition Mach 
line meets the opposite wall. The interaction flow beyond that 
"reflected” Mach line may be called in a convenient but not quite 
proper way "superposition of incoming and reflected simple wave.” 

There is a special case in which the "reflected wave” drops out, 
in which the flow even beyond the "reflected” transition Mach line 
remains a simple wave. This happens if, at the point R^ , the 
intersection of the transition Mach line and the opposite wall, the 
opposite wall bends in such a way that it coincides with a stream¬ 
line of the simple wave which is then continued past the 
reflected transition Mach line. In that case the continued flow 
is just this continued simple wave, see Figure 23. We note that 
this simple wave flow when observed from the opposite wall is one 
whose Mach lines are inclined against the flow direction, Thu^ we 
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see that such a simple wave flow is possible, but only under extremely 
special circumstances. 



Fig. 22. Supersonic flow in a duct with one 
simple expansion wave and its “reflected” wave. 



Fig. 23. Supersonic flow in a duct with one 
simple expansion wave whose “reflected” wave 
drops out. 


From the properties of simple waves we can easily see how to 
construct a duct through which a uniform parallel flow can be turned 
into another flow which is also uniform and parallel but is com¬ 
pressed and has a different direction. The direction of the plane wall 
at a point R is simply changed into the desired new direction and the 
opposite wall is built in such a way that it forms the streamline of 
the backward inclined centered simple wave with center R, see 
Figure 24. (This construction plays a decisive role in the nozzle 
designed by Oswatitch [148].) 
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An exceptionally interesting problem is to shape the end section 
of an otherwise fixed two-dimensional duct in such a manner that 
the flow assumed to enter the duct with an appropriate Mach number 
emerges from it ivith constant parallel velocity. The solution of this 
problem can be found with the aid of simple waves. Suppose the 
duct is to be adjusted beyond two points A^ and A_ at the upper 



Fig. 24. Ducts through which supersonic parallel flow is changed through 
a centered simple w^ave into sonic flow with a different direction. 

and lower wall respectively. The entrance Mach number and the 
shape of the walls up to these two points determine the flow in a 
I’egion bounded by a CT-Mach line through and a C+-Mach line 
through A - , up to their intersection at a point 0 as indicated in 
Figure 25. We construct the continuation of tlie duct beyond A+ 
and A_- in such a way that eventually the flow velocity everywhere 
equals the velocity q at the point 0. More precisely, the two Mach 
lines and Ci through 0 shall be the lines across which the transition 
to constant parallel flow takes place. Consequently, these Mach 
lines are to be straight and the flow adjacent to each of them should 
be a simple wave. Of these simple waves two cross Mach lines 
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are known together with the distribution of velocity, sound speed, 
density, and pressure along them. As was shown earlier, in Section 
110, a simple wave is determined by these data. In particular, the 
streamlines through the points A+ and A- are determined. They 





Fig. 25. Construction of the exit section of a duct 
through which the flow is straightened out. 


are to be employed as the walls of the exit section of the duct up to 
the points 13+ or I3~ at which they intersect the two straight Mach 
lines C+ and Ci issuing from 0. From there on the duct is continued 
straight in the direction of the final flow velocity. 

The direction of the flow discussed may just as well be reversed 
and therefore the construction to straighten out a two-dimensional 
flow can also be employed to construct an cH/Itciticg sccHoti of o two- 
dimensional duct through which a constant 'parallel flow may enter 
and be changed gradually without discontinuities, see also Section 150. 

114. Interaction of simple waves. Reflection on a rigid wall 

When two simple waves, (I), (II) such as issue from opposite 
sides of a duct, interact, we must anticipate a situation as indicated 


INTERACTION OF SIMPLE WAVES 


287 




Fig. 26. Interaction of two centered simple waves 
showing the region of penetration III. 

in Figure 26, analogous to the situation when two non-steady 
rarefaction waves in one dimension interact, see Section 82, Chapter 
III. There will be a zone (III) of penetration bounded by a char- 


288 


PLANE FLOW 


CHAP. IVB 


acteristic quadrangle. Suppose the two sides of the duct possess 
two short bends and then continue straight; then two simple waves 
(I'), (11') emerge again from the zone of penetration. It the two 
interacting waves (I) and (II) are known, then the emerging waves 
(!') and (IT) can be found easily without solving the differential 
equations in the penetration zone; that is, we can determine the 
waves (!') (Il'iiJn the sense that the corresponding characteristic 
arcs r, or u and v as functions of the angle of direction 6 of the straight 
Mach lines, can be found from Figure 26 (or from corresponding 
analytic relations). 

Suppose that in the domain (0) we have a constant supersonic 
velocity Uq , Vo, say Uq = qq > , Vq = 0. Then in the hodograph 

plane the two waves (I), (II) are represented by two arcs of epi¬ 
cycloids 0-1 and 0-2 respectively. The waves (I'), (IF) are again 
represented by two epicycloidal arcs, 1-3 and 2-3, and the latter 
define as their intersection the point 3, representing the ultimate 
state of the fluid after the particles pass both waves. 

The outcome of a n flection on a rigid ivall simply corresponds to 
the interaction of two symmetric waves with the wall as the line of 
symmetry. 

The preceding reasoning does not give detailed information about 
the width of the transmitted waves, the distribution of the straight 
characteristics C in them, or the state in the zone of penetration 
(III). To obtain such detailed information we have to detei’miiu' 
the flow in zone (HI), and for this purpose we must revert to tlu' 
general differential equations of flow (102.03) and (102.00). Along 
the two known characteristic arcs AoAi and AqA 2 ^ see Figure 2t), 
which bound the end of the incoming simple waves, the values of 
n and v are known corresponding to the two given arcs V which 
represent (I) and (II). With these initial data we must solve tlu' 
equations (102.03) and (102.00). In other words, our task is llu‘ 
solution of a characteristic initial value problem as described i!i 
Section 24, Chapter II. Solving it determines the two families of 
characteristics C covering (III), and in particular the characteristic 
arcs A\Az and A^Az . These arcs are cross Mach lines for the simple 
waves (I'), (TI'), which can therefore be immediately constructed, 
see Section 110. 

For the method of solving the characteristic initial value proldem 
see the remarks in Section 24,^and the literature quoted there. 

Numerical or graphical integration is not difficult on the basi« 



JETS 


289 


of this theory and has been carried out in many cases, see for example, 
[103]. The method is similar to that explained in Chapter II, Sec¬ 
tion 24, and Chapter III, Section 83. 


115. Jets 

As an example of the interaction of simple waves we indicate a 
description of phenomena created in a jet by gas streaming in parallel 
supersonic flow out of an orifice into the atmosphere*, see Figure 27. 



Fig. 27. Wave pattern in a jet resulting when a parallel 
flow enters a region of lower pressure. 

On the basis of observation we suppose tiiat the jet of escaping gas is 
separated from the quiet air at atmospheric pressure by a boundary 
consisting of a discontinuity surface (actually by a vortex layer 
which becomes thicker along the jet and may ultimately consume it). 
Furthermore, we consider two-dimensional, steady, and isentroinc 
flow, and we assume that the pressure po in the oncoming parallel 
gas flow is greater than the atmospheric pressure p,,. Then a 
simplified description of the phenomenon (as long as the jet is not 
yet destroyed by the vortex layer) is as follows, see also Section 148. 
At the corners of the orifice the compressed gas expands in two 

* In Chapter V we shall study jet flows in more detail. 
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symmetrical centered simple waves to atmospheric pressure. These 
two simple waves interact and emerge again as simple waves from 
their zone of penetration. From the discontinuity surface which 
forms the boundary of the jet the two simple waves are reflected 
again as simple waves which penetrate each other and continue as 
simple waves. These latter waves are compression waves inasmuch 
as the gas flowing through them increases in density. These waves 
therefore lead to shocks unless, as Prandtl assumed, they are each 
centered on the opposite side of the boundary. This assumption is 
approximately justifiable for small pressure differences po — Pa . As 
in Figure 27, the pattern’"is assumed to repeat itself, and to continue 
periodically until the vortex layer on the boundary causes the 
disintegration of the phenomenon. 

The velocity of the emerging gas determines a corresponding 
point 0 in the (u, i^)-plane. Since the pressure p = po of the gas 
at the beginning of the jet is known, the pressure is a known function 
of the speed q across the two simple waves issuing from the rim. 
Hence points A and A' on the or r_-characteristics through 
the point 0 are determined to which just the atmospheric pressure 
p = p^ corresponds. Thus the strength of the two simple waves is 
determined. The two simple waves resulting after penetration 
correspond to the two arcs of r_- or F^-characteristics from A or 
A' up to their intersection A A. Thus the strength of the two emerg¬ 
ing waves is also determined. 

If the pressure difference po — Pa exceeds a certain value the two 
arcs of r„ or F^. starting at A or A' do not intersect but meet the 
circle q = q instead. In that case the process of interaction goes 
on indefinitely and the region of penetration extends to infinity. 


116, Transition formulas for simple waves in a polytropic gas 

For many purposes it is desirable to express the changes of the 
quantities across a simple wave as functions of the change of the 
angle of flow direction 6. For this purpose it is sufficient to express 
the angle w in terms of the angle 0, see Section 109. Suppose on one 
of the straight Mach lines the angle 6 = do, the flow speed q — qo y 
and the sound speed c = Co are given. Then the Mach angle A = Ao 
is given from (106.06) by 

(116.01) sin Ao = Co/qo 
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and the critical speed c* , from (102.02) by 

(11G.02) ci = + (1 - nVo . 

The angles wo and w* are then determined from 

Wo = 00 - Ao + 90° for r+, 
Wo = 00 "t" Ao — 90° for l’_, 


(116.03) 


see (108.02) and, see (108.14), 

(1 16.04) I Wo — w# 1 = m"* arc cot tan Ao . 

The angle w as function of 0 is finally determined by solving the 
equation 

(116.05) 0 = w ± A q= 90° = w ± arc tan n cot ti{u> — w*). 


the upper sign referring to a r 4 -\vave, the lower one to a r_-wave. 

It is useful for practical purposes to give the resulting relations 
in a table for a complete simple wave, a table which depends only on 
y or fi and which can be used in an obvious way, with proper 
interpolations if necessary. Such a tabulation is reproduced in fable 
1 . To apply it in a specific case one determines the portion of the 
complete wave to be used from the ratio go/c* or the Mach number 
Jlfg = gu/co of the incoming flow with 0 = 0o. The table then gives 
the corresponding angles 0o — w* ; further quantities characterizing 
the appropriate simple wave can be read off. 

At the end of Section 109 we saw that the ends of the complete 
arcs r, at which they touch the limit circle, are given liy w - w* = 


. Thus from equation (109.02) or from our diagrams, we see 
2m 

that the maximum angle through which the flow can be bent in 
a r+ or a r_ wave is 


(116.06) 


I d — 0* 1 



TT 

2 ’ 


which is attained only in the ideal case of a complete wave, in which 
the flow starts at sonic speed c+ and ends at the limit speed g. fable 
II, on page 293, gives numerical values for this maximum angle for 
various values of y. If the initial speed go is greater than the critical 
speed c* , obviously the whole angle through which the flow can 
possibly turn before cavitation occurs is smaller. 
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For large values of — or small Mach angles A one finds from 
Co 

(116.04-.05) for the maximum angle \ do — 9^ \ through which tlie 

flow can turn, the approximate value ( — 1 ) — = - 1 - • 

’ Vm' / qo 7 ““ 1 qo 

For many cases in which the change across a simple wave is 

not very greiff^ it is sufficient to employ expansions with respect 

to powers of 0 — Oo . We may assume that the incoming flow is 

in the positive x-direction, i.e. Bo = 0, and that the simple wave is a 

r_-wave with straight €^+-characteristics. Setting 

(116.07) <0 = tan Ao = 

the expansions are 

g/go = 1 - U9 - + • •• 

ii/qo = 1 — toO — ori to + tl)0‘^ + • . . 

2(1 - M^) 

v/qo ~ 9 -- “h * * * 

c/Co = 1 + - -2 (^0 ^0 )9 

1 — 

(116.08) + o 7Y”~“2\2 “ (f ~ 2/i^)]0*+ • • • 

2(1 — 

p/pt - 1 + (fc + 'r')<> 

+ ,7^'4<‘ + '* + 2»+'"!»’+■■■ 

2(1 — p^y 

p/po = 1 {to + to^)9 -F - . —^ (1 + /l)[/o 

+ (1 - 2fx%^]9^ + . • • 

A = A„ + --i_ (^2 + (l)e + • • • 

1 — 

90° + a> = 90° + «o + r-^-, (1 + tl)e + • • •, 

the latter angle being the angle of inclination A + 0 of the Mach 
line with the positive x-axis. 
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TABLE I 


Tabulation of quantities characterizing a complete simple wave 
(For air y = 1.405) 


PIP* 

c/c* 

(lie* 

M =» q/c 

1 0) - w* 1 

1 0 - a,* ! 

.00 

0.000 

2.437 

00 

219.32° 

129.32° 

.01 

.515 

2.151 

4.178 

143.79 

67.64 

.02 

.569 

2.083 

3.661 

134.80 

60.65 

.03 

.603 

2.035 

3.373 

128.90 

56.14 

.04 

.629 

1.996 

3.175 

124.37 

52.73 

.05 

.649 

1.961 1 

3.024 

120.64° 

49.95° 

.07 

.682 

1.909 

2.801 

114.60 

45.52 

.09 

.707 

1.863 

2.636 

109.73 

41.82 

.11 

.728 

1.823 

2.506 

105.57 

39.09 

.13 

.745 

1.788 

2.399 

101.91 

36.55 

.15 

.761 

1.755 

2.307 

98.62° 

34.30° 

.20 

.793 

1.683 

2.123 

91.47 

29.58 

.25 

.819 

1.621 

1.979 

85.35 

25.70 

.30 

.841 

1.565 

1.861 

79.90 

22.40 

.35 

.860 

1.513 

1.760 

1 

74.89 

19.50 

.40 

.876 

1.465 

1.672 ! 

70.19° 

16.92° 

.45 

.891 

1.420 

1.593 

65.71 

14.60 

.50 

.905 

1.376 

1.521 

61.38 

12.48 

.55 

.917 

1.335 

1.455 

57.13 

10.55 

.60 

.929 

1.295 

1.394 

52.92 

8.78 

.70 

.950 

1.218 

1.282 

44.39° 

5.66° 

.80 

.968 

1.144 

1.181 

35.22 

3.09 

.90 

.985 

1.071 

1.088 

24.27 

1.10 

.95 

.993 

1.036 

1.043 

16.96 

.39 

1.00 

1.000 

1.000 

1.000 

0.00 

.00 


TABLE II 


Angle \ 6 — 6* \ through which a complete simple wave turns a flow for various 

values of y 


7 

1.00 

1.20 

1.25 

1.30 

1.40 

1.67 

2.00 

3.00 

7.00 

1 9 - 9. 1 = 










(; - 

00 

221.8° 

180.0° 

159.2° 

130.4° 

90.0° 

65.9° 

37.3° 

13.9° 
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C. Oblique Shock Fronts 


117. Qualitative description 

As in the case of one-dimensional flow, the assumption of coi^inu- 
ous flow in two or three dimensions is often incompatible with the 
boundary conditions; discontinuities may arise as in one-dimensiona 
flow. Again the fortunate situation prevails that many phenomena 
of actual flow are adequately represented by the relatively simple 
model of shock fronts, i.e. surfaces across which density, pressure, and 
velocity undergo jump discontinuities in agreement with the conserva- 

tion laws. ^ ^ 

To visualize how discontinuities arise automatically even lo 

continuous boundary conditions, we consider the flow in a concave 
bend or (iorner and carry the analysis somewhat farther than in 

Section 112. * n • 

Suppose a constant two-dimensional supersonic flow arriving 

along a straight wall is forced to turn in a concave bend K. 

In principle, our previous construction of a simple wave remains 
valid near the wall. There is a Mach line through the point A m 
the {x, ?y)-plane, across which the constant flow passes into a 
simple wave. But in contrast to the case of flow outside a bend, 
the subsequent straight Mach lines of the simple wave now turn 
so that an envelope originates inside the flow. In general this 
envelope has a cusp. The mathematically ambiguous state m the 
region between the two branches of the envelope (a and v would not 
be uniquely defined) is physically impossible. As obseiwations indi¬ 
cate, it is avoided by a shock discontinuity, i.e., a surface of dis¬ 
continuity for the quantities u, v, p, p, T, S. Since the flow is two- 
dimensional, this surface is characterized by its intersection with the 
(.X, 2 /)-plane, tlie shock curve. This shock curve S starts with strength 
zero at the cusp of the envelope, and runs between the two branches 
of this envelope. 

As we shall see presently, the shock conditions imply that dil- 
ferent particles crossing the shock front S from a zone of constant 
entropy, in general, suffer different entropy changes, and the flow 
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behind the shock front ceases to be isentropic. Behind a shock 
front consideration of non-uniform entropy is unavoidable then. 
However, in many important cases (the only ones that lend themselves 
to relatively simple analysis) the variation in entropy change is 
either absent or negligible, so that our simple differential equations 
of isentropic flow, (102.03) and (102.06), remain practically valid on 
both sides of the shock line S. 



Fig. 28. Envelope S of a straight characteristic issuing from 
a bend K. 


This situation prevails when the shock line S is straight and the 
state is constant on either side of S. Typical of this situation 
and basically important in itself is the limiting case of a bend K 
concentrated in a sharp comer K\ the flow, traveling with constant 
supersonic speed parallel to one leg of the angle, arrives at the comer 
K and turns discontinuously into the direction of the other leg, again 
at constant velocity. The sudden transition of direction and speed 
of the flow is effected across a straight shock line S, provided the 
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angle through which the wall turns is below a certain bound, see 
Section 122. In this case the oblique shock front connects two zones 
of constant state, (I) and (II), and there is no complication from 



Fig. 20. Straight shock line resviUiiig troni a How in a 
sharp corner K. 



Fig. 30. Supersonic flow against a wedge involving 
two shock fronts. 


variations of entropy. The situation is qualitatively indicated 
in Figure 29. 

Our remarks apply also to two-dimensional flow against a wedge or 
the head of a two-dimensional airfoil. Such a flow can be obtained 
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by pie(*ing together two flow patterns, each corresponding to the 
flow in a corner formed by the streamline reaching the tip of the 
wedge, and one of the edges. Three-dimensional supersonic flow 
against a conical projectile will be treated later in Chapter YI, 
Part B. 

Before carrying out the (quantitative analysis we establish the 
general shock relations. 

118. Relations for oblique shock fronts. Contact discontin¬ 
uities 

For shock fronts which exist in two dimensional flow and for those 
in three dimensional flow as well, the discontinuity conditiems could 
be derived from the principles of conseiwation of mass, momentum, 
and energy in exactly the same way as for one-dimensional flow. 
For this purpose, one would consider a smooth portion of a dis¬ 
continuity surface, express the conseiwation laws in integral form 
for a flat cylindrical volume enclosing the discontinuity surface and 
moving with it, and then allow the cylindrical volume to shrink to 
the flat discontinuity surface. 

Instead of carrying out this procedure in detail, we shall make use 
of our previous results and simply reduce the conditions for oblique 
shocks to those for straight shocks derived in Chapter III. 

We start with some general remarks: First, a sufficiently small 
smooth portion of the discontinuity surface § may be considered 
as plane with any degree of aqiproximation. Secondly, within a 
sufficiently small time interval the normal component U of the shock 
front velocity may be considered as constant. Third, in a small 
neighborhood of the nearly plane iiortiori of S, and at the instant 
under c(jnsideration, each of the states (0) and (1) on the two sides 
of § is approximately ccjnstant. Now, the laws of conservation 
contain no derivatives of p, p, q, U\ therefore it is plausible, and not 
difficult to qjrove, that in deriving the shock conditions by expressing 
the conservation laws for a small volume, the result remains the 
same if we assume S plane, U constant, and likewise the two states 
(0) and (1) constant. 

After this qireparation the shock conditions are easily reduced to 
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those of one-dimensional flow by referring the phenomenon to a 
coordinate system which moves with a suitable constant velocity 
relative to the original one and by remembering that, according to 
Galileo’s principle of relativity, the system of shock relations remains 
invariant under translatory motions of the coordinate system. 

Thus, we may obtain the shock relations by using the shock front 
S as a coordinii** surface or, what is cciuivalent, by regarding the 
shock front as stationary, no matter whether the flow under considera¬ 
tion is steady or not. We still have one more degree of freedom, 
inasmuch as we can move the origin of the coordinate system with 
constant velocity along the line 5'. Hence, without restriction of 
generality, we may assume that the velocity component of the oncom¬ 
ing flow parallel to is zero, and thus visualize the flow as a flow of 
constant speed, meeting a stationary surface of discontinuity S at 
a right angle. If the speed go is not zero, i.e., if mass is transported 
through S, then the law of conservation of momentum reejuires that 
the tangential component of the momentum flux is continuous 
across this front. For, any jump in this component would have to 
be balanced by tangemial forces acting on the front; but there are 
no such tangential forces, since all forces on the fluid are assumed to 
be pressure forces perpendicular to the surface against which they 
act. Continuity of the tangential component of the momentum 
flux implies continuity of the tangential (iomponent of the velocity 
since the flux of mass across the surface is continuous. Consequently, 
if the velocity of the oncoming flow is perpendicular to the front, 
the velocity in the state (1) behind the front is likewise perpendicular 
to S. In other words, observed from a suitable coordinate system, 
an oblique shock front is always equivalent to a stationary one-dimensional 
shock front. 

If, however, go = 0, as seen from this coordinate system, then in 
the state (1), by the law of conservation of momentum, the normal 
component N of the velocity g likewise vanishes, while the tangential 
component may be arbitrary. In this case we have a contact dis¬ 
continuity, described generally for an arbitrary surface as follows. 
A contact discontinuity T* is a surface through which there is no mass 
flux (so that the flow is tangential as seen from both sides), across 
which, however, density, temperature, and entropy are discontinuous. 
Yet, as we shall see, the pressure is the same on both sides. Such a 
contact surface may be considered a “vortex sheet,” along which two 
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different layers of the substance (or even of diffenuit substances) slide 
along each other. 

For genuine shock fronts through which there is a mass flux we 
distinguish, as in one-dimensional flow, between the front side and 
the back side by saying that the fluid passes through the shock front 
from the front side to the hack side. 



Fig. 31. Normal and tangential components of 
the flow velocity ahead of a shock fronl. 

To formulate the shock relations we denote' by N the normal, 
and by L the tangential (‘omponent of the flow \'(‘ctor e/, and by U 
the normal component of t he velocity of tlie shock fi*ont, see Figure 31. 
Then the shock relations are: 

Conservation of mass 

(118.01) P()(A'() — U) = pfNi — U) = ni, 

Conservation of momentum 

(118.02) poNo(No — U) po — pnVi(A^i — U) p\ , 

Continuity of tangential component 
(118.03) Lo = Li. 

That is, the difference qo — qi of the velocity vectors is perpendicular to 
the shock line. 

(Conservation of energy 

^Po{No — U)qo po{No — (/)co + NqPo 

= ^Pi(N, - U)q\ + pi(iVi - U)ei + 


(118.04) 
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with 

^ Jj + N\ 

In addition we require that upon (grossing a shock front the entropy 
of a particle increases, Si — So > 0. 

For a stationary shock front with U — 0 the relations simplify to: 

(118.05) .V.iPo = Nipi = 711 

(118.00) PoiVo + ih = PiNl + 7>i = 1' 

(118.07) U = Li 

(118.08) h'll + io = k? + 

r/ = j 2 square oi the flow si^eed, and q is the limit speed 

of the flow. The last relation expresses the important fact that the 
Bernoulli constant + i remains unchanged across a stationary 
shock front. Thus, BernoulWs law for steady flow holds even if the 
flow crosses shock fronts. 

Of course, the form (118.05-.06) of the conditions remains valid if 
N is replaced by iV — I/, and thus a moving shock front introduced. 
(The same relations (118.05-.06) and (118.08) hold for contact dis¬ 
continuities when m — 0] then po ~ pi, and No = Ni = 0 follow, 
while Li and Lo , as well as po and pi may be different.) In the fol¬ 
lowing we shall be concerned with stationary shocks, unless other¬ 
wise noted. 

A slightly different and more symmetric way of writing the first 
two conditions for stationary shocks, expressing the conservation 
of the mechanical (luantities, mass and momentum, is obtained as 
follows. We insert (118.05) into (118.0()) and make use of (118.07); 
then we find 

(pi — Po) — poNoiNo — Ni) — pojM)(A"o — ^Vi) + Lo{Lo — Li)j 
or 

(118.09) ro(pi - Po) = 5o-(5o - 5i), 

and similarly 

(118.10) Ti(po “ Pi) = gi*(5i - 5o); 
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from which 

(118.11) (pi - Po){to - Ti) = (qo - qi)\ 
and 

(118.12) (pi — Po){tq + Ti) ~ ql — ql 

follow. Equations (118.07), (118.09-10) together are equivalent to 
the equations (118.05-.07). 

As in the case of one-dimensional shocks it is important to note 
that the conditions (118.05-.07) and (118.09-.10) are valid on the 
basis of mechanics alone. The thermodynamical nature of the 
medium enters only through condition (118.08). As stated in Section 
61, Chapter III, there are many instances in which the solution of 
flow problems is eased by the possibility of determining the flow with¬ 
out using the thermodynamical shock condition. 

For stationary phenomena the shock conditions show: to a fixed 
state (0) ahead of a shock fronts there corresponds a one-parametric fam¬ 
ily of states (1) behind the shock which satisfy the shock conditions. 
Omitting the subscript (1) we may then consider the state behind 
the shock as described by functions p and g of r or of r — to or of any 
other measure of the shock strength. 

The change of entropy across a shock is a quantity of only third 
order m the shock strength. This statement is implied by the 
analogous statement for one-dimensional shocks, since an oblique 
shock is equivalent to a one-dimensional shock if observed from 
a suitable uniformly moving coordinate system, and since entropy, 
pressure, and density do not depend on the frame of reference. 

If the shock is weak, the two mechanical conditions (118.11-.12) 
lead in the limit, when r — ro —> 0, to the result: An infinitely weak 
shock is a sonic disturbance; or, for infinitely weak shocks the shock 
direction becomes characteristic. 

The proof is simple: Omitting the subscript, we obtain for a 
family of shocks by differentiating relations (118.05-.06), 

AT dp + p dN = 0, m dN + dp = 0; 

hence 


—miV dp + p dp = 0; 
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or, since ni = Np, 

-N" dp + dp = 0 . 

Since dS/dp - 0 for t = tq , we have 

^ for T = To. 

dp 

Thus the normal component of the flow velocity, with respect to 
the limit position of the shock line as t —> to, is just the sound speed. 
According to relation (106.06) this fact assures that the limit direction 
of the shock line S is characteristic. 


119. Shock relations in polytropic gases. Prandtl’s formula 


As in the case of one-dimensional flow the thermodynamical condi¬ 
tion for stationary shocks in a polytropic gas (with which we shall 
be primarily concerned) is, from (118.08) and (9.06), 

(119.01) pWo + 0 - M )c5 = Ai + (1 - mVi = ; 

here is the sound speed, ^ pq the critical speed, and p 

' 1' ~ ^ . As in the case of normal shocks, we may replace relation 
■y -f- 1 

(119.01) by the relation 


(119.02) 



1 


Pi ^ 

__ Ti — To 

Vo 

9 Pi 1 

/Li2-1 

— Ti 


Po 


which connects pressures and densities only and is invariant under 
translations, see (67.01). 

Of great importance for the study of shocks in polytropic gases 
is the generalization of Prandtl’s relation 50^1 = c^, previously ob¬ 
tained for normal stationary shocks, see Section 66 . To apply this 
relation in the case of an oblique shock, we write 


(119.03) q ^ N + L, 

where L is the vectorial component of the flow parallel, and N the 
vectorial component normal to the stationary shock line S, so that 



PRANDTL^S FORMULA 


303 


n1 = 0 . 

By substituting in Bernoulli’s equation (119.01), 


+ (1 - = cl , 

we find 

+ 1X^1/ + (1 - fxY = cl , 

or 


(119.04) 

2-\t2 , 2\ 2 2 2t2 -2 

plN + (1 - m )c ^ , 

where is 

*the critical speed in a new coordinate system in which 



Fig. 32. Showing how the flow is turned 
toward the shock line. 

the shock front is normal. Hence by Prandtrs relation lor this 
case, see Section 66, we have 

(119.05) NoNi = cl 

or 

(119.06) NoNi = 

a relation which may be used instead of the precieding forms of 
the thermodynamical shock condition. 

Some general and significant information follows from the rela¬ 
tions developed so far. Equation (119.06) shows that 


(119.07) go?i = VnI + L' VnI +L^ > NoN, + L" 
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because of the relation < 1. Hence, if the state (0) is at the front 
side of the shock and therefore No > , then No > ] but we 

cannot, as for normal shocks, conclude that Ni < . 


120. General properties of shock transitions 

The following fa(‘ts are easily derived from the transition iormulas 
for polytropic gases. They hold, however, (jiiite generally (except 
for the reference to the critical speed c^). 



Fig. 33. Mach lines C exist only in 
front of a normal shock line. 

The speed of a flow ahead of a shock front (observed from the shock 
front) is supersonic; the speed on the back side may be subsonic or 
supersonic. The latter possibility becomes obvious if we recall 
that the tangential component L is quite arbitrary and may be 
chosen larger than c^ , whereupon qo and qi both become larger than c^. 

An even more immediate remark is: 7'hrough an oblique shock in 
a gas the flow direction is always turned towards the shock line S. For, 
the normal component N becomes smaller when the flow crosses S, 
while the tangential component L remains unchanged. 

A further important remark concerns the relative position of 
Mach lines and flow vectors. 

For a normal shock line S there are two Mach lines, C+ and (7_, 
in the region of supersonic flow (0) ahead of S. In the zone (1) behind 
S, however, the flow is subsonic; consequently there are no Mach lines 
in the zone behind a normal shock front, see Figure 33. 
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For oblique shocks the latter statement remains true as long 
as qi < , i.e., as long as the flow in region (1) is subsonic. If 

, a Mach line appears perpendicular to the flow velocity in 
(1). If , there are two different Mach lines in region (1). It 

is important to realize that their position is as indicated in Figure 34. 
(Note that the sum of the angles which and (7_ make with qi 
equals 180°). 



Fig. 34. Positions of the Mach 
lines C in front and in back of an 
oblique shock line. 


In other words, behind the shock front S the two Mach directions (if 
they exist) forming the same angle Ai, the Mach angle, with the flow 
direction lie in the obtuse angle between S and the flow vector 5i • 
The statement is obviously equivalent to 5 < Ai , where 5 is the acute 
angle between the flow in (1) and the line S. For the proof we 


recall sin Ai = ~ , sin 5 ~ J hence we must prove that C\ is greater 

than Ni . This, however, follows immediately when we reduce 
the oblique shock to a normal shock by referring the motion to a 
coordinate system moving with the velocity L. Then the normal 
components No, Ni of the flow velocities remain unchanged, as do 
the sound speeds Co, Ci, which depend only on pressures and densities. 
In the new coordinate system the speed of the flow behind the shock 
front is Ni , and since the shock front is normal, the speed behind 
it is subsonic, i.e., Ni < Ci. 
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121. Shock polars for polytropic gases 

The quantitative analysis of oblique shocks can be carried out by 
geometrical constructions in two dimensions or by corresponding 
analytical methods. 

We assume the shock line S in the {x, y)-plane of the flow to be 
straight an4^he states (0) and (1) on both its sides to be constant, 
assumptions always valid “in the small.” Furthermore we assume 
the shock to be stationary and the medium to be a polytropic gas. 

As stated before, to a fixed state (0) there corresponds a one-para- 
metric family of possible states (1) which can be reached through a 
shock. Since such a state can be characterized by two variables, the 
possible states (1) are given by a relation between these variables 
geometrically represented by a curve. Such curves, called shock 
polars, can be introduced in a variety of ways according to which 
variables we choose for defining the state (1). 

Let us characterize the shock direction by the angle between 
the shock line § and the direction of the oncoming flow. The angle 
between the vector go of the oncoming and gi of the outgoing flow, 
i.e. the angle through which the flow is turned by the shock, will 
be denoted by 6. Placing the coordinate system so that the on¬ 
coming flow is parallel to the x-axis and using our previous notation, 
N and L, for the components of q normal and tangential to the 
shock line §, respectively, we have 

Mo = go, *’0 = 0, 

(121.01) Ml = LiCOS/3 + iVisin/S, vi = Lisin/3 — iViCos/3, 
Lo = Li = go COS j3. No = go sin /3. 

c* — 

Prandtl’s basic relation (119.06) yields Ni = Using 

JVo 

(119.01), (106.06), and this form of Prandtl’s formula, we obtain the 
relations, 

2 

M = (1 — M^)qo cos^ |3 + -* 

Qo 

- qo —(I — g) [sin“ /3 - sin* Aolgo, 
t' = (go — m) cot fi, 


( 121 . 02 ) 
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in which the subscript characterizing the state (1) behind the shock 
front has been suppressed. These equations show that, for a given 
critical speed and given speed Qq of the oncoming flow, the angle jS 
between the shock line S and the direction of the vector qo deter- 



Fig. 35. Angles of flow and shock 
directions. 

mines the outgoing flow velocity q. If varies, the point {ti, v) in 
the hodograph plane describes a shock polar, associated with the 
value go and to the critical speed , and which is represented by 
equations (121.02) with as a parameter. 

Eliminating the angle 13 from equations (121.02) we find 


(121.03) 

v = iqo- u) “ 

r (7 — w 

for a shock through which the ^/-component v of the flow becomes 
positive or, without this restriction, 

(121.04) 

2 / V 2 ^ 

V -iqo-n) 

Here, 


(121.05) 

^ + (1 _ ju') sin'Aolffo 

Qo 

is the velocity of the flow that would result from a normal shock, and 

(121.06) 

U = {1 — ij!‘)qo + w = [1 + (1 — M*) sin* Ao]go. 
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(Note that, by Bernoulli's equation (102.02), is known when the 
state (0) is given.) 

The curve in the y)-plane given by equation (121.04), the shock 
polar introduced by Busemann [3], is the well-known “Folium of 
Descartes,with a double or isolated point at w = go, ^ = 0, and with 
an asymptote u U. 



Fig. 36. Shock polar for qo > c*. 

Of the shock polar only the part with u^ + v’^<q^=cjp^ corresponds to 
shock transitions. It is the geometrical locus of all points {u v) char- 
a(;terizing a state (1) which can be connected with the fixed state 
(0) by a stationary shock. The branch u < go represents states 
behind shock fronts when the given state (0) refers to its front side. 
The branch u > qo represents states ahead of the shock front when 
the state (0) behind the front is given. 

The one-parametric family of possible shock transitions from 
the state (0) can also be illustrated by a shock polar in the (0, p)- 
plane, which shows the pressure on the other side of the shock and 
the angle 6 through which the flow is turned (again the state (0) is 
assumed to be fixed, e.g., go’i po, po or go, po, prescribed). In 
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Img, 87. Shock polar for qa < c^. 



Fig. 38. Shock polar in the (0,p)-plane, 
showing angles 0,.xt and 0. 


parametric form with u as parameter, we find from (118.Oil) and 
(121.03) the equations 


m 
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These equations define the image of the Descartes’ loop in the (0, p)- 
plane with u as parameter; this (0, p)-shock polar is shown in Figure 
38. The loop gives possible states behind a shock front when the 
state (0) is in front; the lower branches give states in front when the 
state (0) behind is given. 



Fig. 39. Relation between shock angle /3 and flow angle B if the flow ve¬ 
locity on one side of the shock front is given. The cases B > 0 and 0 < 0 
correspond to the situations in which the velocity 7i = go, v = 0 is given 
ahead of the front and behind the front respectively. 

Still another shock polar representing the relationship between 
the angles 6 and /3 is useful. This relation is given by (121.08) 
and (121.02.1). The polar is shown in Figure 39. The branch 
P > Ao, 6 > 0 refers to oblique shock fronts S for which the state 
(0) ahead of them is prescribed, while the branch jS < Ao, 0 < 0 
refers to shock fronts for which the state (0) behind them is pre- 
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scribed. Of course other shock polars, such as that given by the 
relations between p and p, could be considered. 

122. Discussion of oblique shocks by means of shock polars 

Shock polars exhibit the quantitative situation in shock transitions. 
Let us make use of the shock polar in the (w, v)-plane, associated with 
and qo ; it can be used to construct oblique shocks as follows. 



Fig. 40. Determination of a shock line with a given turning angle 0 
from the shock polar in the -plane. 


Figure 40 shows such a shock polar for finding the state behind 
the shock front when qo> ; it has a double point at Po — (qo , 0), the 
end point of the vector go. For any point P on the shock polar we find 
the velocity behind the shock front as the vector OP. The angle 6 
through which the shock turns the incoming flow is the angle between 
OP and the i4-axis. The direction of the shock line S, making the 
angle /3 with the incoming flow, is perpendicular to the line connecting 
the double point Po with the point P, in accordance with the fact 
stated before that the vector g — go is perpendicular to the shock line. 
The components Lo = L, No, N of the velocity vectors go and g with 
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respect to the shock line can be read off from the diagram as indicated 
there. 

The shock polar in the (ii,v)-plane yields immediately only 
relations between velocities. The pressure behind the shock front 
is then determined by (121.07), the density by (119.02). 

Our diagrams lead to the following observations which are easily 
confirmed by^iij^alculation: the angle /3 between the shock line and 
the vector qo is greater than the angle 6 bt^tween q and qo y ^ > 6. 



Fig. 41. Showing that the shock 
lines of weak shocks are near to the 
Mach lines. 


The flow past the shock front may be super sonic j q > , or subsonic y 
q < y the first case arising for relatively weak, the second case 
for relatively strong shocks. A normal shock, in particular, is 
represented by the intersection of the shock polar with the -^i-axis, 
see (121.05), q = c^/go = u- 

A point P with the coordinates (u, v) near the double point 
(go, 0) on the loop of the polar represents a weak shock with little 
change in velocity and pressure. As P tends to the double point 
the shock becomes sonic, the vector q — becomes tangential, 
and hence the shock line S tends to a Mach line. This fact, cor¬ 
responding to the statement proved in Section 118, can be inferred im¬ 
mediately from equations (121.02). Consequently, the two tangents 
to the loop at the double point are the normals to the Mach lines at 
the double point, since they are orthogonal to the limiting shock line. 
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The polar diagram shows immediately how to determine a shock 
line from a given state (0) in front of it if either the shock direction 
13 or the turning angle 0 is given. It also shows that there is an 
extreme angle 6 = ^ext, that for 6 > ^ext no shock transition exists, 



Fig. 42. Sonic disturbance and strong normal 
shock for 0*0. 



Fig. 43. Extreme angles 0Bxt and /3ext. 


see Figure 43, while for d < dext there are two possible shocks, a weak 
and a strong one, with small or large change in velocity, respectively. 
If 6 becomes small, we have in the limit either an infinitely weak 
sonic disturbance or a strong normal shock, see Figure 42. For 
0 = dext the two possible shocks coincide. The shock angle reduces 



314 


PLANE FLOW 


CHAP. I VC 


to the Mach angle A for a sonic shock and becomes 90° for a normal 
shock. In between, it passes through a value jSext corresponding to 
the extreme value dext of the angle $. 

Incidentally, we have 

(122.01) sin ^ext = - 

T 

for the limiting case go = g. For air, y is approximately 1.4 and 
we find ^cxt = 45.5°. The corresponding angle ^cit is 

(122.02) * iSoxt = J+ i^axt, 

which for air is about 67.75°, see Figure 46. 

In the other limiting case, go = , ^ext approaches 90°: 

(122.02) ^ext = 90^ /3 = 90°, for go = 

as seen from (121.07). 

A few more words should be said concerning the limiting cases 
which arise when go approaches either or g. In the first case, see 
Figure 45, the loop shrinks to a point, and the two forward branches 
form a cusp at this point. 

The limiting case go = g — c^/ix corresponds to a situation in which 
there is either cavitation ahead of the shock front, po = 0, po = 0, or 
in which the pressure behind the shock front is infinite, p = co. In 
either case the shock strength is infinite. By (121.04) the shock polar 
reduces to the circle — {g — u){u — p^g), see Figure 46. 

It should be noted that for weak shock transitions and sufficiently 
small 0 the state on the back side is supersonic, while it is subsonic 
for the strong shock transition. As a simple calculation shows, the 
backward state is subsonic for the extreme angle ^ext • 

The same shock polar can also be used to determine the state ahead 
of a shock front with the given state (0) on the back side, see Figures 36 
and 37. In this case, however, the unknown state is determined from 
the two ‘‘forward branches” with g> go which approach asymptotically 
the line u = U. Within the limit circle = g^ these two 

branches represent possible shock transitions. Again there appears a 
limit angle for B, namely 0 = d, the angle corresponding to the inter¬ 
section of the forward branch with the limit circle. 
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Fig. 46. Shock polar for the limiting case go * c*. 
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In the preceding discussion we assumed the state (0) to be super¬ 
sonic. Figure 37 shows the shock polar for a subsonic state (0), i.e., 
for r/o < . In this case the polar consists of one single branch 

without a loop; determination of the shock line is the same as before 
and, of course, always yields shock fronts for which the given state 
(0) is on the back side. Evidently, if the shock polar for the given 
point Po passy^L through the point Pi , then the shock polar for the 



Fig. 46. Shock polar for the limiting case 
qo q, 

given point Pi passes through the point Po. It is also clear that 
shock polars for points Po with qo > cover all possible situations. 

For practical purposes it is convenient to prepare a set of such 
polars with different values of qo > on transparent paper. 

Alternative methods for the discussion of oblique shocks are given 
by the various other shock polars. Particularly suited for many 
purposes is the (p, 0)-polar in Figure 38. By intersecting it with 
vertical lines 0 = constant one visualizes clearly the two possible 
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transitions, the strong and the weak one, producing the same turning 
angle 0; the extreme situations are also obvious from this diagram. 
A similar statement is true of the (0, 0)-polar in Figure 39. 


123. Flows in corners or past wedges 


The discussion of obliciue snocks given in the preceding articles 
enables us to determine quantitatively the flow in a corner or past a 
wedge, which was considered in Section 117. If the angle Ok of the 
corner, see Figure 28, is less than the extreme angle doxt associated 
with the state (po , po, Qo) of the incoming flow, then two oblique shock 




fronts are possible through which the flow is turned through the angle 
Ok , a weak and a strong one. The question arises which of the two 
actually occurs. It has frequently been stated that the strong one 
is unstable and that, therefore, only the weak one could occur. A 
convincing proof of this instability has apparently never been given. 
Quite aside from the question of stability, the problem of determining 
which of the possible shocks occurs cannot be formulated and answered 
without taking the boundary conditions at infinity into account. 
The flow may be considered as the limiting case of the flow in a duct 
as the duct becomes infinitely wide and the inclined section infin- 
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itely long, see Figure 47. As will be explained in Section 143, the flow 
configuration depends on the conditions imposed on the downstream 
end of the duct. If the pressure prescribed there is below an appro¬ 
priate limit, the weak shock occurs in the corner. If, however, the 
pressure at the do^vnstream end is sufficiently high, a strong shock 
may be needed for adjustment. Under appropriate circumstances 
this strong shqftli: may begin just in the corner and thus, of the two 
possibilities mentioned, th^ one giving a strong shock may actually 
occur. 

Similar consideratic^s answer the following question: what 
happens if the angle Ok of the corner is greater than the extreme 
angle 0ext ? In this case, independently of the pressure at the down¬ 
stream end, a shock front across the duct stands ahead of the corner. 
The flow behind this shock front is subsonic, and subsonic flow in a 
corner is possible; the instantaneous change of direction at the corner 
is achieved at vanishing velocity. The corner is thus a point of stag¬ 
nation. The distance at which the shock stands ahead of the corner 
depends essentially on the length of the straight inclined section of the 
wall. If this length is increased, and the distance across the duct is 
increased at the same rate, the shock front moves to infinity in the 
upstream direction, as can be seen by considerations of similarity. 

All statements made here are conjectures so far. While there is 
little doubt that they are in general correct, they should be supported, 
if possible, by detailed theoretical investigation. 

I). Interactions. Shock Reflection 


124. Interactions between shocks. Shock reflection 

In this section we shall deal with the interaction between several 
shock fronts, a subject which in connection with shock reflection has 
aroused such great interest during recent years that it may be accorded 
a somewhat disproportionately detailed discussion here. We shall, 
liowever, omit the related topic of reflection and refraction of shocks 
on an interface, a problem quite amenable to the methods developed 
here, see Taub [103]. 

We assume that the shock fronts under consideration separate 
zones of constant states or at most of simple waves (an assumption 
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justified at least in sufficiently small regions). Then no difficulties 
arise from the differential equations in the respective zones, and 
the problem of constructing solutions is an algebraic one involving 
merely the transition relations between the zones to be pieced to¬ 
gether. 

An important success from using such a procedure is the construc¬ 
tion of flow patterns which represent reflection of oblique shocks on rigid 
walls. Reflection on non-rigid interfaces can be treated in a similar 
way. 

125, Regular reflection of a shock wave on a rigid wall 

Problems of reflection occur in connection with physical situations 
of the following type.* Suppose a shock wave produced by an 



Fig. 48. Regular reflection of a shock wave produced by 
a projectile. 


explosion or by a fast flying projectile hits an obstacle at such a 
distance that the shock front may be considered plane. When this 
shock front moves along a plane section of the surface of the obstacle 
a flow pattern may result which can be described in terms of an 
“incident” and a “reflected” shock front, see Figure 48. In that 
case one speaks of regular reflection. There is another type of re¬ 
flection, which will be discussed in Section 128. 

A phenomenon similar to that of shock reflection is the inter¬ 
action of two shock waves produced, for example, by the explosion 

*An entirely different physical situation leading to “reflection” of shocks 
will be discussed later in connection with flow in jcM, see Section 148. 
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of two charges, see Figure 49. If the two shock waves are sym¬ 
metric this process of interaction is equivalent to a reflection, the 
plane of symmetry playing the role of the wall. 



Fig. 49. Regular reflection of a 
shock wave produced by simultaneous 
explosions of equal charges. 

If the incident and reflected shock fronts may be considered as 
planes moving with constant velocity along a plane wall, the flow 
appears to be steady from a frame of referen(.*e moving along the 
wall with an appropriate velocity; the two shock fronts then appear 
to be stationary. 

For very weak stationary shocks the sliock lines, as seen in 
Section 122, are approximately Mach lines, and therefore foi*m the 
Mach angle with the wall, which is a streamline. Thus a stationary 
flow pattern containing a weak “incident” and “reflected” shock 
agrees with the law of reflection of geometrical optics, i.e., both shock 
lines form the same angle with the wall. 

There is no reason why the situation should be similar when the 
incident or reflected shock (or both) has appreciable strength. As 
a matter of fact, observations show definite deviations of the flow 
pattern from that of weak or sonic waves; tlie angles between inci¬ 
dent and reflected waves are in general not equal. The difference 
between the incident and reflected angle is indicated in Figures 50 
and 51. 

Reflection of shock waves can easily be analyzed theoretically on 
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the basis of the results in Section 122. A systematic development of 
the theory was initiated by von Neumann and his collaborators, see 
[51, 114, 116]. The theoretical discussion consists in finding a mathe- 



Fig. 50. Regular stationary reflection of 
shock fronts on a rigid wall. 
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matically possible flow pattern compatible with the observed qualita¬ 
tive and quantitative features of the phenomena and yielding quan¬ 
titatively correct predictions for the experimental facts, see [114, 124]. 

For the mathematical formulation of the problem an important 
preliminary step is the following. The phenomenon, as it presents 
itself to the observer, need not be stationary but is reduced to one 
of steady flowiy subtracting from all velocities the velocity vector, 
parallel to the wall, of the point 0 at which reflection takes place; 
in other words, by referring the flow to a coordinate system moving 
with the point 0. Th^ we are to And a steady flow in the (x, y)~ 
plane for ?/ < 0 such that the lower lialf-plane ?/ < 0 is divided, as 
in Figure 50, into three regions (0), (1), (2), each of constant state, 
separated by two stationary shock lines S and S' and such that in 
the regions (0) and (2) the flow is parallel to the wall y = 0, i.e., 
V 2 — 0. The configuration thus consists of two oblique shocks, 
the incident shock S and the reflected shock S', and it is clear 
from the previous sections that on passing the incident shock front 
the incident flow with the velocity qo is turned toward the wall into 
a flow which is still supersonic with the velocity r/i and that this 
flow on crossing the reflected shock is turned into a flow with velocity 
q 2 parallel to the wall, supersonic or subsonic as the case may be. 
In Figure 50 both shocks are facing toward the left. From our 
knowledge of the reflection of normal shock waves, see Section 70, we 
should expect a considerable rise in pressure behind the reflected 
shock front. 

The mathematical objective is to find all such configurations 
and the corresponding interrelations between the velocities, pressures, 
angles, densities, etc. What physical quantitaties are given or 
observable may vary from case to case; as long as we know all the 
relevant relations between u, i’, p, p, c, , we may base the mathe¬ 
matical analysis on whatever quantities are mathematically most 
suitable as independent variables. 

Having transformed the problem into one involving stationary 
shocks, we find it convenient to consider the critical speed c* as 
one of the given quantities. Regular reflection can then be dis¬ 
cussed with the aid of the shock polars in the (u, We start 

from state (0) and draw the corresponding backward loop of the 
shock polar. The state (1) is represented by a point on this loop. 
If, for example, the shock direction between (0) and (1) is prescribed. 
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then this point is determined as the point 1 of intersection of th(‘ 
loop with the normal to the shock direction through 0. Through 
the point 1 we again draw the backward loop of the shock polar, 
symmetric about the direction of qi. If, as in Figure 51, this 
second loop intersects the line ?; = 0, then, as is easily seen, one inter¬ 
section 2 is subsonic while the other, 2, may be supersonic. Both 
(2) and (2) are possible states behind a ‘'reflected^’ shock, inasmuch 
as they are compatible with the conservation laws, and the reflected 
shock line is easily found as the line perpendicular to 1 — 2 or 
1—2 respectively. Hence, there are two possibilities for a re¬ 
flected sho(;k: the regular strong reflection corresponding to (2) in¬ 
volving a high value of p 2 , and the regular weak reflection represented 
by (2) and involving a smaller value of p 2 . The weak reflected 
shock front makes a smaller angle «2 with the wall than the strong 
reflected shock front. Ordinarily one should expect that it is the 
weak reflected shock that occurs in phenomena of reflection as de¬ 
scribed above. The weak reflection is nearer to the sonic case, 
approaching it when the strength of the incident shock decreases. 
The question of what determines the occurrence of the weak oi* 
the strong reflection will be discussed in Section 143. Instances of 
strong reflection are pointed out in Chapter V, Section 148. 

If the point 1 on the first loop recedes from the point 0, i.e., if the 
incident shock becomes stronger and the angle of incidence greater, 
the second loop shrinks and the points 2 and 2 come closer together. 
There is a last extreme case in which the two possible reflected states 
(2) and (2) coincide, and from there on no intersections 2, 2 exist; 
thus, regular reflection becomes impossible if the incident shock is made 
sufliciently strong, keeping and c^ fixed. 

The following is a modification of the preceding analysis. We start 
from state (1) and rotate the diagram about the origin 0 so that the 
vector qi is horizontal. Then we draw the complete polar through the 
point 1. The state (0) now lies on the forward branch as in Figure 52. 
From the intersection of the vector q^ with the polar we again obtain 
two possible states (2) and (2), one state, or none at all, according as 
our line intersects at two points, touches, or misses the backward 
loop. The points 2 and 2 correspond to states behind the reflected 
shock. The shock directions are again immediately determined as 
perpendicular to the lines 0-1, 2-1, and 2-1. 

It is clear that both constructions to determine regular reflection 
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configurations are equivalent. For, the shock polar through the 
point 0 passes through the point 1 since the shock polar through the 
point 1 passes through the point 0, as was mentioned in Section 122, 
see page 316. 


\ 



Both of these constructions yield all the relevant information 
about regular reflections; the quantities p, p, etc., are determined by 
the relations previously established; sec also the next section. 

Still a different way for discussing oblique shocks and regular 
reflection is offered by the (0, p)-shock polar, described in Section 121. 
How regular reflection is represented in such a diagram is shown 
in Figure 53. 

One important feature becomes evident from all these construc¬ 
tions. Regular reflection, no matter whether weak or strong, can 
occur only under restrictive ^conditions. From the diagram these 
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conditions are obtained in a manner immediately adapted to the 
case of stationary shock fronts with given values of and qo. If 
however we are interested not in steady flow, but in shock waves 



P'lG. 53. The two possibilities of regular 
reflection shown with the aid of a {0,p)- 
shock polar. 


impinging obliquely on a zone of rest (0), the extreme situations, in 
which regular reflection ceases to exist, must be characterized with 
respect to the state (0) of rest. The corresponding conditions can 
easily be inferred from the preceding results. 

Without referring to these graphic or analytic representations of 
shock transitions, we can show intuitively that regular reflection is 
impossible if a strong shock front o> impinges on a zone of rest at an 
angle almost perpendicular to the rigid wall. Then, referred to a frame 
in which the phenomenon is stationary, the shock is assumed to be 
so nearly normal that the state (1) behind it is subsonic. Now, from 
a subsonic state (1) there cannot exist a transition into a state (2) 
by a shock S' facing towards region (1). Thus in such a case a con¬ 
figuration of regular reflection as in Figure 50 is impossible. 

We return now to the situation of a shock impinging on a fixed 
state of rest (0) next to a wall. We consider the angle ao between 

the shock front and the wall and the excess pressure ratio - ^ 

Vo 

as the two independent variables. Through co, po, and pi , the 
normal component No of the velocity ahead of the incident shock 
front is found from the shock conditions, and consequently qo = 
No/sin ao and + (1 — /i^)c5 are determined, Thus the 
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reflected shock can be determined by reduction to a steady state. 
To describe the variety of possible regular reflections we consider, in 
a plane with the coordinates ao and po , the rectangle 

0 < ao < 90°, 0 < < 1. 

Pi 

This rectangles divided by a curve E: ao — o^cxt as a function of 
po/pi f into two domains as in Figure 54. To each point in the 



Fig. 54. Angles of incidence ao and the pressure ratios 
po/pi of the incident shock for which regular reflection is or 
is not possible. 

domain 0 < ao < aext there correspond two possible regular reflec¬ 
tions, a weak one and a strong one, as characterized above. For the 
data corresponding to the points in the other domain no regular 
reflection exists. 

A comprehensive picture of the manifold of regular reflection 
patterns is obtained by studying a sequence of incident shock waves 
of the same strength, i.e., having the same pressure ratio pi/po, but with 
different angles of incidence ao . If this angle ao tends to zero then 
for the weak reflections the three states (0), (1), (2) tend to those 
occurring in a head-on reflection of a shock wave which impinges 
normally on the wall. Thus for ao 0 the reflected pressure ratio 
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approaches the limit 


(125.01) 


^ _ _Po _ 

,.’£!+V 

Vo 


given in (70.04). As ao increases we reach the “extreme situation” 
represented by a point on the separating curve E. At this position 
the weak and the strong reflected shocks coincide. As remarked 
above, for larger angles ao no regular reflection exists. 

Figure 54 shows: in the limit Pi = po, when the shock front be¬ 
comes a Mach line, the extreme angle is 90°; for infinitely strong 
shocks, i.e., for pi/po —> the extreme angle approaches the value 


arc sin~, which for air with y = 1.4 is approximately 39.970°; for 
details see [116]. 


126. Regular shock reflection continued 

Von Neumann and Seeger, see [51, 116], have presented a full 
discussion with many details of regular reflection for various values of 
y; they use a different approach, starting at the outset with po/pi 
and ao ns parameters. Of the results, the information concerning 
the reflected pressure ratio P 2 /P 1 and angle 02 between the reflected 
shock and the wall is of particular interest. We give a summary for 
the weak reflected shock. For small values of the angle of incidence 
ao we have a 2 < ao. As ao rises from its value in the “head-on 
situation,” i.e., from the value ao = 0 , the reflected pressure ratio 
P 2 /P 1 first decreases below the head-on value given in (125.01) 
and then increases, attaining again the head-on value for a certain 
value ao = a^' . It is most remarkable that this value af is inde¬ 
pendent of the incident pressure ratio, and further that the angles 
ao and a 2 of the incident and the reflected shock front with the wall 
become^equal for ao = af . For polytropic gases cos 2 af = (7 — l )/2 
hence at = 39.23° for air withy = 1.4. After ao has passed this value 
ao the reflected pressure ratio rises and thus exceeds the head-on 
value. However, only for weak or moderately strong shocks (pi/po) 
< 7;02 for air are ao and a 2 equal before the extreme situation is 
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reached. Hence for strong shocks oblique reflection will never result 
in reflected pressures as high as those given by (125.01). 



Fig. 55. Relationship between the angle of incidence ao and 
the angle of reflection «2 with configurations of regular shock re¬ 
flection for various ratios ^ = po/pi of the pressures ahead of and 
behind the incident shock front, for 7 = 1.4. 

These remarks about increase of pressure by reflection are ob¬ 
viously of practical importance; it should therefore be emphasized 
that for water and waterlike substances the situation is significantly 
different inasmuch as the rise of the reflected pressure ratio P 2 /P 1 starts 
immediately from the head-on situation, ao = 0, that is, 0^2 is always 
greater than ao. Therefore, oblique reflection in water always results 
in higher pressure than head-on reflection, if equal strength fer 
the impinging shock waves is assumed. 

The phenomena of regular reflection may be illustrated by graphs 
showing the relation between ao and a 2 for fixed strength (pi — po)/po 
of the incident shock, see Figure 55 in which f = po/pi. 
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127. Analytic treatment of regular reflection for polytropic 
gases 


Without relying on our polar diagrams we may use the shock 
conditions for an independent algebraic approach to the problem 
of reflection and, as we shall see, to other problems concerning shock 
configurations. Assume that in the three domains (0), (1), (2), 
the thermodynamical (juantities p and p are known, subject to con¬ 
dition (119.02) for adjacent domains. Then vn have four quadratic 
equations, see (118.09-.10): 


P2 - Pi ^ X 

- = qviqi - 72 ), 

Pi 

— = q 2 -(q 2 - qi), 

P2 

from which the three velocity vectors qi can be determined (except 
for an arbitrary rotation of the coordinate system) provided that 
one additional condition is imposed. The advantage of this scheme 
is that relations (127.01) do not depend on the equation of state, 
and thus a clear scqiaration is possible of such features of reflections 
as are perfectly general and such as arc due to the spe(;ific character 
of the medium. The additional condition to be imposed is: 

(127.02) qoX q2 = 0 


(127.01) 


Vi -_Po 
Po 

P o - P i 
Pi 


= qo-iqo - qi), 


= qv(qi - qo)y 


or qo and qo are parallel (in the direction of the wall). If the wall is 
given by y = 0, this means Vo = ^’2 = 0, and we are left with the 
problem of determining Wo, , ?’i, U 2 from the four quadratic equa¬ 

tions (127.01). We refrain from presenting the analysis here in 
detail but give an account of some relevant formulas obtained. 

Always assuming a polytropic gas we introduce, referring to 
Figure 50, the following quantities besides the sound speeds Co , 
Cl , C 2 , and the speeds qo , qi and q 2 = 1 ^2 h 


(127.03) 




~ f, tan ao = to , tan a 2 = t 2 . 

Pi 
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Then, after some algebraic manipulations, the shock relations yield 
the following selection of formulas symmetrical with respect to the 
states (0) and (2), which lend themselves to various numerical uses 
required by practical problems: 


(127.04) 


(1 - _ 

I + + (I + 


(r - 1)<2 

1 + + (f + 


= M, 


(127.05) 


(1 - f)' _ (t ~ 


(127.06) 


= + (1 — M^)l 


1 + 

+ e 


= + (1 — 


1 + 

> + f ’ 


(127.07) 


(1 - ^)T . _ _jL+JJ\ = (1-J)!ri - +-f-’ 

+ $ . (!■ + ■+•.(■ L (I + ’ 


(127.08) 


M\l - fiyUo - h) + M{(1 - i/f - «0 - kY 

— (ju^ + ^2)^1 {k ~~ k) = 0 , 


(127.09) 


<(1 + + 2m' - - m'(? + f)! 

+ a:^{2(M^ — — 1) — m\2 — m^)(? + f) + 2(1 — M^)?f 
+ m '( S ' + r ') + + f )} + (1 - m ')(1 + m '^) 

(1 + M'f) (1 - ?f) = 0, 


L'(l + m')(1 - m')1i + + m'(? + f)] 

+ L(1 - m')'{2 - (2 - 2m' - M')(e + f) 
+ 2(2 - m' - M')?f - m'(?' + f') - (? + f)! 

+ (1 - ^)' (f - 1)' = 0. 


As an example of the use of these formulas we treat the problem 
of determining the regular reflection if the angle ao of incidence and 
the strength — 1 of the incident shock are given. Then one 






CONFIGURATIONS OF SEVERAL CONFLUENT SHOCKS 


331 


determines the quantity M from (127.04), k from (127.08), f from 
(127.04), T* from (127.09), Xo and X 2 from (127.06), and finally 
(127.07) may be used as a check. 

The properties discussed in the previous section are immediately 
read off from these formulas. For example, we see from equation 
(127.05) that the relation a 2 = ao implies a relation between f and ^ 
which is independent of the value of a 2 — . lienee it is clear 

that the reflected shock strength f — 1 for a given incident sliock 
strength — 1 is the same for ao = 0 with ^2 = 0 as for ao = o'* 
with a 2 = a*. 

The value of the extreme angle aext can be determined from the 
condition that equation (127.08) have just one real root k for given 
U and f. For ^ = 1, for example, this equation reduces to /2 = /o ; 
hence aext == 90° for $ = 1. 

From the preceding relations and from the various graphs the 
fact appears repeatedly that regular reflection can occur only when 
the given parameters remain within certain limits. 

Our analytic discussion was based on the assumption that the 
gas is polytropic. It should be emphasized that qualitative facts 
concerning regular reflection—and for that matter, concerning 
the more complex phenomena of ^‘Mach reflection’^ to be discussed 
presently—remain unchanged for a much wider class of media. 
Whenever one-parametric families of possible shock transitions from 
a given state are qualitatively represented by shock polars of a shape 
similar to those considered above, conclusions of the same type 
can be drawn. This is the underlying reason why numerous reflcc^- 
tion phenomena in nonlinear motion, not only in gas dynamics, show 
features as described here. 


128, Configurations of several confluent shocks, Mach re- 
flection 

As we have seen, regular reflection is impossible in a great many 
cases, in particular, when the incident shock is very strong, for given 

~ , or when a shock impinges on a quiet medium so that the angle 

ao between the incoming shock front and the wall is greater than the 
extreme angle aext- 
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What happens in these cases under experimental conditions similar 
to those which otherwise would have produced regular reflection? 
The answer is provided by innumerable phenomena of wave inter¬ 
action examined long ago in experiments and papers by E. Mach. 
Yet this “Mach reflection/^ as it is now called, was all but overlooked 
and forgotten until attention was drawn to it some years ago, pri¬ 
marily by vofP*Neumann. 

To interpret physical phenomena of non-regular shock reflection 
or interaction it is better to start from a slightly more general point 
of view: Tlie flow pattern of regular reflection on a wall y = 0 can 
immediately be extended by symmetry into the half-plane on the 
other side of the wall. Then we obtain a flow pattern with four 
shock lines issuing from the point at the wall. One could raise the 
general questions: Wliat patterns of steady irrotational flow an? 
possible with a given number of shock lines and possibly with addi¬ 
tional centered simple waves and contact discontinuity lines issuing 
from a point Z? Furthermore: How can such patterns be used to 
interpret observed pliysical phenomena of “reflection” on a straight 
rigid wall? 

Fortunately, observation indicates that at least qualitatively 
the mathematically simplest flow patterns are the ones that actually 
appear in many cases when regular reflection does not or cannot occur. 


129. Configurations of three shocks through one point 


It is of great importance to note the following fact: Three shocks 
separating three zones of different continuous states are impossible'. 
To prove this statement, we may consider a small neighborhood of 
the point Z at which the (assumed) three shoe*k lines meet; then for 
the assumed three states (0), (1), (2) we have, near Z, from the three 
shock relations (119.02), 


(129.01) 


Vi ^ ^Pk — P i 
Pk ^Pi — Pk 


with \ = fJL^ 


'Y — 1 

-. After multiplication we find 

7 + 1 


/>(X) = (Xpo — pi)(Xp 2 — Po)(Xpi — P 2 ) 


V (^Pi “ Po)(Xp() — p 2 )(Xp 2 — Pi) = 0; 


(129.02) 
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D{X) is obviously a polynomial of second degree in X and equation 
(129.02) is assumed to be satisfied for the value X = which lies be¬ 
tween 0 and 1. But we also see immediately that Z)(0) = Z)( — 1) =0. 
Hence the quadratic polynomial Z)(X) vanishes for three different 
values of X; consequently, it vanishes identically, and we have, 
in particular, Z)(l) = 0, which yields 

(po — Pl)(p2 — Po)(pi — P2) = 0. 

Thus two of the adjacent states are identical, and our assumption 
of thre(i confluent shocks is refuted. 

Configurations involving tliree sho(*.k fronts must therefore involve 
an additional discontinuity. The simplest assumption, in agreement 
with many observations, is that there occurs in addition to the three 
shock fronts a single contact discontinuity line. 



Fig. 56. Steady Mach configuration. 

A “three-shock configuration’^ is then described as follows: one 
portion of the gas passes through two shock fronts, the “incident” 
and the “reflected” front, the other portion of the gas passes through 
one shock front, the “Mach front”; these two portions of the gas 
are, after crossing, separated by a line of contact discontinuity. 
In a steady three-shock configuration the three straight shock fronts 
and the contact line remain stationary, while the velocities in the 
four flow fields are constant, see Figure 56. By moving this con¬ 
figuration with an appropriate constant velocity one can obtain a 
progressing three-shock configuration moving into a gas at rest. 
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130. Mach reflections 

A three-shock configuration* moving into gas at rest can now be 
so adapted as to describe the reflection of a shock front incident on 



Fig. 57. Direct Mach reflection. 



Fig. 58. Mach configuration of shock waves caused by 
reflection. 


a wall. The reflected shock front branches off from the incident 
shock front at a point Z which does not move along the wall but 
moves away obliquely from the wall. The branch point Z is con¬ 
nected with the wall by a perpendicular ‘‘Mach shock front’’ through 
which the flow is normal. Finally, there is a contact discontinuity 
line 3) reaching from the branch point Z toward the wall. 

* Also known as a X- configuration. 
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Mach configurations can be observed j ust as frequently as regulai’ 
reflections and shock interactions. Figures, 58 and 59 indicate such 



Fio. 59. Mach interaction resulting from 
simultaneous explosion of two charges. 


cases, the latter configuration resulting from the simultaneous ex¬ 
plosion of two charges. 

13L Stationary^ direct and inverted Mach configuration 

A configuration of particular interest is the stationary Mach 
reflection in which the line ® is parallel to the wall and the point Z 
moves parallel to the wall. Obviously, a stationary Mach con¬ 
figuration is equivalent to a configuration of regular reflection subject 
to the additional condition that the states in front of the incident and 
behind the reflected shock fronts are connected by the relations of 
transition through a single shock front, see Figure 60. Stationary 
Mach configuration reduced to steady flow^ is shown in Figure 61. 
In its duplicated form (reflected at the wall) it could occur when 
a steady jet of gas impinges on two parallel wedges, see Figure 62. 

It is important not to be misled by the nomenclature ‘‘stationary.*^ 
“Stationary Mach configiy^tion** means simply a configuration in 
which the flow crosses the Mach shock front perpendicularly, and 
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in which, therefore, the discontimiity line is normal to the Mach 
shock. This normal direction of the flow is then aiitomatically in 
agreement ^vith the existence of a wall along which the gas flows. 



Fig. 60. ‘‘Stationary*^ Mach reflection. 



Fio. 61. Stationary Mach configuration 
reduced to steady flow. 

Often Mach configurations are observed in steady flow involving 
non-constant states; then the shock lines are curved so that the sta¬ 
tionary character of the flow and existence of a wall in no way imply 
that the Mach configuration at the branch point characterized as a 
local pattern is “stationary’^ in the sense defined above. 

In general, a three-shock configuration is not stationary; the 
velocity go in the state (0) is in general not perpendicular to the 
Mach shock line. In the case shown by Figure 57 we call the con- 
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figuration direct; in the ease shown by Figure 63 we call it inverted. 
If, by subtracting qo from all velocity vectors, these configurations are 
reduced to reflection configurations, moving into quiet gas in the 



Fig. 62 . Stationary Mach con 
figuration in flow against parallel 
wedges. 



Fig. 63. Inverted Mach configuration. 


state (0), we observe that in the direct Mach configuration the branch 
point moves away from the wall, see Figure 57, while in the inverted 
Mach (configuration the branch point moves toward the wall, see 
Figure 64. An inverted Mach configuration would be quickly 
destroyed; it could never represent a proper reflection incases 
such as are shown, for example, in Figures 58 and 59. We therefore 
exclude it from further consideration. 

As was stated earlier, t^ contact line 9) in a direct Mach reflec¬ 
tion meets the wall at a point E. It is natural to ask how the gas 
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flows near the point E at which tlie line intersects the wall. Ob 
served from this point, the flow ahead of 2) is at rest, while behind 3) 
it has the direction of S). Along the wall the flow should have the 
direction of the wall. Adjustment is brought about by a simple 
wave with center E in case the flow in region (2) is supersonic when 
observed from E. If the flow in region (2), observed from £, is 



Fio. 64. Inverted Mach reflection. 


subsonic, a non-constant flow in a corner results. In the following 
discussion we shall ignore this question; Ave shall consider only the 
local Mach configuration at Z assuming that the states in each of 
the regions meeting at the branch point Z are constant. 


132, Results of a quantitative discussion 

Before presenting methods for the mathematical construction of 
Mach configurations we summarize the results. 

First, we focus our attention on three-shock configurations in 
steady flow. Introducing as parameters the reciprocal shock strength 
of the incident shock S, po/pi— and the quantity x — ql/c\. related 
to the Mach number Mo = Qq/cq by — p {I — we 
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consider in a a:)-plane the rectangle 

I < X < 0 < ? < 1, 

see Figure 65. In it we indicate two regions (C) and (P). In both 
(C) and (P) each point corresponds to a three-shock configuration. 
The region (P), shaded vertically Oll!i|), covers the “in liri branch 



Fig. 65. Possible Mach reflections. 

of three-shock configurations, first determined by S. Chandrasekhar 
[115], see also [116]. It is bounded by a line Lc corresponding to 
the limit case in which the strength of the reflected shock S' and the 
discontinuity of the line 3) have shrunk to zero Avhile the incident 
sho(*k S is aligned with the Mach shock 911. The region (C) contains 
further a curve St corresponding to stationary Mach reflections. 
The points between the curves Lc and St correspond to direct, those 
above the line St to inverted Mach (jonfigurations. The region 
(P), shaded oblicfuely (\\\\\\), bounded by a curve Lp , represents 
an independent second branch of direct three-shock configurations, 
first determined by hi. Polachek [116]. Note that Mach Tcflectiou 
exists only for 2/(1 + m) ^ l//x^or (2 + 2/x)/(l + 2/z) < Mq < <x>. 

A direct, though somewhat lengthy, algebraic computation leads 
to the following relations: The angle jSo between the impinging shock 
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and the direction of oncoming flow is found from 


(132.01) 


sin ^0 = 


1 

(1 + 


1 — IJL^ X 

or^)i’ 


The curve St characterizing stationary reflection is given by the 
quadratic equation 


(132.02) 


^{x 


^(x - 1 ) - 


i + 


(1 


- IX^X) 



1 - ^ 
1 + m' 


(1 



= J(1 - 


The equations of Lc and Lp are given by 


(132.03) 

witli 

(132.04) 


_ 1 + ^ ± [1 + 2 { - (1 - 

(m^+?)[! ± (1+f)/f] 

o ^ M _ 

\/(m^ + ?)(! 


For these formulas, compare [114] and [110]. 

So far we have described the simplest possible stationary three- 
shock configurations. We now turn to the second question: How 
to characterize reflection processes proper, taking into account a rigid 
wall and allowing the flow to deviate from a steady state by a transla- 
tory motion. In other words we envisage now the original situation: 
An incident shock wave penetrating into a zone of rest and reflected 
at a rigid wall. The situation is then characterized by parameters 
depending solely on the state (0) of rest and on the incident shock 
wave. As such parameters we choose the ratio po/pi = ^ of the 
pressure in front of the incident wave to the pressure behind the 
wave, and the angle ao between the incident shock front and the wall. 
In comparing theoretical and experimental results concerning three- 
shock configurations, the angle ao should be identified with the local 
angle between the incident shock and the normal to the Mach shock 
at the branch point; in reality the Mach shock is frequently curved 
and therefore its direction at the branch point is in general not 
exactly perpendicular to the wall. 

The flow for which the state (0) is at rest is obtained from the 
flow with a stationary branch point by subtracting from all velocities 
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the velocity in the region ( 0 ). It is not difficnlt to transform tlu^ 
results previously described in terms of ^ and = a/x into 

results in terms of ? and ao . 

We confine ourselves to direct Mach reflections belonging to 
the “main branch.” In Figure GG, the region of points in the ($, ao)- 



Fio. OG. In the region (/////) regular reflection is 
possible, while in the region (1 1 | i | |) Mach reflection is 
possible. 


rectangle to which such configurations correspond is shaded ver¬ 
tically (mill). This region is bounded by a curve whose points cor¬ 
respond to stationary Mach reflections. This curve is given by 
the ecpuition, see [41], 


(132.05) 


cot ao 


7m"(^ + M^) + (1 — 
-b M')a + M“^)~ 


cot 


2 


«() — 


y{^ + z^) ^ Q 
fi 


For weak incident shocks, po — 7>i , lor instance, one obtains 

(132.()G) cot^a,, cot'ao - ^ -- 712 "" 

whence tan^ ao = 1 — ao — 42°, for 7 — 1.4, 

lly oblique shading (//////) we further show the region of values 
^ and ao for which regular reflection is possible, see P4gure 54. Figure 
6 G is drawn for 7 = 1.4. 
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It is clear that the two regions overlap since tlie stationary 
Mach reflection can also be interpreted as regular reflection. For 
7 < 3.59, see [117] and [IIG, p. 11 ], the l)oundaries touch each other 
at a certain point, this point being at pi/po = 2.01 for 7 = 1.4. 

The theory does not determine which possibility, regular or 
Mach reflection, actually occurs in the common region. According 
to experimei^l evidence, the situation is as follows. Suppose we 
keep the strength of the incident shock wave fixed and vary the 
angle ao from 0 ° to 90°; then the reflection is of the weak regular 
type approximately until stationaiy Mach reflec'tion is reached. 
From then on Ma(4i reflection appears. Where exactly this change 
of type takes place, and wliether or not, it occurs discontinuously, 
does not seem to be (h'finitely settled. It should be mentioned that 
while Ma(‘h reflections with strong incident shocks agree, those with 
weak ones disagree quantitatively with predictions based on the preced¬ 
ing theory. This fact is evident from the great volume of experimental 
material which von Neumann, Seeger, Smith, and others (see [116] 
and [124]) have accumulated and compared with extensive calcula¬ 
tions. The generalizations of the theory which will be indicated in 
Section 134, do not seem to be suffi(uent to account for the discrep¬ 
ancies. In Section 136 we shall resume this discussion. 

133. Pressure relations 

For Mach reflection as well as for regular reflection much of the 
interest is (u)ncerned with the resulting pressures. Let us consider 
the “reflected pressure ratio” pi/pi of the pressure behind and in front 
of the reflected shock front Then the reflected pressure ratio 
varies when the angle ao of incidence varies from ao — 0 ° to ao = 90° 

while the strength of the incident shock --—— is kept fixed. 

Vo 

As remarked in Section 125, see (125.01), for a head-on collision, 
ao = 0 , we have 


Vi 


(2m^ + 1) ^ 

_ Vo _ 

2 Pi , 1 
M — + 1 
Vo 


(133.01) 
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When ao increases, the ratio P 2 /P 1 hrst decreases, but when qo approaches 
the extreme value, it may again inc.rease beyond thti head-on value, 
see the remarks on page 327. After a Mach (‘configuration appears 
in the flow, this rise eventually terminates and the ratio p-i/jh declines 
again, approaching the value I as ao approaches 90°, since in this 
limit case the reflected shock becomes sonic. 

134, Modifications and generalizations 

The three-shock configuration described above is a simple mathe¬ 
matical pattern into wliich some phenomena fit siu’prisingly well. 
There exists, however, much experimental material that is ck'arly in 



Fig . 67. Three-shock configuration modified by a 
rarefaction wave. 

disagreement with these Mach configurations. One possible explana- 
tion for such deviations is that the actual flow pattern may correspond 
to a simple three-shock configuration only locally in an unobservably 
small region. There are, however, other possibiliticis to reconcile 
observed facts with mathematical flow patterns involving three shocks. 
As was stated in Section 129, the flow pattern descril)ed above is 
only one, the simplest, among infinitely many possibilities, all involv¬ 
ing three confluent shocks. The reflection condition at a wall, i.e., 
flow parallel to the wall, can be satisfied by many flow patterns in- 
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volving three shocks and a contact discontinuity through the branch 
point Z if one admits, in addition, simple centered expansion or 
compression waves through Z. 

Complete success, as far as covering the available experimental 
evidence is concerned, has not yet been attained; the most direct 
generalization, namely, modification of Mach patterns by additional 
simple wave»«%vith the center in the branch point, may perhaps be 
sufficient to explain some of the more elusive phenomena. 



Fig. 68. Flow against an ‘^arrowhead.” 

Such waves can be inserted in the region (2), see Figure (37, if 
the flow direction on crossing the reflected shock front from region 
(1) to region (2) is turned toward the branch point and the flow in 
region (2) (when observed from the branch point) is supersonic. The 
region (2) is then divided into two regions (2') and (2") and the 
flow on crossing from (2') through the simple wave into (2") is turned 
further toward the branch point. The conditions mentioned can 
be seen to be satisfied if the angle of incidence ao is sufficiently near 
to 90°. 

Such configurations can be expected when the flow is deflected by 
an arrow-head, i.e., a wedge whose slope after some distance changes 
abruptly, see Figure 68. Actually observed “arrow-head^^ flows 
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seem to confirm this interpretation (note that the simple wave would 
hardly show a trace on a shadow photograph). 

A further, more radical, modification of the simple Mach pattern 
consists in assuming, instead of the contact discontinuity line, an 
angular zone 9") inside which the velocity is zero while the velocities 
in the adjacent zones are not parallel to each other but parallel respec¬ 
tively to the two edges of the zone 9); the pressures in the angular 
zone and in the two adjacent regions should be equal. 



Fio. 69. Three-shock configuration with an angular 
zone instead of a contact discontinuity. 


All these and other mathematically possible flow patterns with 
a singular center Z are at our disposal for interpreting experimental 
evidence. Which, if any, of these possibilities occurs under given 
circumstances is a question that cannot possilily be decided within 
the framework of a theory with such a high degree of indeterminacy. 
Here we have a typical instance of a theory incomplete and over¬ 
simplified in its basic assumptions; only by going more deeply into 
the physical basis of our theory, i.e. by accounting for heat conduc¬ 
tion and viscosity, can we hope to clarify completely the phenomena 
at a three-shock singularity. It may well be that the boundary 
layer which develops along the constant discontinuity line modifies 
the flow pattern sufficiently to account for the observed deviation; 
an explanation on this basis was recently advanced by H. W. Liep- 
mann [97]. The influence of the boundary layer along the discon¬ 
tinuity line is somewhat comparable to that of an angular zone 2) as 
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mentioned above. As to the deeper significance of the indeterminacy 
of the theory see also the general remarks in Chapter IV, Part F. 


135, Mathematical analysis of three-shock configuration 

In spite of tlie indeterminacy of the problem in its present formu¬ 
lation it is important to substantiate the statements of the preceding 
section by a mathematkail derivation. At least wc shall indicate 
the proper procedure for the construction of three-shock configurations. 

To construct MacJli reflection patterns algebraically one could 
start from the relations between pressures and velocities in adjacent 
domains, expressed by the six equations, see (118.09-.10): 

To(pi — Vo) = go-(go — gi), ri{po - pi) = gi*(gi - go), 

(135.01) ri(p2 - pi) = gr(gi - q 2 )y T 2 {pi - P 2 ) = g2-(g2 - gi), 

ro(p3 — po) ^ go-(go — gs), rz{p^ — p-i) = g;r(g3 — go)* 

These relations arc supplemented by the condition 

(135.02) g2 X ga = 0 

or g 2 parallel to ga. Any system of four vectors satisfying these 
seven equations will give a possible Mach configuration. Once the 
velocities are known, the shock lines arc immediately determined. 
As we saw previously, in Section 127, we may consider the pressures 
and densities in these equations as given parameters subject to the 
relations (119.02). One direction, e.g., that of go, might be ar¬ 
bitrarily prescribed; then we have to determine seven quantities 
from seven equations, (135.01-.02). 

The stationary Mach reflection is simply characterized by one 
condition in addition to (135.01-.02), namely: 

(135.03) go X g 3 = 0 

or go parallel to gs. By eliminating the velocities a condition in¬ 
volving only densities and pressures can be obtained for stationary 
Mach effect. We shall not, however, follow this line of treatment 
here, but rather discuss the Mach effect by a more intuitive and com¬ 
prehensive method based on a geometrical analysis using one or 
several of the shock polars introduced before. 



MACH CONFIGURATIONS BY GRAPHICAL METHODS 


347 


It should be noted that such a procedure in contrast to a more 
algebraic one is open to generalization for non-polytropic media. 

136. Analysis by graphical methods 

Instead of the polar in the p)-plane we use the shock polar 

in the {6, p)-plane, see Section 121, which permits us immediately to 
take care of the (‘.ondition that the vectors ^3 and q 2 , and in the 
stationary case, the vectors qo and q ^, be parallel and that the pres¬ 
sures in the corresponding zones be equal. We saw that if a given 
state (0) is connected with another state by a stationary shock, the 
second state can be characterized by the angle 6 through which the 
shock turns the flow and the pressure p in the new state. All pos¬ 
sible states that can be connecl.ed with the state (0) by a shock may, 
therefore, be represented in a (6, p)-plane by a shock polar having the 
shape shown in Figure 53 and represented by equations (121.07-.08), 
or explicitly by 



From this (0, p)-polar Mach configvirations are obtained in such a 
way tliat numerical procedure can easily be supplied afterwards. 

• To find Mach configurations from our shock polar Ao through the point 
0 as double point, consider a shock leading from a state (0) to a state 
(1) with higher pressure and a shock leading from (1) to (2), as well 
as a shock from (0) to (3), see Figure 57. In the (0, p)-diagram, see 
Figure 70, the two states (2) and (3), on both sides of the vortex 
line ® are represented by the same point, since in these states the 
pressures and the flow directions are identical. This simplification 
is the reason for using the (0, p)-diagram. We draw through the 
point 0 the shock polar loop Ao, and likewise another shock polar 
loop Ai through the point 1 on Ao. Since the state (3) is connected 
with the state (0) through a shock the point 3 lies on Ao. On the 
other hand, the state (2) is reached by a shock from state (1); hence 
the point 2 in our diagram must lie on Ai, and since the points 2 and 
3 in our representation are identical, we obtain 2 and 3 by intersecting 
the loops Ao and Ai, 
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li 6 > 0 for the points 2,3 of intersection, see loop Ad in Figure 71, 
then we have a direct or ordinary Mach reflection, and stationary 
Mach reflection corresponds to the case in which the point of inter- 



Fig. 70. {0,p)-shock polars for direct Mach 

reflection. The point 2,3 represents the states 
(2) and (3) on eitlier side of the discontinuity 
line 2). 



Fio. 71. (0,p)-shock polars Ad for direct, 

A/ for inverse, and Ast for stationary Mach 
reflections. In each case, the intersections of 
these loops with the loop Ao represent the states 
on either side of the discontinuity line 2). 

section occurs for 0 = 0, exactly at the top of the loop, see loop Ast 
in Figure 71. 

Knowing the point 2,3 we obtain the shock lines S, S' and 9R 
immediately, and then proceed to determine the densities from the 
relation (119.02), and the velocity vectors from our previous rela- 
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lions (135.01). Thereby the difference between the states (2) and 
(3) becomes apparent automatically since we obtain the quantities 
for (2) by starting from (1) and those for (3) by starting from (0). 

Altogether, the search for Mach configurations is replaced by a 
discussion of our shock polar loops and their intersections. For a 
detailed analysis of the possible intersections and in particular of 
various limiting cases see [117-120]; see also [116]. 



Fig. 72. Representation of a modified three-shock 
configuration in (0,p)-plane. 

Tlie possibility of inserting a simple wave under the (conditions 
indicated earlier can also be read off from the (0, p)-diagrams. The 
(‘iirves of Plgure 72 are self-explanatory. Through a point 2' on 
the loop Ai one draws the image of a F-characteristic; its intersection 
with the loop Ao gives the point 2", 3. This is possible only if the 
state (2') is supersonic. A discussion of the relative position of 
shocck lines and Mach lines shows that a possible flow configuration 
results if do < 6i < dv < dv \ in other words, if all the elementary 
leaves through which one portion of the flow passes turn the flow in the 
same direction. 

In a similar way it is possible for one portion of the flow, instead 
of passing through only one incident and one reflected shock front, to 
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pass through a sequence of several shock fronts. A detailed discussion 
shows that such configurations are possible only if all shocks of the 
sequence turn the flow in the same direction; the other portion of the 
flow can then cross only one shock front. 

After these discussions it is not difficult to analyze the other pos¬ 
sibilities suggested earlier. 


E. Approximate Treatments of Interactions. Airfoil Flow 

■m 

137, Problems involving weak shocks and simple waves 

The results of the preceding part concerning the interaction of 
shocks with shocks were all derived by algebraic and sometimes 
cumbersome proc'edures. Such an (‘lementary approach fails as 
soon as interaction processes involving simple waves are considered. 
Then the analytical difficulties inherent in the partial differential 
eejuations of the flo^v become unavoidable. Nevertheless, satis¬ 
factory approximate treatments of interactions are possible if the 
shocks and simple waves which interact are of small or moderate 
strength. 

The first problem we shall treat concerns the intera(;tion of a 
stationary shock front and a steady simple wave behind it. We shall 
see that in good approximation the shock does not influence the 
simple wave behind it and that its course can be determined by solving 
a linear differential equation, a treatment analogous to that for the 
interaction of a shock and a simple wave in one-dimensional flow in 
Section 74. 

Two-dimensional flow past an airfoil leads to a weak simple wave 
flow if the airfoil is sufficiently slender. We shall discuss two variants 
of the perturbation method for determining this flow. The effect of 
shocks on the flow can once again be disregarded for the approxima¬ 
tion considered. The course of such shock fronts can be approxi¬ 
mately determined by the method mentioned before. 

138. Comparison between weak shocks and simole waves 

The basis for the treatment of interactions of weak shocks and 
simple waves is the fact thai the changes across weak shocks and 
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weak simple waves differ only in the third order of their strength. 

We e.onsider first a set of oblique backward-facing shock fronts 
all having the same front state given by to , po, and the velocity 
uo = qo > 0, Vo = 0, see Figure 73. We characterize the various 



Fkj. 73. Backward-facing shock 
front. Mach lines are showai on both 
sides. 

shocks in the set by the value of the specific volume r behind them; 
then all other quantities, pressure p, and velocity (?/., v) behind the 
shoc^k fronts are detc'rmined provided we stipulate z; > 0, that is, that 
the shock front is inclined toward the flow. Then we expand p, iq 
and V in powers of r — ro. To do so we first use ]3ernoulli’s equation 
(118.08) which in the present case takes the form 

(138.01) -k v^) = to — i + ko- 

Differentiating this relation twice in succession we obtain for r = to 
the relations 

(138.02) qochi = —To dp, 

(138.03) qod^ii + {duY + {dvY = —rod^p — dr dp. 

From relation (118.11) in the form 

(138.04) (u - qof + = -(p - Po)(r - tq) 

we obtain, by differentiating it two and three times (or by inserting 
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into it expansions of v, p in powers of r — to), 

(138.05) du + = —dp dr, 

(138.06) du d\i + dv d\ = —^d^pdr. 

By (138.05) relation (138.03) reduces to 
(138.07) ^ q^dhi — —rod^p. 

The differentials here are of course to be taken for r = tq . The 
relationship between p and r is the same for oblique as for normal 
shocks; thus the valuesOf dp and d^p are known, as a mat ter of fact 
they are the same as if p and r were related adiabatically, see Section 65 



Fig. 74. Backward-facing simple 
wave indicated through a set of 
straight Mach lines. 


From equations (138.02), (138.07), (138.05), (138.06) the values of 
du, d^u, dv, d\ are then determined since > 0 for dr < 0 according 
to the stipulation made above. 

Next we consider a compressive simple wave facing to the left 
with a state in front given by to , po, = <Zo > 0, = 0, see Figure 74. 

We compare the various sections of this simple wave between the 
initial straight Mach line and the straight Mach line carrying the 
constant specific volume t with the various oblique shock fronts 
with the same state ahead of them and the same value t behind them. 
Again we expand the values of p, u, and v on the Mach line carrying 
the value t with respect to powers of r — tq. Since the pressure 
and the density are adiabatically related across a simple wave the 
values of dp and d^p are the same as for shocks with the same initial 
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state. Since Bernoulli’s law holds across a simple wave, relations 
(138.02) and (138.03) also hold. Relation (138.05) is equivalent to 
the characteristic equation for the cross Mach lines, see (106.02); 
hence it holds throughout the simple wave. By differentiating 
(138.05) relation (138.06) follows. It is then clear that the values of 
da, dv, d\i, d^v are the same for a simple wave transition as for a shock 
transition since this is the case for dp and d-p. 3'hus we have proved 
that the expansions of the quantities behind shock fronts and sections 
of a simple wave ivith the same initial state agree up to terms of second 
order, that is, in first and second order. This statement derived for 
the expansion with respect to powers of r — tq evidently holds also 
for expansions with respect to powers of any quantity which may 
serve as the strength of the shock or the section of the simple wave. 

The statement can also be expressed by saying that the shock 
polar and the epicycloid for the same critical speed c^ through the 
same point (^o, 0) in the {u, z;)-plane have a contact of second order. 
If, tlierefore, the state behind a shock, represented by a point on the 
shock polar, is replaced by a state represented by a point on the 
epicycloid with the same entropy as the state ahead of the shock, then 
the shock relations are satisfied up to terms of second order in the 
shock strength. 

Although the state behind a weak or moderately strong shock can 
thus be determined from the corresponding simple wave transition, 
the position of the shock front must be determined separately. We 
know that the shock front coalesces with a Mach line when the shock 
strength is zero. To find the position of the shock front for weak or 
moderately strong shocks we use an expansion of 0, the angle which 
the shock front makes with the direction of the incoming flow. An 
expansion of 13 with respect to powers of the angle 6 between the 
directions of the flow behind and ahead of the shock front can be 
derived from relations (121.02) and tan d ~ vfu. Comparing the 
result with the last formula (116.08), which holds across simple 
waves and hence across shocks, we find the relation 

(138.08) 0 = ^Ao + KA + 0) + ... 

in which A may be considered a function of 6 or vice versa. Here 
A and Ao are the Mach angles behind and ahead of the shock front 
respectively. A + d and Ao are the angles between the direction of 
the incoming flow and those Mach lines behind and ahead of the 
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shock front which are inclined in the same direction as the shock 
front. Thus, relation (138.08) shows that in first order the shock 
front bisects the angles between the Mach lines behind and ahead of it. 


139. Decaying shock front 

The fact tWSt the shock transition agrees up to second order in 
the shock strength with a simple wave transition can be used for 
the approximate detei’mination of a shock front which is influenced 
by a simple wave frorn^behind while the state aliead of the shock 
fi’ont is constant. This treatment is quite similar to that used in 



Fig. 75. Interaction between a shock front and 
a simple wave behind it. 

determining the decay of a one-dimensional shock under the influence 
of a simple wave, see Section 75. 

Suppose a constant supersonic stream of air with the velocity 
= ^0 > 0, y = 0 is first deflected through a shock front whose slope 
dy/dx is positive. For ?/ < 0 the deflected constant flow is assumed 
to be further deflected through a simple wave whose straight Mach 
lines have also a positive slope dyfdx. The simple wave is assumed 
to meet the shock front at the point x = 0, y = 0. The problem 
is to determine the flow behind the shock front for 2/ > 0. Since the 
flow ahead of the shock front'is supersonic the flow there remains 
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unchanged, but the course and the strength of the shock is influenced 
by the flow behind it, see the discussion in Section 143 (Part F). 
If the sti*ength of the shock is weak or at most moderate, we may 
approximately identify the shock transition with a simple wave 
transition. That means, to the degree of approximation considered, 
the flow behind the shock front is the same as that which would have 
occurred if the first deflection of the flow had been effected by a simple 
compression wav(' instead of a shoc^k. Su(4i a simple compression 
wave would form one simple wave with the given simple wave behind 
the shock front for y < 0 and therefore also for ?/ > 0. In other 
words, to the degree' of approximation considered, the shock does not 
affect the flow behind it. This flow is just the given simple wave 
continued for y > 0 up to the shock front. Thus the flow at each 
point would b(' determined if the position of the shock front were 
known. This position which depends on the simple wave flow behind 
the shock can be determined in the following way: 

We assume that the simple wave, which is a T-wave, can be 
described hy 

(130.01) .r = nia) ~ rm\co{a), y = Her) + rc(;sa)((T); 

Here a, b and the angle co between the straight Mach line and the 
positive ?/-axis, see (109.01), are given functions of the parameter a. 
The velocity n = q cos 0, v — q sin 0, and also p and r are then given 
as functions of co and the constants co^ , as explained in Section 109. 
The course of the shock front will be described by giving r, the abscissa 
along the straight Mach lines, as a function of a. For this purpose 
we express (3, the angle that the shock front makes with the positive 
.T-axis, in terms of the angle d of the flow direction behind the shock 
as given by (121.08) and (121.02.1) for polytropic gases. The 
angle 6 again can be expressed through aj(o-) by relations (116.05) 
which hold for the simple wave. The function p = ^(a) obtained 
in this way satisfies along the shock front the relation sin 13 dx — 
cos pdy = 0. Differentiating equations (139.01) we find 

(139.02) cos (/3 - oj) ~ + sin (/3 “ w) r = sin ;8 ^ - cos /3 

a linear differential equation for r = r{(jr). Its solution determines the 
course of the shock front. For the details see a separate publication [55]. 

We only mention that relation (139.02) simplifies very much if 
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we expand 13 in powers of co — coo and retain only terms up to the 
first or second order. From relation (138.08) and o) == A + d — 90°, 
coo = Ao — 90° we obtain in first order 

(139.03) 13 = 90° + coo + i(co - coo). 


Insertion in (139.02) gives, in first order, the equation 


(139.04) 


, / N a/ , aco . CO * 


, CO + coo da j.. 

+ cos —-= f(a) 


2 da 


which can easily be solved explicitly, 
(139.05) r ^ 


(ccia) - coo)^ I, 


when or = <7i and r = n correspond to the point at which the shock 
first meets the simple wave. Inserting relation (139.05) in (139.01) 
yields a parametric representation of the shock curve. 


140. Flow around a bump or an airfoil 

An important application of the fact that the influence of a shock 
on a simple wave behind it is only of the third order in the shock 
strength is the following treatment of supersonic flow around airfoils 
or similar obstacles, see Figure 7G. 

We consider a supersonic flow arriving with the velocity go along 
a straight wall, the x-axis, and meeting a bump which begins with a 
sharp angle 6i of inclination against the straight wall; we assume Si is 
less than , see Sections 122 and 123, so that the flow can turn 
through the angle Si by means of a shock The continued shock 
front varies in strength and inclination (unless the bump is straight); 
hence the flow behind the bump is rotational and carries a non-constant 
entropy. In second order, however, this flow is just the simple wave 
flow that would have resulted if the flow had turned through the angle 
Si by means of a simple compression wave. This simple wave flow 
corresponds in the {u, ?;)-plane to the epicycloid which begins at 
the point (go, 0) and carries the same entropy as the flow ahead of 
the shock front. 
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These facts are sufficient to determine the simple wave along the 
bump and thereby approximately, for example, the pressure of the 
flow on the obstacle, without paying any attention to the shock line 
S itself. To determine the latter as the transition line between the 



Fia. 76. Flow along a straight wall with a bump. 
The resulting shock and forwarcbfacing Mach lines are 
shown. 


zone of the incoming constant flow and the simple wave zone issuing 
from the obstacle we may proceed as in Section 139. 

An incidental result of the procedure is that, in the approximation 
considered, the shock line S cannot penetrate the straight Mach line 
C-f issuing from the highest point of the bulge. For, at this Mach line 
0 = 0 and beyond it 0 <0; the shock would therefore not effect any 
turn of the flow on this line, and beyond it the how would turn from 
0 = 0 in th(' direction of negative 0, which would contradict the fact 
that a shock always turns the flow toward the shock line. 


I4L Flow around an aitfoil treated by perturbation methods 
(linearization) 

We assume that the airfoil is an infinitely long cylinder; the cross 
section is the “profile.’’ When the airfoil faces a stream of air per¬ 
pendicular to the cylinder the steady flow is two-dimensional. 

If the profile is of the type used for subso.iic flight, with a blunt 
leading nose and a sharp trailing edge, a curved shock front forms 
ahead of the profile. Behind this front, the flow is subsonic (except 
possibly for a section at the upper contour); the flow pattern around 
the airfoil is the same as for subsonic flow and involves a point of stag- 
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nation somewhere at the nose and finite velocity at the sharp trailing 
edge, see Figure 77. 




Fig. 78. Supersonic flow against an airfoil with a sharp 
leading edge. Shock fronts arc attached at the edges. 


In a supersonic stream one may use a profile consisting of two arcs 
forming sliarp leading and trailing edges without fear that the flow will 
b(' detached at the leading edge. For, in supersonic flow, an instan¬ 
taneous change of flow direction through a shock is possil)le. Thus 
at a sharp leading edge two shock fronts develop (Figure 78) provided 
that the angles made by the arcs at the tip with the incoming flow 
direction are below the extreme angle O^xt • If either angle at the 
tip exceeds the extreme angle the flow pattern resembles that for a 
blunt nose; that i>s, it has a curved shock front ahead of the edge, see 
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Figure 79. If at the leading edge one of the ares makes a negative angle 
with the flow direction, a centered rarefaction wave develops at th(‘ 



Fig. 79. Supersonic flow against an airfoil with a blunt 
leading edge. A shock fro at starts ahead of the airfoil. 



Fig. 80. Supersonic flow against an airfoil with a sharp lead¬ 
ing edge. A shock front and a rarefaction wave are attached to 
the leading edge. 

edge instead of a shock, see Figure 80. Also at the trailing edge two 
shock fronts or rarefaction waves develop according to what the 
angles permit. Under certain (drcumstances, however, a shock front 
begins at some point along the profile and causes flow detachment. 
(This is apparently produced by a viscous boundary layer even when 
the angles at the trailing edge permit shocks there.) 

In this section we shall discuss approximation methods for deter- 
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mining the flow around profiles which are so flat that shocks at the 
leading and trailing edges are expected to occur. According to the 
discussion in Section 140 we obtain a good approximation for the 
flow around flat profiles if we assunn! that the flow at both sides of 
the profile consists of simple waves connected with the state ahead of 
the profile through the sim{)le wave relations. 'J’he two arcs of the 
profile arc tl^i prescribed streamlines across these simple waves. 
We know from Section 111 that simi)le waves are always uniquely 
determined l)y such streamlines (provided again that the angles 
t hrough which the streamlimss arc to turn are not so large that cavi¬ 
tation would result). The four shock fronts can be drawn in after¬ 
wards by employing the procedure described in Section 139. 

This method for approximately determining the supersonic flow 
around airfoils is simple enough. Howewer, a further approxima¬ 
tion using the method of perlurbation often gives sufficiently accurate 
results. Suppose the tvo arcs forming a profile are given by 

(141.01) y = l^'^(a;) and y = y''(a;), 

\^{x) < Y^{x) for 0 < X < 0 , 

(141.02) F'^(o) = Y~ia) = h. 

d'hen we consider the variety of profiles given by 

(141.03) y = iY^ix), y - eY~{x), 0 < x < a 

depending on a parameter e. Accordingly we have a set of problems 
depending on e. W(> then assume that the solutions of thcs(' problems 
can be expanded in powers of « and determine successively the coef¬ 
ficients of this expansion. Here we .shall derive the terms of first 
order of the expansion of the flow. W(‘ may assume from the be¬ 
ginning that the flow is isentropic and that, the entropy is the same 
as the entropy of the air ahead of the airfoil. We could set up an 
expansion of every quantity at a fixed point (x, y); this procedure 
will be indicated in Section 142. The calculations and results are, 
however, very miufli simpk'r if all (luant ities an^ treated as functions 
of two other parameters instead of x and y. The characteristic 
thro\igh a point which is inclined towards the profile intersects the 
profile at a point with the coordinates f and el*(^), see Figure 81. 
We then take x and ? instead of y as the two parameters. This pro- 
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cedure is suitable for deriving terms of first and second order. To 
derive terms of higher order it is better to introduce as parameters 
the abscissas ^ and of the two points at which the two characteristics 
through the point (x, y) intersect the profile. 



Fig. 81. Parameter ^ characterizing the posi¬ 
tion of a point {x,y) in the flow around a flat 
profile. 


We know that up to the second order the flow is a simple wave 
and that, accordingly, all quantities are constant along each char¬ 
acteristic, ^ = constant, and thus depend only on the parameter f. 
The angle d of the flow direction is given by tan 6 = e Yx(0' Since 
tan ^ = 0 up to second order, we have 

(141.04) d = up to secvond order. 

To express the quantities iij v, c, p, p in terms of $ we therefore need 
only express them in terms of d. This can be done immediately 
by using the expansions, given in Section 116, of the quantities at the 
tail of a simple wave in powers of the angle through which the flow 
turns. The incoming flow is assumed to have constant sound speed 
Co , Mach number Mo = qo/co y pressure po , density po, and velocity 
(qo , 0) with go > 0. With the notation 

1 

~ VMf^ ’ 


(141.05) 
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WO obtain from tho oiid of Soot,ion 116, in first ordor 
(141.06) u = r/o[l + loO + •••],. 

V = r/o[ zh 6 — • • * 1, 

(141.07) c = Co [1 ± ^ (/o* + to)e H-], 

mm> Z 

(141.08) p = Pn[l ± (/^‘ + /o)0 + 

(141.09) V = P" + poc/oli ufi + 

hci'c poCo = 7Po or piz/o = yMlpx, sec (3.00), have been used. 4’lie 
upper and lower signs correspond to 1 li(^ upper and lower sides of tlie 
profilo rospoot ivoly. 

In ordor to oxpross y in torms of :r and J we not(' that tho straight 
Mac*h lino through tho point (^, e is givon V)y 

(141.10) ?/ = e ) ■'($) + tan (± A + 0){x — ^). 

Here tho slopo tan (± A + 6) of the Mach line is a known function 

of tho angle 6 of tlu' flow dina'tion on it. Tho expansion of 

tan (zh A + t?) in powers of 0 == ky (108.02) and (108.14) 

(141.11) tan (zfc A + (?) = zfc/o 4- ^ 2 " ± • • • , 

Hence the Mach lines are givon to order zero by 

(141.12) y ~ dzlo{x — J). 

This relation, expressing y in t('rms of x and can be used to represent 
the flow to first order in teians of x and y. By inserting the relation 

(141.13) ^ = X + /^V 

in the first order terms of (141.06-.09) and expressing 0 through the 
slope of the profile Fx($), obtain 

(141.14) u = r/o[l + to e Yxi^' + V) + ’ ' 

V = 7f;[e + ^oV) + '''Ij 

(141.15) c --== Co [1 zb (to^ -b to) € Yx{x + to^y) + ••*], 

(141.16) p — po[l dz (/o^ + io)€Yx{x to y) + 
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(141.17) V ~ 7^0 =1= Po7o^oey ^(:r + /o V) ■■']• 

Since the strength of the shock approuches zei’o as e —> 0, tlu' 
shock line is to the order zero just the Alacli line 

(141.18) y = ±t,r 
issuing from the tip. 

To the next order, that is to the tii’st, the Ahich lines are given 
l)y the foi*mula 

(141.19) y = « Y^ii) + ^ ^ (1 + llf e Vf (^)] (.<: - f), 

as we see from (141.10 .11) nnd (141.04). From the discussion in 
Section 189 we know that^ lo first ord(n* the shock line bisects tlie 
angle between the two AIa(‘h lira's issuing from the tip $ = 0. Fon- 
seciuently, we derive from ecpiation (111.19) tlie following I’r'pix'sc'ii- 
tation of the shock line to first onk'r 


(141.20) 


T + 1 
±to + ---7- 
4 


(1 + for 


vUo) 


We are especially interested in the |)ressure disti’ibution along the 
profile. Setting ^ = x we obtain from (141.17) 

(141.21) p = po + Po^ol dz /() e 1 X + • • •. 


For the total resulting force with the x-component F and the y- 
eomponent G we obtain in obvious notation 


F r [pY,] 1 <lx 
Jo 

(141.22) 

= pqqI to [ {(Fx(.t))^ + (Fx(*^‘))‘'l + •• •, 

Jo 


(141.23) G 




[p] 1 (lx = - 2 € Pu qi to h + 


here b is given by (141.02). We see that the drag F is of second 
order in the thickness parameter e. The lift G is of first order in e 
unless 6 = 0, i.e., unless the chord connecting the leading and the 
trailing tips, (0, 0) and (a, 6), has the direction of the oncoming 
flow. These formulas for lift and drag of first order were first derived 
by Ackeret [126]. 
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Pi’oceodiiig in tlie same in which we have derived the terms of 
first order, one can determine terms of higher order for all C[uantities 
in question. Terms of second order were given by Busemann [127- 
129]. It turns out that the third order contribution to the drag 
vanishes for a symmetrical profile. Terms of third and fourth order 
for lift and drag have been derived by Donov [130]. In deriving 
such terms th^change of entropy across the shock and the deviation 
of the shock relations from the simple wave relations are to be taken 
into account. Since the shock strength is constant in first order, the 
change of entropy is constant in third order. Therefore the flow past 
the shock is still isentropic and hence irrotational in third order, see 
Section 13. The rotational character of the flow appears only in 
fourth order. It is further remarkable that the lift in third order 
and the drag in fourth order depend on the slope of the profile at the 
tip, and in fourth (or fifth) order on the curvature of the tip. In 
addition these quantities depend, of course, on the shape of the profile 
as a whole. 

142, Alternative perturbation method for airfoils 

We slatc'd (‘arlic'r that there is anoth(*r incdhod for the expansion 
of the flow in powers of the thiclmess parameter, using the expan¬ 
sion of all quantities at a fixed point (x, y). This method is by far 
more complicated than the one outlined above. Nevertheless, we 
shall present it as far as first order terms are concerned because it 
leads to the linear wave equation and can be generalized for the case of 
Ihree-dinu'nsional flow, in whicdi the previous method has apparently 
no analogue, see Chapter VI, Part A. 

Since we are concerned only with the terms of first order we may 
assume from the i)eginning that the flow is isentropic and that th(' 
(‘iitropy is the sam(‘ as that of the undistur])cd air ahead of the airfoil, 
d'hen the flow problem can be formulated in terms of a stream func¬ 
tion xpix, ?/), see Section 102, which is so chosen that it vanishes at 
the tip of the profile. The differential ecpiations are, see (102.09) 
and (102.03), 

= -pr, 

Uy - 


(142.01) 

(142.02) 


V 


0 . 
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Here p is to be expressed in terms of \pl + through (142.01) and 
Bernoulli’s equation (1()2.()1). Since we assume the flow to be super¬ 
sonic the Mach number Mo ^ qo/co is greater than one. 

The boundary conditions on the profile are 

(142.03) eVHx)) = 0. 

In addition we should add as “initial” ^‘onditions the relations 
along the unknown shock line. To avoid the complications that 
result from the expansion of the shock conditions we proceed in 
a somewhat improper way. We assume first that the slope of the 
profile vanishes at the tip: 

(142.04) YtiO) = 0. 

Then we know that tlui shock begins only at some distance from tlu' 
profile and this distance increases as the thickness parameter e de- 
creavses. As “initial” conditions we then simply impose 

(142.05) xp = po^o,’/, lAx = 0 on x = 0, 


without mentioning the shock. The results derived in this way will 
then be used for (‘ases in which the slope IT do(\s not vanish at the 
tip. This procedure gives the terms of first and se(*ond order cor¬ 
rectly. 

We expand the values of the quantities xp, u, y, r at each point 
(x, y) with respect to powers of e, anticipating that \p = qoy, u = qo , 
z; = 0, p = po, p = po for € = 0; the subscript (0) refers to the un¬ 
disturbed flow ahead of the airfoil. Then the expansions are 


(142.06) 


^ — PoQoU + + • • •, 

I (1) I 

11 — qo + ell -f- • • *, 
z; = + •••, 


1 O) I 
T = To + €r 


From relation (102.05) we have 

(142.07) ; 

from relation (142.01) then 

(142.08) (1 - MS)m'” = Tof"’, 
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Inserting the expansions (142.06) into (142.01-.02) and using 
(142.07“.08\ we obtain for the equation 

+ (1 - = 0, 

iiV - = 0 , 

which is the classical wave equation. 

The boundary condition (142.03) gives by (142.06) the relation 

p,qoeY%t) + €y="(a;)) + • • • - 0. 

]']xpanding the function with respect to e we obtain 

Por/ocI "^(.t) + 0) + ••• =0; 

hence 

(142.10) 0) = -poqoY^ix). 

This is the boundary condition for the expansion coefficient 
We note that this ci^ndition is to be satisfied at the axis y = 0, and 
not at the profile. This recpiirement is typical of all cases in which 
the boundary itself varies with the parameter. It should be em¬ 
phasized that this requirement is not an additional condition or an 
artificial device but a natural result of the systematic perturbation 
procedure. 

There still remains the initial condition (142.05) which gives 

(142.11) </'‘"(0,?/) = 0, ^‘“(0,?/) - 0. 

The general solution of the wave equation (142.09) is well known: 

(142.12) = fix - to^y) + oix + 

The boundary and initial conditions (142.10-.ll) are in particular 
satisfied by 

(142.13) y) = -poqoY'^ix + to^y) for y ^ 0. 

Here Y^'{x) = y~(.r) = 0 for x < 0. For and we find from 
(142.08) and (141.05) 

= -\-Uq(iY'^{x-\-to\j) 

= ’YQoYxix+to^y) 


or by (141.05) 
(142.00) 


for 2 /^ 0 . 
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These expressions a^ree with those derived by the first method, 
see (141.14). 


F, Remarks about Boundary Value Problems for Steady Flow 
143. Facts and conjectures concerning boundary conditions 

The basic question in mathematical physics and mechanics is: 
how is a phenomenon determined by the .t^eneral differential equa¬ 
tions and the specific boundary conditions? I'oi* the field treated 
in the preceding chapter this (piestion assumes a j)articularly intri¬ 
guing and elusive aspect. We seek a characterization of appropriate^ 
boundary conditions that would ensuni the existence and unieiiu'ness 
of the solution of probh'ms in steady flow. \Vhat can l)e said by 
way of an answer is still tentative and far from a clear-cut mathemati¬ 
cal statement. 

Any mathematical formulation of a problem of physics involves 
idealizing assumptions, part of whose justification may be found in 
the existence and uniqueness of the mathematical solution and, in 
addition, in its ‘^stability,that is in its continuous dependence on the 
data. The difficulties that arise have their roots freciuently not in 
physical reality but rather in imperfect mathematical idealizations. 
Strictly speaking, steady phenomena do not exist but correspond 
to such an idealization; for they must be considenul as limiting states 
of transient phenomena arising under given boundary conditions 
from given initial states. The existen(*e of such steady limiting 
states, however, is not at all obvious and probably cannot be d(Hluced 
from the differential equations without taking some eff(‘ct of viscosity 
into account; even then a rigorous proof seems beyond the present 
possibilities of analysis. 

But let us start with the assumption that a steady limiting state 
exists. Then the question arises: can this states be determined 
intrinsically as a solution of the differential equations for the steady 
state by imposing proper boundary conditions, without reference 
to the transient phenomenon from which the steady flow asymp¬ 
totically originates? Only when this question is answered may we 
consider the theory of steady state as satisfactory. In many instances 
of classical linear problems of mathematical physics the proper in- 
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trinsic boundary conditions for the steady state can be formulated 
immediately, being the same as in the underlying transient problem. 
Unfortunately, the situation is far more complicated in fluid dynamics. 
In many significant cases the boundary conditions which determine 
the transient flow are lost in the asymptotic process leading to a steady 
limiting state; hence the proper intrinsic boundary conditions must 
be found by more elaborate considerations. As a matter of fact, the 
search for tHfise conditions has, in some cases, not been entirely suc¬ 
cessful. Neither intrinsic mathematu'al analysis nor physical in¬ 
tuition always provides a ready answer. 

Even the simpk'stTtypes of gas dynamical problems illustrate thes(‘ 
difficulties. For example, we may consider the problem of finding the 
flow in an infinite duct which originally contains gases under different 
pressures at rest in different parts of the duct; these gases are separated 
by membranes which at the time ^ = 0 are suddenly removed. The effect 
of the resulting interaction process will spread through the whole duct 
and eventually reach every part of it. Therefore we cannot expect the 
asymptotic steady state to be determined b}^ the same conditions 
that prevailed at the far ends originally. In particular, if there is 
only (vne membrane separating the tube into parts with quiet gas at 
different pressures, we have the simple case already studied in Section 
80; the resulting steady state is a constant flow which at the far 
ends certainly does not satisfy any of the conditions inherent in the 
gas at the beginning; certainly the velocity of the steady flow is not 
zero at the ends and also pressures and densities differ from those 
prevailing initially there. 

The situation is similar if originally, at the time / = 0, a steady 
flow exists in a duct whose shape is afterwards modified, e.g. by de¬ 
forming the duct, or by introducing into the duct some obstacles (as 
in a wind tunnel). The effects of these disturbances will ultimately 
spread throughout the duct and may induce at the far ends boundary 
conditions different from the original ones. It should be noted, how¬ 
ever, that sufficiently weak disturbances of the shape of the duct, at 
places where the original flow was supersonic, will never reach the 
upstream end of the duct. In this case it is proper to retain, for 
the steady state, the original boundary conditions at the upstream end. 

To obtain the proper boundary conditions one should determine 
the limit flow at a definite place x as the time t approaches infinity 
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and afterward let | a; 1 approach infinity. Mathematically speaking, 
the difficulty in formidating boundary conditions is thus connected 
with the fact that the passage to the limit t —> oo and the passage to 
the limit | :r ] —> oo are two processes generally not interchangeable 
with each other. 

A peculiar feature of the intrinsic boundary conditions for prob¬ 
lems of steady gas flow is that they dt^pend on tlie nature of the 
solution. They are different if the steady flow which they are to 
characterize is subsonic throughout, or supersonic throughout, or 
partly subsonic and partly supersonic, and still different if the flow 
involves shocks. 

We shall explain the various possibilities in the simple kh'al case 
of flow through an infinite duct whose entrance section consists of two 
plane walls parallel to the a:-axis between y — 0 and y — h. We 
assume that the exit section likewise consists of two parallel plane walls. 
The results of our discussion will also apply in a rather obvious 
manner to flow around an obstacle, such as an airfoil, placed in a 
duct or to flow around an obstacle in a free stream. We may char¬ 
acterize the flow by a stream function and assume that values of 
the stream function at the two walls are prescribed constants, ^ = 0 
and i/' = ^0 ‘ This boundary condition need not be mentioned any 
more. We also assume that at — , i.e. at the infinite end of the 

entrance section, the flow has a uniform velocity Uo and a uniform 
density po and pressure po • The value of the stream function at 
the wall is then given by ypo = poUo . We shall then characterize the 
flow in terms of the ‘^entrance Mach number’^ Mo = Uq/cq . 

We shall first discuss the case in which the steady .state flow is 
everywhere purely subsonic, a situation to be expected if the entrance 
Mach number is sufficiently small. The differential equation for 
the stream function is then elliptic. According to general experi¬ 
ence, the same data may be prescribed for elliptic differential equa¬ 
tions as for the potential equation. If \l/ were a harmonic function 
it would be completely characterized by the condition that it assumes 
the values 0 and ypo at the two walls and remains bounded at the 
entrance and exit. We therefore surmise that the same data deter¬ 
mine a stream function of the compressible fluid. The velocity dis¬ 
tribution would then be uniform across the infinite ends of the entrance 
and exit sections. In several other respects the flow would behave 
like a potential flow. Since sufficiently differentiable solutions of an 
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elliptic differential equation are analytic, the flow is completely 
determined throughout the duct by its distribution over an arbitrarily 
small section; in particular, the flow velocity cannot be constant in 
any section unless it is constant in the whole field of flow. This fact 
is remarkable because a similar statement is not true for supersonic 
flow. 

Next ^ consider the other extreme, that the flow is supersonic 
throughout the duct. In that case the differential equation is hyper¬ 
bolic. The proper analogue is no longer the potential equation, 
but the wave equation with time corresponding to x, the distance 
along the axis of tfie duct. Accordingly, we expect that a uniquely 
determined flow exists if two initial conditions are imposed at the 
entrance and none at the exit. Since the behavior at the exit is 
not prescribed, we cannot, in general, expect the velocity to be 
uniformly distributed at the end of the exit section. 

Continuous, purely supersonic flow will arise for properly 
shaped duct walls. We know that we can even achieve a situation 
in which the flow in the exit section has a uniform velocity by using 
the construction described in Section 113. On the other hand, we 
know from previous discussions, see, for example. Sections 117 and 
123, that a continuous, purely supersonic flow does not exist if certain 
parts of the duct walls are strongly curved and force the occurrence 
of shocks. 

Before discussing the boundary condition to be imposed in case 
shocks occur, we first consider the ‘'mixed'' continuous flows which 
are partly subsonic and partly supersonic. We shall first assume 
that the entrance flow is subsonic. There are then several possibi- 
bilities of mixed flow. Suppose the duct walls are plane except for 
a small inward bulge at some section (see Fig. 82). If the entrance 
Mach number is not much below the value one, the flow becomes su¬ 
personic in a finite region adjacent to the bulge and is again purely sub¬ 
sonic throughout the exit section. In this case we expect that the same 
boundary conditions may be imposed as for subsonic flow. However, 
it is not known whether solutions exist for arbitrary shapes of the 
bulge, nor is it known whether or not a slight change in the shape of the 
bulge would induce a large change in the flow; there are strong in¬ 
dications of such instability, see [97] and [98]. When the entrance 
Mach number is increased, there is little doubt that a continuous flow 
will cease to exist under the given boundary conditions as soon as the 
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entrance Mach number attains a certain critical value less than one. 

Whether, upon increasing the entrance Mach number, discon¬ 
tinuities will develop, is still an open question, and is clarified neither 
by experiment nor by theory. It has been proved, see [99], that shocks 
do not originate as they do in one-dimensional flow on the tip of an 
incipient 'dimit line”; it has also been proved by H. Gortler, see [99], 
that in mixed flow two finite supersonic regions cannot merge when the 


Subsonic flow 


Supersonic flow 



Fig. 82. A region of subsonic flow in which a region of super¬ 
sonic flow is embedded. The Mach lines in the region of super¬ 
sonic flow are indicated. 

entrance Mach number is increased. Yet, how in detail the discon¬ 
tinuity starts, to what extent viscosity is necessary for an explanation, 
or whether instability alone in the non-viscous steady flow suffices to 
account for the formation of shocks, are important but unanswered 
questions. 

Another possibility of mixed flow is that the flow changes across 
the whole duct from a subsonic into a supersonic state near the bulge 
and then remains supersonic. Such a type of flow occurs in exhaust 
nozzles, see Chapter V. For this mixed flow, only one boimdary condi¬ 
tion is appropriate at the entrance, as with purely subsonic flow, 
while, as with supersonic flow, none is allowable at the exit. It is 
not known, however, whether or not a flow is uniquely determined 
by such data. The problem of uniqueness of such mixed flow has 
been treated by Frankl [88-91] using certain methods of Tricomi [87]. 
Frankl has been able to prove the uniqueness of the flow out of an 
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orifice in case the flow is subsonic up to the opening and supersonic 
outside of it. 

Flows which are supersonic in the entrance section of a duct and 
then become subsonic owing to a constriction in the duct may be 
considered the reverse of flows that turn from a subsonic to a super¬ 
sonic state. Continuous flows of this type can exist only for very 
specially designed duct walls, sec Section 113. Flows which possess 
only finite*^ubsonic regions because of the occurrence of an out¬ 
ward bulge do not seem to have been considered. 

So far we have made the assumption that the flow is continuous. 
We know that in geFicral this assumption is not tenable and that we 
must consider flows involving shocks. It is a question (jf great im¬ 
portance to know under what circumstances a steady flow involving- 
shocks is uni([uely determined by the boundary conditions and by 
the conditions at the (entrance, and when further conditions at the 
exit are appropriate. 

Shock fronts in tlie supersonic flow entering tlic duct begin at the 
(aisps of envelopes of Mach lines of the in(*oming flow, as we assume 
in accordance with our previous analysis, see Section 117. The 
shock fronts beginning at these cusps can certainly be uniquely 
continued until they meet each other. Suppose they meet undei* 
such angles that ^Tegular intersection^^ is possible, see Sections 125 
and 126. Then again unique continuation is possible until the 
continued shock fronts meet the opposite walls. If they meet these 
walls at such angles that weak regular reflection is possible, then again 
continuation is determined provided that only weak reflections ar(‘ 
admitted. Thus the flow can be uniquely continued if the situation 
is such that regular intersections and regular reflections are always 
possible when reflections or intersections are called for and if the 
weak character of the reflection is stipulated. Such a situation 
corresponds somewhat to one-dimensional unsteady flows in which 
the continuation of shock fronts in time is uniquely determined. 

If regular reflection or intersection is not possible, Mach reflection 
or intersection will occur. Once reflection or interaction of the Mach 
type and of the strong regular type is admitted in the flow pattern, a 
completely different situation arises as to the unique determinacy of the 
flow. The important new point is: A new condition must be imposed 
at the exit end. 

Consider, for example, a duct with an entrance section bounded 
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by two straight parallel walls which at certain points turn sharply 
inward through a (certain angle and then remain straight for some 
distance beyond these points, see Figure 83. Suppose these angles are 



so large that no regular intersection of the shocks issuing from the 
corners is possible. Then a stationary Mach intersect ion will take place 
in which the Mach shock front in general is cuived unless the condi¬ 
tions for a stationary Mach configuration can be satisfied at the branch 
point. The position of the Mach shock is not determined by the 
data of the problem. This (*an l>est be seen in the case of a Mach 
configuration wdth straight shock lines, d hen obviously the branch 
points of the configuration ma^^ have, within limits, an arbitrary 
distance from the wall in agreement wdth the shock conditions. 

One may even imagine that the plane Mach shock front can be 
moved upstream so far that it begins at the walls themselves, and 
even beyond that position. In that case the configuration of Mach 
intersection has degenerated into a simple plane shock front across 
the du(‘t. It is then known that in order to establish a definite 
position of the shock front a new^ condition at the exit must be 
imposed, such as, for example, the exhaust pressure. 

Thus it is plausible that flow^ involving a single shock front is not 
uniquely determined unless the pressure at the exit is prescribed or 
some other appropriate condition is imposed. To illustrate this, we 
consider a flow^ involving a shock front completely spanning the duct 
at a place at which the duct walls are not parallel but inclined toward 
each other, such as in the exhaust section of a nozzle. In that case 
evidently the position of the shock is coupled with its strength and 
the strength in turn is coupled with the pressure of the flow in the 
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exit section. It is then reasonable to expect the position of the 
sho(5k front to be determined by prescribing the pressure at the 
infinite end of the exit. 

It is not obvious, however, what one should prescribe at the infinite 
end of the exit for flows in which a great number of Mach intersections 
and Mach reflections occur and in which therefore the flow in the 
exit consiate of several subsonic and supersonic sections. In an 



Fig. 84 Supersonic flow in a duct deflected by a 
strong shock. 


actual flow viscosity will assure that the flow conditions are finally 
uniform over the cross section. Then again the pressure can be 
prescribed at the infinite end of the exit, but it seems that the location 
of Mach shock fronts cannot be determined without taking the effect 
of viscosity into account. 

A significant illustration of the difficulties arising from the problem 
of uniqueness is given by the flow in a duct with a sharp corner, as 
in Figures 84, 85. An incoming parallel supersonic flow changes its 
direction through a shock S provided the angle of the corner is not 
too large. As we saw in Section 123 there are two shocks, a weak and 
a strong shock, compatible with the local conditions at the comer. 
According to our previous discussion the decision between a weak and 
a strong shock should depend on the boundary conditions imposed at 
the downstream end of the duct. One could design a duct so that for a 
given Mach number the incoming constant flow would be deflected into 
the new direction by a strong shock with a resulting constant parallel 
flow in the exit part of the duct. The same incoming flow, however, 
may also be deflected into the new direction by a weak shock in and near 
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the inner curves. Then the angle between shock line and direction of 
incoming flow would be smaller than in the case of a strong shock. A 
rarefaction wave would issue from the opposite obtuse corner of the duct 
and a complicated flow pattern due to interactions and reflections 



Fig. 85. Supersonic flow in a duct deflected by a 
weak shock and a rarefaction wave. 

would result. There are even many more flow patterns, involving 
Mach configurations compatible with the assumption of a given in¬ 
coming flow in the duct. Such mathematical indeterminacy indicates 
that the actual phenomenon singled out among the various conceivable 
ones will be determined by conditions imposed at the exit end. Cer¬ 
tainly the various flows mentioned behave differently there. 

Whether or not a flow compatible with the boundary conditions 
actually occurs depends moreover on its stability. Certainly, 
there exist unstable flow patterns, see e.g. [144, 147]; in particular, 
it has been frequently asserted that flows involving ol)lique strong 
shocks are unstable. Reasons given for this statement do not seem 
cogent. On the contrary, it seems plausible that the flow indicated 
in Figure 85 would become stable if the two sections of the duct were 
made slightly divergent in the direction of the flow; for strong shocks 
spanning a symmetrical divergent duct are known to be stable. 

In the case of instability there may be another stable, actually 
occurring, flow which satisfies the given boundary conditions; on 
the other hand, there may be situations where no stable flow of 
the assumed type exists, for example if the unstable flow is uniquely 
determined by the boundary conditions. In that case the actual 
steady limiting flow, if it exists, does not satisfy the boundary con- 
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ditions supposed to characterize it; other conditions should then be 
found. 

It should be mentioned that there is still another possible occur¬ 
rence in a flow which must be excluded in order to have the flow 
mathematically determined but which actually does take place in 
certain flows. This is the possibility of jet detachment from the 
walls. Bucli^ detachment is liable to occur immediately behind the 
place at which a shock front meets the wall. Detachment is evi¬ 
dently compatible only with an oblique shock front, i.e. a shock iront 
which does not meet the wall perpendicularly. Its occurrence and 
its strength in actual flows seem to depend decidedly on the viscous 
boundary layer which has been built up as far as the point of de¬ 
tachment. 

In concluding we emphasize once more that the considerations 
of this section serve primarily to illuminate the altogether imperfect 
state of the theory and the need for much further investigation by 
experiment and mathematical theory. 
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Flow in Nozzles and Jets 


144. Nozzle flow 

In Sections 113 to 115 we discussed patterns of two dimensional 
flow in a duct or in a jet emerging from a duct. We shall now resume 
this discussion by studying, in greater detail, steady (low in two- 
dimensional as well as three-dimensional nozzles and jets in a more 
or less qualitative way. 

Strictly speaking, a flow through a duct should be considered 
as a steady, isentropic, irrotational flow with cylindrical symmetry 
about the^r-axis and should be determined by solving the differential 
equations (16.06) and (16.14) under appropriate l)Oundary conditions. 
An approximate analysis of great practical value is, however, possible, 
avoiding a difficult study of such a boundary value problem. 

The most important type of duct is the de Laval nozzle, which 
plays a fundamental role in the operation of turbines, wind tunnels, 
and rockets. The de Laval nozzle consists of a converging “entry” 
section and a diverging “exhaust” section. When a gas at rest in a 
container or chamber under high pressure escapes through such 
a nozzle, two possibilities arise. The first is that the flow, at ter being 
expanded in the entry section, is compressed in the exhaust section 
and remains subsonic throughout. This occurs when the ratio of 
chamber pressure to outside pressure remains below a certain “criti¬ 
cal” value. When this pressure ratio exceeds the critical value, the 
other alternative occurs; the flow becomes supersonic on passing 
the throat and continues to expand from this point on. 

145. Flow through cones 

The important fact that subsonic flow is compressed, and super¬ 
sonic flow is expanded, in a diverging section can best be understood by 
considering flow through a two-dimensional angular sector or through 
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a cone. Since the flow in a sector has already been treated in 
Chapter IV, Sections 111 and 117, we may confine ourselves to the 
flow through a cone. We assume that the flow is steady and isen- 
tropic, that it is radially directed, and that its speed (?, density p, and 
pressure p depend only on the distance r from the tip. Then the 
continuity equation can be written in the form 

(r^PQ)r = 0 , 

or /pq = constant. Denoting the area intercepted by the cone on 
the sphere r = constant by ^4 = and the rate of mass (grossing 
this area per unit time by G, we have 

(145.01) Apq = G. 

Since the flow is irrotational, th6 only additional equations needed to 
determine the flow are the adiabatic relation 


(145.02) 


pp = constant, 


and Bernoulli’s law 


(145.03) mV + (1 - M^)o^ = 

with = 7 p/p, see equation (14.08). 

The critical speed c* = g* is always considered in what follows 
as a fixed parameter; then, by equations (145.01-.03) the values of 
pressure and of density at the critical speed, p*, p*, are also fixed, and 
likewise the critical value .4* of the cross section A, corresponding to 
the value c = c*. (These critical values are well-defined quantities, 
whether or not they are attained in the actual flow.) The preceding 
equations may now be written in the following form, in which c/c* , 
p/p* j v/v* , AJA* are expressed in terms of q/q* = q/c* or c/c* : 


(145.04) 



Accordingly, we may consider any one of the quantities A^ q, r 
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as an independent variable (always for fixed c* = g* . p* , p* and .4*) 
and express all the other quantities in terms of it. 



Fig. 1. The speed q of the flow through a nozzle depending on 
the intercepted area A (for air y — 1.4). 

For a further discussion we derive from (145.01 -.03) the relations 

^ = 0 
A P q ’ 

rfp _ 2 dc _ I — p dc 

p y — \ c c ’ 


pV/ dq — p)c dc = 0; 


= (I - 

A V ) q' 

The last relation shows that for increasing area A the speed q in- 
creases when q > c and decreases when q < c. Moreover, since in¬ 
creasing speed corresponds to decreasing density, it follows that 
in the direction of increasing area A the, flow is expanded when it is 
super sonic y compressed when it is subsonic. 

Another important consequence can be inferred from these 
formulas. The quantity A as a function of q has a minimum A^ 
for q = qnt = Cni . No flow with given c* , p* , A* is possible in the 


(145.05) 

(145.06) 

and 

(147.07) 
hence we find 

(145.08) 
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part of the cone with A < .U , and a converging flow beginning with 
A > stops when the critical area A = /I* is reached. No tran¬ 
sition from siibsonic to supersonic flow is possible in a cone. 


146. De Laval nozzle"^ 


Transiti«^ from subsonic to supersonic flow becomes possible, 
however, by the following modifi(‘ation. Two sections of cones or 
similarly shaped tubes with the same axis are placed opposite each 
other and connected ,as in Figure 2, thus forming a de Laval nozzle 



Fig. 2. Del-«aval nozzle. 

with entry section, throat, and exhaust section. Then a subsonic 
expanding flow in the entry section, on passing through the throat, can 
change into a supersonic expanding flow in the exhaust section. 

The exact treatment of the flow through a cone can be modified in 
order to describe approximately the flow through a de Laval nozzle 
whose components arc not necessarily conical. The approximate 
treatment described below is a slight modification of the “hydraulic’' 
treatment due to 0. Reynolds (1886). A set of surfaces of revolution 
which intersect the nozzle wall perpendicularly is introduced**; it is 
then assumed that the flow is orthogonal to these surfaces and that 
all relevant quantities are constant on them. If by A we denote the 
area on these surfaces intercepted by the nozzle wall, i.e. the cross 
section area, then (145.01) also holds for this flow. Hence we may 
apply the formulas (145.04-.08) derived above from (145.01-.03) for 
conical flow. In particular, we infer from relation (145.08) that if a 
change from a subsonic to a supersonic flow occurs at all, it occurs at 

* With reference to what follows see [139-144] and [102] in the bibliography. 

** In Reynolds^ “hydraulic” treatment planes perpendicular to the axis are 
assumed instead of curved surfaces, which are naturally suggested by the consid¬ 
eration of flow through cones. 
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that surface on which the area A assumes its minimum. Then the 
flow becomes sonic at the throat, i.e. we have there q = = c* and 

A — At — A:i:. The assumptions on which this treatment is based 
are not exactly compatible with the irrotational character of the flow. 
Nevertheless, both experiment and a refined theoretical treatment, 
see [144], based on a more complete analysis of the differential equa¬ 
tions show that the results of the hydraulic theory provide very good 
approximations. 



Fid. 3. Surfaces across a nozzle on which q, 
p,p are assumed constant. 

It is evident that tivo-dimensional nozzle flow (;ould be treated 
in much the same manner, and it might seem that an exact theory 
could be developt'd by investigating the linear differential equations 
characterizing the flow in the hodograph plane. Such a procedure, 
however, is not practicable because the image of the nozzle region in 
the (?/, t’)-phine is not simple; it forms a fold. 

To see this, one need only visualize how the images of the stream¬ 
lines would run in the hodograph plane. Consider a point of a 
streamline in the subsonic region with negative velocity ('omponent t’. 
On the same streamline, v will eventually be positive in the super¬ 
sonic region. Since v = 0 all along the axis of the nozzle, one arrives 
at the diagram shown in Figure 4, corresponding to the section of 
the flow with y > 0. One observes that the images of the streamlines 
intersect each other. Thus the image of the field of flow in the 
hodograph plane is not simple, and the functions representing x, y 
in their dependence on u, v become singular at the envelope of the 
images of the streamlines. 

From the theory developed in Chapter II, Section 30 and Chapter 
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IV, Section 105, we know that this envelope, the edge of the fold, is 
a r-characteristic. It is evident that for the nozzle flow both F- 
characteristics starting at the point u = y v = 0 are such edges. 



Fig. 4. Images of streamlines of a nozzle 
flow (for y >0) in the hodograph plane with an 
envelope, which is a F characteristic. 

The cusp region between them is covered three times by the mapping. 
The antecedents of these two branches of the edge in the (x, y)-plane, 
the transition curvesy consist of two Mach lines starting at the point 
on the axis at which critical speed is reached. (Incidentally, a fur¬ 
ther discussion shows that /owr, and not two, Mach lines issue from 
this point.) 

While it is not possible to use the velocity components, it is pos¬ 
sible to use the stream function and the potential function as new 
independent variables. Thus one is led to a refined analysis of nozzle 
flow which can be carried out for both two- and three-dimensional 
cases [144]. Suppose that a distribution of the axial velocity along 
the axis is given. By expanding the velocity components and the 
distance from the axis in powers of the stream function, assumed to 
vary on the axis, and inserting these expansions in the appropriate 
differential equations, one is led to some simple formulas. The terms 
of first order agree with those obtained by the hydraulic method. 
Among the formulas of the next order we mention only 


([w ■— Qa{^ + iKwVw) 
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for the flow speed gnr at a point W of the wall in terms of the speed 
qa at the point A where the potential surface through W cuts the 
axis; is the curvature of the nozzle wall at the point tF, and yw 
is the distance of this point from the axis measured along the po¬ 
tential surface. 

The results found by this method seem to agree well with those 
obtained by Taylor from expansions with respect to y up to the fifth 
power, or by the method of finite differences [143] and [146]. 

147. Various types of nozzle flow 

In spite of its great simplicity, the hydraulic nozzle theory ac¬ 
counts for some peculiar types of nozzle flow that result under 
various conditions. For a proper understanding of these occurrences 
it is convenient to assume that the exhaust flow is discharged into a 
large receiver vessel in which an arbitrary pressure can be maintained. 
We then imagine that the receiver pressure pr is varied while the 
chamber pressure pc at the entrance of the flow into the nozzle is 
kept fixed. We assume that the flow speed Qc vanishes at the en¬ 
trance; this corresponds to assuming that the cross section area of 
the chamber is infinite. From (145.03-.04) we can then determine 
the critical pressure p* , 

(147.01) p* = (1 - 

Let p be the pressure at the '‘cross section^’ of area A; then by 
formulas (145.04) the ratio A/A^t^ is a well-defined function of the 
ratio p/p^ , p* and A^ being critical pressure and cross section area, 
respectively. While the critical pressure p* is known, the critical 
area ^ ♦ is not determined by the given state in the chamber. 

To visualize the variety of flows compatible with a fixed state 
in the chamber and various receiver pressures, it is advantageous to 
use graphs of the set of functions derived from (145.04) 

^ ^ fe) 

for various values of the parameter A^ , see Figure 5. 

All these curves have the lines p = 0 and p = pc ViS asymptotes 
and are loops reaching from A=i4^toA=oo. For any of these 
curves there are two values p attached to every A > A* , the greater 
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value of p referring to a subsonic, the smaller to a supersonic state, 
while for A = /l^c both states become identical, and for A < A^ no 
flow is possible at all. In Figure G the pressure p is shown as function 
of the abscissa x along the axis for a given nozzle. It is obtained by 

inserting the value A as a function of xm A — The rela¬ 

tion between pressures and areas along any flow in the nozzle from 
chamber to receiver is represented by arcs of these graphs. 



Fig. 5. Relation between pressure and cross section 
area for the various nozzle flows resulting from various re¬ 
ceiver pressures pi to p^. 


When the receiver pressure pr equals the container pressure pc 
no flow results at all. When pr is slightly less than pc , a flow with 
low speed results (in Figure 5, pr = pi). To determine the flow we 
locate the point p ~ pr, A = Ae in the (A, p)-plane, /I«being the exit 
cross section area. For an appropriate value of .1 >ic , d * = /U(pr, A , 


the curv(' A 





passes through this point. 


We follow this 


curve until A assumes the value At of the throat cross section area. 
The section of the curve between A t and Ae represents the flow from 
the throat to the exit, while the flow from the container to the throat 
is represented by the section from A = oo to d = At of the same 
branch of this curve. The flow remains subsonic throughout. 
Evidently this description of the flow, characterized by the sub¬ 


script r = 1, is valid only if the curve A — A 



passing through 
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the point (pi , Ae) intersects the line A = A t ; i.e., if 

At > 

when A^ = yl*(pi , Ae) is the critical area associated with the specific 
curve under consideration, and when A t is the given throat area of 
the nozzle. 



Fig. 6. The pressure as a function of the position along 
the axis of a nozzle for various flows resulting from various 
receiver pressures. 


As the receiver pressure pr i« lowered, A^ decreases until finally 
the value A* = is reached for a certain pressure Pr = P 2 . For 
Pr = P 2 , the flow just becomes sonic at the throat, hut still remains 
subsonic elsewhere. 

When now the receiver pressure pr is lowered below p 2 a completely 
different type of flow arises, as indicated in Figures 5 and 6. From 
the chamber up to the throat the flow is subsonic and represented by 


the upper arc of the curve, A 


AJ 



, coming from A = 00 and 


belonging to A* = At. This part of the flow is independent of the 
receiver pressure and is determined solely by At and p* (or pc by 
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(147.01)). After passing the throat the flow becomes supersonic and 
is represented by the lower branch of the same curve A = Atf » 
this curve intersects the line A = at a definite point with p — pe ] 


hence pe is determined from Ae = Atf other words, the flow 

is smooth wi^steadily decreasing pressure and density and steadily 
increasing speed which is sonic at the throat. If the receiver pressure 
happens to be exactly Pr = Pe y we thus have what is considered the 
ideal flow through thg nozzle: The. design of a nozzle for given 
pressures pc and pr usually means the selection of the dimensions 

At and Ae so that, in our notation, pr — po, i*e., = f(~\ 

At v^*/ 

In our imagined experiment, however, when pr is gradually lowered, 
we still have pr > Pe, after first passing pr - P 2 • How does the flow, 
after having attained supersonic vspeed behind the throat, adjust 
itself to the prescribed receiver pressure pr ? The answer is that first 
the flow continues behind the throat as indicated by the lower branch of 

the specific curve A = Atf ; but at a certain place in the diverg¬ 
ing part of the nozzle a shock front intervenes, the gas is compressed 
and slowed down to subsonic speed. From there on the gas is further 
compressed and slowed down; the relation between pressure and area 

is then represented by the upper branch of the curve A = A 


© 


passing through Ae and Pr with an appropriate smaller value of p^ . 
The position and strength of the shock front are automatically ad¬ 
justed so that the end pressure at the exit becomes pr. In the dia¬ 
gram the place corresponding to the shock front indicates a jump from 
the supersonic branch of the curve with A * = A ^ to the upper branch 
of the curve through pr, A*. 

When the receiver pressure pr is lowered from Pr = P 2 , the shock 
front moves from the throat toward the exit. It reaches the exit for 
a value Pr = P4 > Pe • In other words, for pr < p4 no adjustment of 
the flow to the receiver pressure is possible by a shock in the nozzle. 
Again a new type of flow pattern must be found to describe what 
happens under the condition pr < p 4 . 

Certainly we must now expect that in the nozzle the flow is the same 
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as that in the ideal case pr = pc, ■ d'he whole curve A = A if(~] (pi('- 

■ VP*/ 

cisely, the subsonic branch At<A < oo and the supersonic branch 
A t <. A <. Ac) indicates the flow in the nozzle. Now it is in the jet 
outside the nozzle that the adjiistni(‘nt to the outsider pressure pr takes 
place. There are two types of phenomena, according as ]h > Pr > p& 
or Pr < Pq ; the intermediate (*ase p, = p. is the ideally adjusted 
continuous flow considered before. 


148. Shock patterns in nozzles and jets 

d'o understand the adjustment of the flow in the jet it is better 
hrst to revert to the shock patterns oc(airring within th(‘ nozzle for 



Fig. 7. Jet detachment and shock 
pattern inside a nozzle. 

Pi < Pr < p 2 • In the simplest description these shock fronts would 
be curved discs across the nozzle perpendicular to the nozzle wall. 
The actual shape of such a shock front is, however, different. The 
shock front is actually oblique and consequently changes the direction 
of the flow abruptly, that is, the shock front leads to jet detachment. 
The situation is represented in Figure 7. 

Thus at the wall the shock front begins obliquely as a conical 
surface and is followed by jet detachment. The shock front is cut 
off by a “Mach shock disc^' perpendicular to the axis, presenting ap¬ 
proximately the picture envisaged in the simplified description of the 
preceding section. Behind the incident and Mach shock front a 
reflected shock front S' and a discontinuity surface S) develop. 
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When the receiver pressure pr decreases to th(^ value jh , the 
place of detachment moves toward the rim of the nozzle and remains 
there as pr becomes less than p ^, while the shock front leaving the 
rim becomes longer, see Figure 8. If the receiver pressure is de- 



Fig. 8. Shock pattern in a jet emitted with a pressure 
less than the receiver pressure. 



Fig. 9. Wave pattern in a jet resulting when a parallel flow 
enters a region of lower pressure. 


creased to the value pe, the strength of the shock leaving the rim 
becomes zero. If the receiver pressure pr is further decreased below 
P6 a new set of phenomena begins. 

To explain what happens when the receiver pressure pr is below 
the exhaust pressure pe, first suppose that the jet is emitted from the 
nozzle with constant axial velocity. If the flow is two-dimensional, 
the flow pattern consists of two centered rarefaction waves leaving the 
rim, intersecting each other and being reflected as converging waves 
at the boundaries of the jet, see Section 115. If the pressure dif¬ 
ference pe ~ Vr is small, the reflected waves are approximately 
mirror images of the incident waves and hence converge approximately 
in a point at the opposite boundaries; an approximately periodic 


SHOCK PATTERNS IN NOZZLES AND JETS 


389 


wave pattern (first described by Prandtl) therefore occurs. Actually, 
however, the reflected waves converge before reaching the opposite 
boundaries and give rise to shock fronts, see Figure 9 and [153]. 
If the receiver pressure further decreases, the tips of these shock 
fronts approach each other; eventually the two shocks intersect each 
other. A similar wave pattern* occurs in three-dimensional jets 
emitted from the nozzle with constant axial velocity, see Hartmann 
and Lazarus [152, Figure 3]. 

A new phenomenon occurs in a jet emitted from a nozzle with a 
diverging opetimg whenever the receiver pressure pr is below the 
exhaust pressure pa . Again we describe it in terms of two-dimen¬ 
sional flow. At the rim of the opening there develop rarefaction 
waves tending to lower the v'alue of the pressure to that in the re¬ 
ceiver, but somewhere on the outer border of these waves a shock 
front develops which cuts across them and intercepts them. The 
flow patterns that may result are indicated in Figures 10a and 
10b. If the receiver pressure pr is raised toward the exhaust pressure 
P6, the tips of these intercepting shock fronts approach the rim of the 
opening. If the receiver pressure is raised further, the tip of the 
shock front remains at the rim. Thus there is a continuous transi¬ 
tion from what we have called intercepting shock fronts to the 
shock fronts developing at the rim which were discussed earlier. 

The following reasoning shows that such intercepting shocks are 
quite plausible: The flow continues uninfluenced by the state in the re¬ 
ceiver until it meets the first Mach line issuing from the rim, i.e., the 
inner border of the rarefaction wave. Owing to the divergence of the 
jet, the pressure decreases along the axis. The decrease of pressure is 

considerable when the Mach number - of the emerging jet is notice- 

c 

ably greater than unity, as follows from the relation dp/p = 
y{q/c)^ dq/q, see (145.0G-.07). Across the rarefaction wave the 
pressure further decreases to receiver pressure at the rim, and hence 
to below receiver pressure farther out. In other words, the pressure 
is below Pr at the outer border of the rarefaction wave while it equals 
Pr at the jet boundary. Consequently there is a pressure gradient 
acting from the jet boundary toward the interior of the jet. Clearly, 

♦ As to the difficulty in understanding conical shock intersection theoreti¬ 
cally see Section 157, 
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this pressure gradient makes the jet curve inward. All the Mach lines 
issuing from the boundary make the same angle with the boundary, 
since at the boundary the pressure, and hence also sound speed and 
velocity remain constant. Thus these Mach lines tend to converge 



Fig. 10. Shock patterns in a diverging jet emitted with 
a pressure greater than the receiver pressure. 



Fig. 11. Envelope of Mach lines issuing from the jet 
boundary at equal angles. 


and very likely would have an envelope if they were not intercepted by 
a shock front. To prevent the envelope singularity, an ^‘intercepting’’ 
shock is therefore necessary, see Figure 11. 

If there is little divergence of the jet, the intercepting shock 
occurs only in the reflected wave and merges with the shock front 
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occurring in a non-diverging jet, as explained above. In the jet 
various shock patterns may result, depending on the degree of di¬ 
vergence of the exhaust flow, its Mach number Me , and the ratio 
of its pressure pe to the receiver pressure pr . A typical case is that 
shown in Figure 8 for pr > Pq . The pattern is similar when pr < p& 
except that the shock front does not begin at the rim but occurs as an 
intercepting shock. It involves conical ''incident’ and '‘reflected” 
shock fronts connected by a Mach shock front perpendicular to the axis. 
The characterizations “incident” and “reflected” are used only to 
identify parts of the shock pattern with the corresponding parts for 
shock waves striking obliquely. In a certain sense one may say that 
in the present problem the “reflected” shock is the primary phenom¬ 
enon, the “incident” shock being determined by it. In jets with slight 
divergence and small pressure difference pe — Pr only a section of a 
“reflected” shock wave occurs, as explained above; Mach shock front 
and “incident” shock are absent, see Figure 9. It should also be 
noted that the “reflected” shock is of the strong variety, an occur¬ 
rence not normally observed in the reflection of impinging shock 
waves. Similar patterns occur in three-dimensional jets. 

The configuration shown in Fig. 8 is observed, for instance, if Me 
is approximately 3 and the half-angle of divergence is greater than 15°. 
The pressure in front of the Mach disc is found to be of the order of 
magnitude 0.1 Pr to 0.03 pr , and hence is very low. The strength of 
the Mach shock is very great, its excess pressure ratio being of the 
order of magnitude 20 to 50. 

A few words about the continuation of the jet may be added. 
The jet boundary curves inward up to the place where the inter¬ 
cepting shock meets the boundary. There this shock front is re¬ 
flected as a rarefaction wave and the jet boundary diverges again. 
The whole process repeats itself. By the action of viscosity at the 
jet boundary this periodic jet pattern is eventually blurred and dies 
out. 

It is desirable to determine the position of the various shock fronts 
in nozzles and jets theoretically, in particular to determine the position 
of the first Mach shock disc because this disc is easily observed. 
From the discussion in Section 143, it is clear that this position de¬ 
pends essentially on the prescribed situation at the exhaust end of 
the jet. 
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The position of a shock front within the nozzle can be determined 
when one assumes that it consists of a disc across tlie duct and that 
the exliaust pressure equals the receiver pressure. The results of 
such a calculation agree roughly with experimental evidence. The 
details of the much more complicated shock pattern that actually 
occurs within a nozzle depend essentially on the action of the bound¬ 
ary layer ^JHiich develops along the wall because of the action of 
viscosity. 

For the determination of the position of the first shock disc in a 
jet no such simple^ assumptions are available. It is to be noted, 
however, that the air in the jet gradually acquires the receiver pressure 
owing to the action of the mixing layer developed at the interface' 
between outside and jet air. It thus appears that the position of 
the first shock disc depends essentially on this mixing process. 


149, Thrust 

The exhaust flow out of a nozzle is the basis of the operation of a 
rocket motor. The burnt gases which are formed in the combustion 
chamber under high pressure acquire considerable momentum when 
they are ejected through the nozzle. Accordingly, as a reacition to 
this momentum flux, a thrust results which acts against the rocket in 
the direction opposite to that of the exhaust flow. The total thrust 
against the rocket can easily be expressed in terms of the quantities 
characterizing the exhaust flow, and conditions can be formulated 
for the shape of the nozzle to provide a maximum thrust. 

It is customary to define the total thrust F as the difference 

(149.01) F = Fi - Fa 

between the internal thrust Fi , resulting from the pressure acting 
against the wall of the chamber and the nozzle, and the external coun¬ 
ter-thrust Fa that would result if atmospheric pressure pa were acting 
against the outer surface of the body in which the nozzle is imbedded. 

To evaluate the thrust we consider the surface S through the exit 
rim on which the speed and hence the pressure are constant. The 
internal thrust Fi (counted positive when acting against the stream) 
is equal to the sum of the axial component of the momentum M 
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transported through § to the outside per unit time and the resultant 
pressure force P exerted against the surface § from the inside. In 
other words, the total pressure force, Fi — P, exerted against the 
volume of gas enclosed by chamber, nozzle, and surface S, equals 
the momentum M transported in unit time through S. 



We denote by A the projection of the surface § on a plane per¬ 
pendicular to the axis; then P = pA and the internal thrust is 

(149.02) Fi M + pA, 

The external thrust is clearly 

(149.03) Fa = p«A, 

counted positive when acting in the direction of the stream. 

We consider the total thrust, 

(149.04) F = Fi - Fa = M + ip - Va)A, 

as a function of position of the rim, by imagining that the nozzle ma}^ 
be continued or cut off at various places. In particular, we are 
interested in discovering for which position of the rim the total 
thrust is a maximum. The answer can be given completely. 

The total thrust is a maximum when the nozzle is cut off at such a 
place that the pressure at the exit rim just agrees with the outside pressure. 
In that case the total thrust is just given by the momentum transport 

(149.05) Pmax = M. 

To prove this statement we consider two different surface! S on 
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which the pressure p is constant, p = p\ and p = p 2 ^ The change 
[M + pA]^l of the sum of the momentum transport and pressure 
force is clearly equal to the axial component of the pressure force 
against the section of the nozzle wall cut out between the two surfaces 
S. Accordingly, letting the two surfaces coalesce, we find 

d{M + pA) = pdA. 

Consequently 

dF = (p — pa)dA. 

~ 0 - 

It is thus shown that F is an extremum when p = pa , or dA =0. 
It can be shown that F is a minimum at the throat, where dA = 0, 
while F is a maximum when p — pa . 

The maximum thrust so determined still depends on the shape of 
the nozzle contour. We seek the condition that this shape in turn 
maximizes the maximum thrust for all nozzles delivering the same 
mass flux. 

The position of Ihe exit rim of a fixed nozzle contour for which 
the maximum thrust is obtained may be characterized by the sub¬ 
script m. The surface S through this rim is ; the speed on 
Sm is determined by formulas (145.04) through the condition that 
the pressure pm on equals pa . The maximum thrust is given by 

(149.06) Fm = Mm = qm f cos 6 dG, 

where 0 is the angle of the flow direction with the axis and dG the 
element of the mass flux per unit time G. Clearly Fm < QmG and 
Fm = qmG only if 0 = 0 on . In other words, the inaxwium thrust 
is a maximum for fixed mass flux G if the exhaust velocity is constant 
and has axial direction. 


150, Perfect nozzles 

A nozzle which produces a constant axial exhaust flow may be 
called a perfect nozzle. A perfect nozzle through which the gas 
flows in the opposite direction is a perfect diffuser. 
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Two-dimensional perfect nozzles can be designed without dif¬ 
ficulty. As a matter of fact, whenever a diverging exhaust flow is 
given, it is possible to make the flow '‘perfect” by re-routing only 
a section of it so that it eventually accjuires constant axial velocity. 
Every streamline of such a perfect flow yields a perfect nozzle. 

It is true that the actual designer of exhaust nozzles of rockets 
will not strive for “perfection” in this senso since the loss in thrust 
when the exhaust pressure differs from the outside pressure and the 
exhaust flow is not axial is, in general, balanced by a gain in sim¬ 
plicity of design. Nevertheless, there are cases, in particular those 
involving large Mach numbers, in which this perfection is desired. 
The possibility of constructing a perfect two-dimensional flow, indi¬ 
cated by Prandtl and Busemann [3], [102], [Til], was explained in 
Chapter IV, Section 113. 

An approximate method of constructing three-dimensional perfect 
nozzles has been given by Frankl*; it is not at all obvious but it is 
true that exact perfect diffusers and nozzles exist.** In a nozzle at the 
exhaust section the shock front would begin at the point on the axis 
at which the desired exhaust velocity is reached. A diffuser design in 
which no shock front develops at the rim of the entrance opening will 
be described in Section 157; in this design the sliock front at the rim 
is avoided by giving the diffuser contour the direction of the axis at 
the rim; by shaping the contour properly, shocks can be entirely 
avoided.! 

If the diffuser contour is inclined at the rim into the incoming flow, 
a conical shock front begins at the entrance rim. The form of this 
shock front was determined by A. Ferri [176], using a method of 
characteristics to determine the flow behind the front. It is interest¬ 
ing that even if the angle between the contour and the direction of the 
axis is only 5° at the rim, the resulting shock front tends to become 
perpendicular near the axis and forms a disc at which Mach reflection 

* See the report by Kisenko [142]; (the authors had no access to the original 
paper by Frankl). See also Busemann [141] and [144]. 

** As proved by W. Y. Chen in an unpublished paper. 

t The extreme sensitivity of the flow to changes in the shape of the contour 
is strongly indicated by the linearized treatment of diffuser flow by H. Lud- 
lolT in an unpublished paper. 
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occurs. Ferri also presents a calculation of the reflected shock front. 
If the angle at the rim becomes greater the disc near the axis at which 
the shock is strong becomes much larger and the reflected shock dis¬ 
appears as claimed by these calculations. 

It should be mentioned that perfect diffusers of a different type can 
be constructed by inserting an appropriate ‘‘spindle” into the inlet, as 
proposed b5*K)swatitsch, see Section 113, Figure 24, and [17G]. 



CHAPTER VI 


Flow in Three Dimensions 


Flow in one dimension and steady isentiopic flow in two dimen¬ 
sions are amenable to a fairly systematic theory because of the 
special character of the underlying differential equations and be¬ 
cause of the existence of simple waves. Flow in three dimensions, 
however, even under restricting assumptions of symmetry which make 
a reduction to two independent variables possible, presents a mathe¬ 
matical problem of a more complicated type. It may be that exten¬ 
sive numerical computations of special examples could produce 
valuable clues for a general theoretical attack. As matters stand now, 
however, one has to be content with a theoretical analysis of some 
specific types of problems or with the numerical treatment of indi¬ 
vidual cases unless approximate linearization of the problem is 
justified. 

In this chapter we shall consider three distinct types of flow: 
in Part A, cylindri(;ally symmetric steady flow against slender pro¬ 
jectiles; in Part B, steady conical flow, in particular, flow against a 
conical obstacle; and in Part C, non-steady flow with spherical (or 
cylindrical) symmetry. 

A. Steady Flow with Cylindrical Symmetry 
151, Cylindrical symmetry. Stream function 

While in Chapter V we gave a merely qualitative description of 
certain flows with cylindrical symmetry, we shall in this section 
present a more specific mathematical treatment of another kind of flow 
with cylindrical symmetry: a linearizing perturbation method for flow 
along slender bodies. It should be stated, however, that a rigorous 
justification and an appraisal of the validity for these procedures has 
not yet been accomplished. 

Flow with cylindrical symmetry, see Section 16, is characterized 
by the condition that all pertinent quantities depend only on the 

397 
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abscissa x along the axis and the distance y from the axis, and that the 
flow vector at a point lies in the plane through this point and the axis. 
The axial and radial components of velocity are denoted by u and v. 
The differential equations for steady irrotational flow are then, see 
(16.06) and (16.13), 

(151.01) Uy — Vx = Oy 

(151.02) {ypu)^ + (ypv)y = 0, 

in which p is a given function of the speed q = \/u^ + by Ber¬ 
noulli’s law (14.02) Shd the adiabatic equation (7.04). 

Instead of the potential function (p{Xy y) we prefer to use Stokes’ 
stream function \p{Xy y) defined so that 

(151.03) \l/:c = —ypVy \l/y = ypUy 

see (16.15). 

152. Supersonic flow along a slender body of revolution 

When a slender body faces a supersonic stream the resulting 
flow can be approximately determined by an expansion with respect 
to the thickness of the body, just as the supersonic flow around a 
slender two-dimensional air-foil was approximately determined. 
Section 142. We describe the surface of the body by 

(152.01) y = eY(x)y x > 0. 

The function Y{x) is supposed to be positive for a; > 0, while 
Y (0) = 0. Ahead of the body, for x < 0, the flow velocity is constant 
and has axial direction; also pressure and density are constant there, 
and the Mach number is greater than one. We intend to determine 
the expansion of the solution of the flow problem with respect to 
powers of the thickness parameter € by a procedure similar to that 
indicated in Section 142. 

Assuming the flow to be cylindrically symmetric, we want to find 
a stream function ^(a:,?/) to satisfy the equations (151.03) and 
(151.01). The conditions for the state ahead of the body can then 
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be formulated as 

(152.02) \l/ = |pogc2/% = 0, x < 0. 

The speed go , the density po, and the pressure po of the incoming 
stream are subjected to the condition 

(152.03) = qo/co > 1, 

in which the sound speed Co is given by Cu = 77^o/po. 

The condition that the surface of the body be a stream surface is 

(152.04) t/'(x, eY{x)) =0, x > 0. 

We expect a shock front to develop at the tip of the body if 
the angle of the conical tip lies below an appropriate limit, see Section 



Fig. 1. Supersonic flow past a slender body of 
revolution. 


154. In order to avoid the necessity of considering the shock transi¬ 
tion relations, we first assume that the slope of the profile y = €F(a;) 
vanishes at the tip, 7'(0) = 0. In that case the shock front begins 
at some distance from the surface of the body. The smaller the 
thickness parameter e is, the further away the shock begins. We 
therefore disregard the initial conditions resulting from the shock 
and assume instead that the flow is isentropic and irrotational 
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throughout and that velocity, density, and pressure on the plane 
X = 0 through the tip have the same constant values as the incoming 
stream. The results obtained on the basis of these assumptions are 
then applied to cases in which y'( 0 ) 7 *^ 0 , a procedure which is correct 
in the lowest order in e. 

It is far from obvious whether or not an expansion with respect 
to integrfii^ powers of e is possible. We assume that there is an 
expansion beginning .with a term of order zero followed by a term 
proportional to At least to a certain extent we shall moti¬ 
vate this assumption later on. We insert the expansions 

(152.05) rp{x, y) = ./'"’'(x, y) + v) + •••• 

u = + •••, . = ,«» + . V‘>+ 

p = p«» + ,V‘’+ •••, p = 7/" + eV‘>+ ••• 

in the differential eciuations (151.01-.03) and in the initial and the 
l)Oundary conditions, (152.02) and (152.04). 

Clearly, is 

(152.06) 4'^'‘\x,y) = y,q^y\ 

the stream function of the constant parallel flow ahead of the body 
and 

(152.07) 7 /°^ = q, , 7 /'^ = 0, = po , = po . 

In order to obtain the terms of next order we first express p^^^ 
by means of 7 /^^^ using the relation 

(152.08) —cdpfp = udu+vdv, 

see (102.05), which follows from the assumed isentropic and irrota- 
tional character of the flow. Relation (152.05) then yields the rela¬ 
tion 

2 (1) / ..(0)^(1) , „( 0 ) ,( 1 ) 

— Cop /pq u u +vt;, 

from which by (152.03) and (152.07) 

(152.09) P*’ = -poM?u‘”/ 5 o. 
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Inserting the expansions (152.05) into (151.03) we obtain 
4'y^ = = 2/Po(l - 





or with the abbreviation 




(152.10) 

si 

o 

II 

- E 

(152.11) 


-So 

\ 'po “ 




-I -1, 

Po 


Equation (151.01) yields by (152.05) 

- 4 " = 0 , 

which becomes by (152.11) 

(152.12) 2/(2/' Vr). - Sl^ix = 0. 

From (152.02) we derive the initial condition 

(152.13) = 0 for a; = 0. 

The process of expantling all (luantities in powers of e auto¬ 
matically determines the boundary condition for the function 
We assume that V'”’ is defined for y £ 0 as a continuous function 
with continuous derivatives up to y = 0. The success of this as¬ 
sumption is all that can be offered as its justification. Expanding the 
boundary condition (152.04) in powers of«then yields 

eY{x)) + eY{x)) + • • • = 0. 

By inserting (152.06) and expanding 4'^^\x,tY) in powers of «, 
we obtain 

h^Po<loY\x) + 0) + ' • • =0, 

from which 

(152.14) 0) = 

This result may at the same time serve as a justification of the state¬ 
ment, anticipated until now, that the “first” order term in the 
expansion of ^{x, y) is proportional to «*. 
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Equation (152.12) is closely related to the wave equatio7i for wave 
motion with cylindrical symmetry; here the abscissa x takes the place 
of the time. As a matter of fact, the potential function corre¬ 
sponding to satisfies the wave equation, but the boundary condi¬ 
tion for is simpler than that for Equation (152.12) with the 

boundary condition (152.14) and the initial conditions (152.13) can 
be solved^explicitly. 

With the abbreviation 

(152.15) k{x) = ^Y\x) X > 0, 

■m 

= 0 ^ ^ 0, 

the solution is 

pX—toV __ 

(152.16) y) = -pog„ V{x - - sW k"{^) rff 

‘'O 


This formula is used even if the slope of the profile does not vanish at 
the tip, T'(0) A 0. We verify immediately that the differential 
equation (152.12) and the initial condition (152.13) for .r = 0 are 
satisfied. To show that the boundary condition (152.14) is also 
satisfied we use the relations A;'(0) = /c(0) = 0 which follow from 
(152.15) and F(0) = 0; then we derive 


Xp^^\x, 0) = -Po^o 


~ ~ po ^0 


f (x - 

Jo 

[ = -poqok(x), 

Jo 


and thus (152.14) follows. The first order terms of the veloci¬ 
ties are 


So 


( 152 . 17 ) u^\x,y).= -q^l 

{X, y)=y go | (x - {) 


Sol/*' 


They become infinite on the axis y = 0. 
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As an example, we consider the case of a conical body 
Y{x) = OXy x > 0, 0 = constant. We find from (152.16) 

y) = - s? 2 /' arccosh 

(152.18) for a; > s^y. 


1/) = 0 for X < Soy ; 

thus is not regular at ?/ = 0 since the expression in the bracket 
behaves like + sly^ logy nty = 0. 

The solution y) resiihing from any profile function Y{x) 

behaves somewhat like the function given by (152.18). 

On the Mach cone through the tip, x = s,y , we evidently have 

= 0 , = 0 , 

even if the slope Y'{0) of the profile at the tip does not vanish. In 
other words the flow given by rp = ft)r x > S 4 J is continu¬ 

ously connected with the flow ip ~ for x < Sc,y . Ihis fact indi¬ 
cates that the streiigth of the shock which begins at the tip vanishes 
in first order. This behavior is (luitc different from that of the 
solution of the corresponding two-dimensional problem, in which the 
shock strength in first order is proportional to the slope of the profile 
at the tip. 

The theory presented here corresponds to a simplified version of 
the theory of v. Kdrman and Moore, indicated by Ferrari, see 
[155-164] and [171-177]. 

In order to improve the approximation already obtnined we could 
determine terms of higher order in the expansion. It is far from 
obvious which power of e corresponds to the next term. Occasional 
references to such terms of next order are found in the literature, 
see Maccoll [157], Busemann [169], Chien [163], Lighthill [156]. 

Without employing terms of higher order we might try to obtain 
an improved approximate description of the flow by satisfying the 
boundary condition for \p^^^ not on the x-axis (which is consistent with 
the idea of expanding the problem in powers of the thickness param- 
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eter e) but on the actual surface of the body. This procedure is 
the method of v. Karman and Moore; it probably gives better 
results than the more systematic method we have outlined although 
it is not so easily worked out. v. Karman and Moore proceed by 
replacing the body by one consisting of a head cone and a sequence of 
truncated cones. 

For tine limitations of the approximation method discussed here, 
see [164], 


153, Resistance^ 


In conclusion we calculate the resistance exerted by the pressure 
of the air against the body. We assume that as x tends to infinity 
the radius of the surface of the body approaches a finite value and 
the slope approaches zero: 

(153.01) Y(x) Foo, Y'(x) -^0 as x oo . 

As is customary, we are interested only in the force F resulting from 
the excess pressure p — Po; here po is the atmospheric pressure. We 
have 

(153.02) F = 2,r r (p - p,)y ^ dx 

Jo ax 

= 2Tre^ f (p -- Po)k'(x) dx\ 

Jo 


the integration is to be performed over the surface of the body. 

/p\y 

From p — pA~ ] and Bernouilli^s law we obtain the approximation 
\Po/ 

(153.03) P = Po - oWm"’ - ^«Vo(y'‘>)' ••• 

Now, the term of lowest order in the expansion F — + • • • is 

F'"’ = -polim.^o2T j L u"'(a:, «F(x)) 

(153.04) “ ^ 


+ - (F"(x, (Y{x))y\k' {x)dx 
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From (152.17.1) and (153.03) we obtain 


~qou''^\x, y) = ql I — So?/) arccosh — 

Soy 

^ - Soy) 

Jo V(a. 


q! I /c"(x) log ~ - r ^ d?), 
1 ^ Sot/ Jo X - ^ j 


from which 


(153.05) 


-qou^'^ix, eY) ^qllk''{x) log — + k"{x) log 

I «So Y (a:) 


From (152.17.2) we find €t;(0(x, eY) ^ Y-^{x)qok'{x). 

The term of lowest order which results when we insert this formula 
and (153.05) in (153.04) is, except for a constant factor, 


log - f k''(x)k'(x) dx = i log - [k'ixf]o = 0 
€§0 •'0 ^^0 


by assumption (153.01). The remaining term is 

(153.06) = 2wpo ql jf k'{x)l^k"{x) (log x - f log 2k{x)) 

_ r di-\ k-\x) (fc'(x))4 dx 

Jo X - ^ ) 

The second term can be integrated by parts and cancels with the 
fourth term; the remaining terms can be combined and put in sym¬ 
metrical form: 

(153.07) F® = - irpoql - [ f k"(x)k"(^) log | x - f|rfxd{, 

Jo Jo 

as can be shown by calculations given below. Aside from the some¬ 
what different interpretation of k'(x}, the present formula agrees with 
that given by v. Kdrmdn [155]; see Lighthill [156] and compare also 
(157-164). 
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We supply the derivation of (153.07) from (153.06). Setting 
k\x) — f {x) we have 

[ f /'(^)/'($) log I a: - ^ I dx 

Jo Jo 

= 2 f f'(x) rf'(^) log (x - ?) dx 
•aw Jo Jo 

= 2 f"/'(x)/(x) log X dx - 2 f f'(x) d^ dx 

= -2 rf'(x)f(x) log xdx + 2 [ fix) d^dx, 

Jo Jo Jo S — X 


since 


~ f 

dx Jo 


fix) -m ^ ^ fix) - /(^)T-^ 

X — { X — ^ _ 


+ 


/■ 

Jo 


(x - ?)/'(x) - fix) +_m 


= r (x) + [^- 


- ^)/'(x) - fix) + m) 

■ X - ? 

‘f'(x) - m 


j-f 

Jo ^0 


(x - 

fix) + no 




-I. 


X - J 


d? + 


fix) 


B. Conical Flow 


154. Qualitative description 

Conical flow, the second type of flow treated in this chapter, 
permits a fairly explicit analysis on the basis of the differential equa¬ 
tions. Conical flow is steady, isentropic, irrotational flow with 
cylindrical symmetry about the x-axis like the flow treated in Part 
A, but has in addition the property that the quantities u, p, p, q retain 
constant values on cones (considered infinite) with a common vertex, 
the origin. Flow satisfying this condition may occur, for instance, 
at the conical nose of a projectile facing a supersonic stream of air.* 

* Flows in which p, p, and q are constant on rays through the center but 
which are not assumed to have cylindrical symmetry have been extensively 
treated by Busemann and others [178-185], by means of a perturbation scheme 
involving cones of small an^e of opening. 
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Suppose the projectile is a body of revolution with a sharp tip, 
as considered in the preceding part, see Figure 1. The flow against 
such a projectile is analogous to the flow against a wedge and, as in 
the case of a wedge, see Section 123, two cases must be distinguished. 



Fig. 2. Conical shock front and 
conical flow resulting from supersonic 
flow against a sufficiently small angle. 



Fig. 3. Curved shock front in 
supersonic flow against a cone with a 
large angle. 


If the angle of opening at the tip of the projectile is not too large, 
the deflection of the flow is achieved by an ‘^attached’’ shock front, 
which begins at the tip, see Figure 2. If the nose of the projectile 
consists of a section of a cone, the shock front and the flow behind it 
are conical until the expansion wave coming from the bend of the 
projectile interacts with the conical flow and the shock front and 
modifies their character. 
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On the other hand, if the angle of opening at the tip exceeds a 
certain extreme value, no attached shock front is possible. Instead, 
a ‘‘detached’^ shock front stands ahead of the projectile, see Figure 3. 
For projectiles with the same angle of opening the distance of this 
detached shock front from the tip of the projectile increases with the 
thickness of the body of the projectile and would move out to infinity 
as the thil!^ness of the body increased indefinitely. 

In particular, for 4he limiting case of an infinite cone with a 
large opening angle, no detached shock wave is possible. An attached 
shock front is, however, possible if the angle of opening is small 
enough. This shock front is then also an infinite cone. Since it 
makes everywhere the same angle with the incoming flow, its strength 
is constant and hence the state immediately behind the shock front is 
also constant. Therefore the flow is everywhere isentropic behind 
the shock front. The flow can be continued so that the state of the 
air is constant on each concentric cone between the shock cone and the 
obstacle cone. The angle between any such cone and the flow 
direction approaches zero when this cone approaches the obstacle 
cone. For the general case in which a shock is attached to the tip, 
the flow can be obtained mathematically*; wo shall confine ourselves 
to this case. 

155, The differential equations 

For the mathematical construction of such flow patterns,** let x 
be the abscissa along the axis, y the distance from the axis, u and v 
the components of the flow velocity q in the direction of the axis and 
in the direction perpendicularly aw^ay from the axis respectively. The 
differential equations for isentropic flow, as derived in Section 16, see 
(16.13-.14), are then 

(155.01) Vr ^ Uy, 

(156.02) (l - - 21"+ (l - 0,, + J - 0, 

* For the other case, see [168). 

**See the fundamental papers by Busemann, Taylor and Maccoll, and 
Bourquard [165-169]. 
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in which c can be expressed in terms of u and v by Bernoulli’s law 
(155.03) n^(u + v^) + (1 - 

The basic assumption of conical flow now implies that u, and 
hence c depend only on the ratio 

(155.04) <7 = - . 

y 

Ecluation (155.01) then becomes 
(155.05) V, h GU, = 0, 

while (155.02) is reduced to 

(155.06) (^1 - u. - 21’- (l - av, + v = 0. 

Equations (155.05) and (155.06) are a pair of differential equations of 
first order for two functions w and v of g. Clearly this pair is equiva- 
len to one equation of second order for one function. This equation 
of second order assumes a form which is particularly amenable to 
treatment when v is introduced as a function of w. From (155.05) 
we have 

(155.07) (T = -ru. 

Differentiating this relation with respect to g yields 

(155.08) M, = - — . 

Vuu 

This relation together with (155.07) and (155.05) leads to 


(155.09) 


Vc = 


h. 

Vuu 


Inserting equations (155.07-.09) into (155.06) gives 




VVu 


2 - = 0 


or 


Wuu 


1 + 


{u + Wuf 

C2 


(155.10) 
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An elegant geometric interpretation of equation (155.10) by 
Busemann may be mentioned. This equation may be written in 
the form 


(155.11) 


R = 


N 


1 - 


C2 


in which R is the radius of curvature of an integral curve in the {u, v)- 
plane at the point P = (w, ^^), while the meaning of N and U is 
obvious from Fig^ire 4. 



Fig. 4. Concerning the geometrical 
interpretation of equation (155.11). 


Every section of a solution v = v{u) of equation (155.10) rep¬ 
resents a flow provided that the condition 

(155.12) 5*^ 0 

is satisfied, for a: and y can then be introduced as independent vari¬ 
ables by fu = — O' = —x/y. Thus the ray through the origin in the 
(x, ?/)-plane to which the values of u and v are to be attached is deter¬ 
mined. This ray in the {x, y)-plme is evidently parallel to the 
normal to the curve v = v{u) at the point (w, v) in the hodograph 
plane. 

The flows so obtained are in a certain way analogous to centered 
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simple waves for two-dimensional flows. However, while in the 
case of two-dimensional steady flow the simple waves are represented 
in the hodograph plane by two families of fixed characteristics (epi¬ 
cycloids), the images in the hodograph plane of the conical flows 
considered here correspond to a greater variety of curves, namely, a 
whole one-parametric family through each point. 

For the discussion in the following sections it is necessary to 
formulate the condition that the fluid streams along a given cone. 
This condition is evidently that the flow has the direction of the ray 
xjy = cr traced by the cone in the {x, 2 /)-plane, 

(155.13) u/v = (T. 

By (155.07) this condition becomes 

(155.14) Vu = —u/v. 

A point on an integral curve at which condition (155.14) is satisfied may 
be called an ^‘end point.’’ The normal to the integral curve at an 
end point evidently passes through the origin. 

156. Conical shocks 

The relations governing transitions through conical shocks are 
the same as those for plane oblique shocks; the curvature of the 
shock cone does not enter. If the shock cone is straight, as is as¬ 
sumed, the jumps of u, v, p, and of the entropy are constant along 
each ray under the assumption of conical flow on one side; as a 
consequence this assumption remains satisfied on the other side. 
The flow may continue as a conical flow with constant entropy after 
crossing the shock. In other words, proper conical shocks are 
compatible with the assumption of conical flow. 

Suppose a flow characterized by po, Po, crosses such a 

conical shock. Note that this is possible only if the speed qo — 
\/ul + vl is supersonic, i.e., if go > Co. The velocity qi = (t^i, vi) 
immediately past the shock front is located on the loop of the shock 
polar in the {u, 2 ;)-plane, S3e Section 121. The inclination of the ray 
which generates the shock cone is perpendicular to the straight 
line joining {uq , vq) and (wi, v/). The positions of the cones corre- 
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sponding to the cases (a): > t^o and (b) \ vi < vo are indicated in 

Figure 5. 

When the flow on either the front or the back side of the shock 
is to be continued according to the differential equation (155.10), 



Fig. 5. Indicating a transition 
through a conical shock front for cases 
(a ): Vi > Vo and (b): V\ < vo^ 


the slope of the integral curve is to be so determined that the ray 
given by (155.13) coincides with the trace of the flow behind the 
shock front in the (w, a)-plane. Since this ray is to be normal to the 
integral curve on the one hand and perpendicular to the straight 
segment connecting (mo , with (ui, Vi) on the other hand, the 
integral curve should begin at the point (ui, vi) in the direction of 
this segment. The initial slope of this curve is thus given by 


(156.01) 


Vu = 


Vl - V q 

Wl — Mo 


The discussion of conical shock fronts by Taylor and Maccoll 
[165, 167] is restricted to the case in which Ui > Vo (case (a)), and 
uo = qo > 0 and ao = 0. This case, see Figure 6, occurs when a 
constant axial flow is deflected by a conical projectile. We shall indi¬ 
cate briefly how Busemann treats this problem. Through the shock 
relations the flow velocity (mi , Vi) past the shock cone is given (the 
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third transition relation guarantees that the Bernoulli constant, and 
hence , are the same before and after the shock). A solution of 
equation (155.10) is to be found whose graph passes through the point 
(ui yVi) on the shock polar. The initial slope Vu of this'curve at this 
point is given by (15G.01). The solution is now to be so continued 
that <r = x/y increases and hence, according to (155.07), that Vu 
decreases up to a point at which the flow and the ray have the same 



Fig. 6. Flow through a conical shock 
front with Vi > Vo, 



Fig. 7. Flow through a conical shock 
front with Vi < Vo. 


direction. Such an ‘'end point'' is characterized by condition 
(155.14). This end point depends on the choice of the point (ui , Vi) 
on the shock polar associated with the double point (go , 0). The 
manifold of end points that can be reached from (go , 0) forms a curve 
which Busemann calls the “apple curve" because of its peculiar shape, 
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see Figure 8. In this procedure the shock is prescribed and the end 
direction is found. If the end direction is prescribed one may find 
the corresponding point on the apple curve by intersecting is with the 
appropriate ray through the origin. In general, there are two inter¬ 
sections of which the one corresponding to the weaker shock is 
presumably more likely to occur in reality. 



Fig. 8. Apple curve showing all possible end veloci¬ 
ties that can be reached after crossing a conical shock 
front from a state with a given incoming velocity. 


The values of pressures and angles calculated on the basis of the 
preceding theory agree exceedingly well with experimental values, 
see Taylor and Maccoll [167, 168]. An extensive tabulation of all 
conical flows was given by Kopal [170]. 


157. Other problems involving conical flow 

Another problem that can be solved by the methods of conical 
flow is the following: A duct bounded by a surface of revolution is 
to be designed so that a supersonic flow entering it in the axial direc¬ 
tion with a given Mach number is first continuously compressed and 
decelerated, and then instantaneously further compressed and 
decelerated through a shock front, beyond which it is again to have 
axial direction. To design such a diffuser one need only determine 
a flow with the described properties and then choose any “stream 
surface” as the wall of the duct. 
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As Busemann [169] has observed, a flow with the desired prop¬ 
erties can be constructed as a conical flow; then the shock ^ront is 
also a cone, see Figure 9. To find such a conical flow it is con¬ 
venient to begin with the state behind the shock cone represented 
by a point , 0) on the w-axis. Then we draw the backward branch 



Fig. 9. Cylindrically symmetric diffuser flow. 



Fig. 10. Hodograph of a diffuser flow. 


of the shock polar in the (w, v)-plane whose points represent all 
possible front states for which (qo , 0) represents the backward 
state. In case U 2 < c* , the branch is as indicated in Figure 10. On 
this branch we choose a point (ui, Vi) with < 0 and pass through 
this point the integral curve of equation (155.06) whose slope at 
(ui, vi) equals Vi/(ui — th)- The point (uo, 0) at which this integral 
curve intersects the w-axis then represents the entrance flow. In 
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order that this construction should represent a flow it is necessary 
that (T = xfy increase with decreasing u or, by (155.08), that Vuu be 
positive on our integral curve. 

It is worth noticing that equations (155.10) and (155.03), after 
differentiation, imply v-jiOuu > 0 at a point (uo , 0) so that Vuu > 0 
or < 0 according as fw > 0 or < 0 there. Otherwise, the condition 
Vuu > 0 for the construction just described could never be satisfied. 
At the same time it follows from this fact that no 'purely conical 
shockless diffuser flow is possible. For, such a flow would be repre¬ 
sented by an integral curVe starting at a point (uo , 0) with Vu > 0 
and entering a point (ui , 0) with Ui < Uo and Vu < 0; the condition 
Vuu > 0 would not be satisfied at the latter point.- 

Another problem which at first sight seems to involve conical 
flow is that of conical shock re flection. A constant parallel flow is 
deflected toward the axis through an ^‘incidentconical shock front 
and made parallel again after having crossed a “reflected” conical 
shock front. Naturally, one would construct such a flow assuming 
that it is purely conical between the two shock fronts and past the 
reflected front. Flow of this type however, does not exist as can 
be shown by arguments involving the sign of Vuu- The conjecture 
has been advanced that observed conical shock reflections are in 
reality Mach reflections, sec Section 148, with Mach discs too small 
to be observed. (To a certain extent this is indicated by Ferries cal¬ 
culations, see Section 150 and [176].) 


C, Spherical Waves 


158. General remarks 

The study of spherically symmetric motion* is important for the 
theory of explosion waves in water, air, and other media. In spherical 
motion the velocity is radial, and its magnitude as well as that of 
density, pressure, temperature, and entropy depends only on the 

♦With slight modifications the following considerations apply also to 
cylindrical waves. 
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distance r from the origin and on the time t. Sueh motion might 
be considered somewhat analogous to one-dimensional motion in 
a tube under the influence of a piston. In the three-dimensional 
space the piston is replaced by an expanding (or contracting) sphere 
which impresses a motion on the medium inside or outside. 

The simplest model is that of a “spherical piston’' pushing 
at constant velocity into an infinite surrounding medium, as we 
shall consider in Section 162. Such a flow pattern corresponds to 
the uniform “piston motion” in one dimension as studied in Chapter 
III, in particular in Section 53. One should bear in mind, however, 
that in three-dimensional space an energy supply at an increasing 
rate is required to maintain constant speed of the piston. 

In better agreement with actual situations is the assumption that 
the total energy available for the niotion is given. This is the 
case for spherical blast waves caused by the explosion of a given mass 
of explosive. 

While in the first of these two models the shock wave racing ahead 
of the piston has constant speed so that the sho(;k conditions are 
compatible with the assumption of isentropi(‘. flow on both sides of 
the discontinuity surface, this is no longer true of blast waves. In the 
latter the strength of the shock, and hence the change of entropy, 
rapidly decreases so that behind the shock front the flow is no lou(jev 
isentropic. Moreover, after the air or water in a blast wave has 
crossed the shock front and thereby been compressed, it expands again 
rapidly to a pressure in general even below that in front of the shock 
wave. This suction phase is an important feature of motion caused 
by explosions. 

A phenomenon of major importance is that of reflection of spherical 
shock fronts; a contracting spherical wave preceded by a shock front 
may be “reflected” at the center and result in an enormous in¬ 
crease in pressure behind the reflected shock front. 

At the present state of knowledge all that can be done along the 
lines of mathematical analysis is to find and discuss some particular 
solutions of the differential equations of spherical waves which are 
approximately in agreement with the additional conditions of the 
problems. One may hope that these solutions display, at least 
qualitatively, important features of reality. It is remarkable that 
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such an unambitious approach seems sufficient for a certain degree of 
understanding and control of actual phenomena. 


159. Analytical formulations 


The radial vekkcity u, the pressure p, and the density p, as func¬ 
tions of r and satisfy the differential equations, see (17.07-.09), 


Ut -\r UUr + - Pr= 0, 

P 

(159.01) Pt + Upr + P ^ = 0, 

+ u(pp~~'^)r = 0 , 

assuming that the medium is poly tropic with the adiabatic exponent y. 
The third equation expresses the fact that the entropy is constant 
along the path of a particle. It cannot be stipulated that the entropy 
is constant throughout since, as stated before, the entropy does not 
in general remain constant behind a shock front. If in an outward¬ 
going wave the position of the head of the wave is given as a func¬ 
tion of the time, 

(159.02) r = R(t), 


the total energy carried by the wave motion is expressed as 
(159.03) S = 47r jf dr. 

£7 is a function of the time t. 

Another important quantity, the impulse I per unit area received 
by a section of the surface of the sphere at distance r, is given by 

(159.04) / = f pdt 

J T 


where 2' = T{r) is the time at which the wave front arrives at the 
placer. T{r) is connected with R{t) through r = R(T{r)), / is a 

function of r. 
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160. Progressing waves 

According to classical procedure, one may obtain particular solu¬ 
tions of the differential equations by assuming a specific form for 
the solution 'in order to reduce the problem to one involving ordinary 
differential equations. In this way solutions are obtained which 
have been called progressing waves* These are solutions conveniently 
assumed to be of the form 

(160.01) n = arr^U{rj)j c = art 

p = /f2(r?), p = a:V^V^P(r;), 

in which rj is the combination 

(160.02) V = r~\ 

while 

(160.03) X = a"' 

is an appropriate positive constant and 
(160.04) yP/Q = 

In other words, a progressing wave is a special gas flow for which the 
quantities ur~^tj cr~^tj pr * appear constant for an observer who 
moves so that rj = r^^t is constant. The factor arC^ of U and C in 
(160.01) is the velocity of such an observer counted positive for 
t > 0, negative for t < 0. Consequently, the condition that the 
gas moves with supersonic or subsonic speed relative to such an 
observer is simply expressed by | 1 — t/ | > j C j or j 1 — U \ < \ C \ 
respectively. 

Inserting equations (160.01) and (160.02) into equations (159.01) 
and eliminating 12 by (160.04), we obtain by straightforward com¬ 
putation the equations 



DvU, = A{U,C), 

(160.05) 

DnC, = B{U,C)C, 
Dr,P, = E{U,OP, 


* Concerning a more general concept of “progressing wave” see, for in¬ 
stance, Courant-Hilbert [32, p. 448]. 
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with 

Z) = (1 - C/)' - 

^ = (1 - t/)(l - aU)U - [3at7 - y~\2 -2a- Ka)]C\ 
B == (1 - U){1 - an - iy- mi-an - 1(1 

( 160 - 06 ) r / . - 1 \ 1 

»•» — a + 7*^l— a + — 2 Vl ~ U) * 

E = (1- um + 27 + «)(1 - aU) - (37 + -c)] 

+ 7(1 - <xU) - (2 + K)aC\ 

From the first two equations of (1G0.05) we can express the ratio 
dCIdU in terms of C and U and thus obtain a differential equation 
of the form 


(160.07) 


dC ^ C) 
dU A{UyC) 


Once this equation is solved, the quantities ri and P can be determined 
from the first and third equation of (160.05) by quadratures. Thus 
by introducing appropriate quantities we can reduce the problem to 
solving an ordinary differential equation and two quadratures. This 
remarkable fact was observed by Guderley [193] for k — 0. 

We shall see that solutions of the differential equations (160.05) 
may represent various types of flow. A solution may represent a 
flow of gas moving toward the center until it is stopped or modified 
by a reflected wave which issues from the center at the time t = 0, 
or it may represent just a wave coming from the center. If one is 
interested only in such an outward moving wave one may find it 
more convenient to employ instead of rj tke variable 


(160.08) ? = rr“ = r?““ for t > 0, 


setting a = X ^ by (160.03). 

Suppose the head of such an outward-going wave is given by 


(160.09) 

see (159.02), or 


r = R{t) = sr , 
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S and H being constants. The energy contained in the wave at the 
time t is, by (159.03), 

(160.11) E = ^ira jf | 

The impulse per unit area transmitted by the wave motion to a sphere 
at distance r given by (159.04) is more conveniently expressed in 
terms of v- 

( 160 . 12 ) / = P(v)v^^dv. 

•’ll 


161. Special types of progressing waves 

We shall discuss the simplifications resulting from several special 
assumptions. 

If the flow is isentropic, pp~^ is constant; relations (160.01- 02) 
require 

(161.01) *^ = 2^^ 
and 

(161.02) - constant. 

If in particular a = X = 1, /c = 0, all the quantities u, c, p, p are 
constant along rays r/t = constant. For an outward-moving wave, the 
head of the wave, r = E<, moves with constant velocity S, and p 
and p are constant behind it. Such wave motion is therefore com¬ 
patible with a constant shock front ahead of it. We shall discuss 
in Section 162 various isentropic wave motions with X = 1, k = 0. 

It is natural to ask under what conditions a shock front ahead of 
a progressing wave can move so that ^ = rr“ = S = constant, see 
(160.08). Relations (160.01) would then imply that the ratio u/c is 
constant on the back side of the shock front. This condition is 
compatible with the Rankine-Hugoniot conditions (54.08-.il) only 
if the strength of the shock remains constant. This is the case 
exactly only for a = 1 and k = 0. 

Approximately, however, strong shocks are compatible with pro¬ 
gressing waves provided that k = 0. Denoting by po the density 
ahead of the wave, we obtain relations approximately valid for 
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strong shocks by setting the pressure ahead of the wave equal to 
zero; the shock transition conditions then reduce to 

(161.03) P — M Po, p = (l — , 

c = p Vl + R, m = (1 - 

see (69.02-.04). We assume that the shock front is moving outward 
and is given bjfor = R(t) = E/“ = with constant S = H““. 

It is then evident that relations (161.03) are compatible with (160.01), 
(160.02), and (159.02) only if 

(161.04) « = 0, 

i.e., if the density remains constant on the paths t = ijr’', or 
r = 1? = r* = constant, see (160.01-.03). For the state be¬ 

hind the shock front we then obtain from (160.01) the values 

(161.05) mil) = (1 - M^), C(H) = 

fi(H) = , P(H) = (1 - m')p„ . 

For a cont racting shock r = (</!!)“, H < 0, < < 0, we find 
C = -mVi + while U, 0, P are the same as in (161.05). 

The condition that the energy carried by the wave remains constant 
leads by (160.11) to the condition 

(161.06) /c = 2X - 5. 

If, in addition, the wave is to possess a strong shock at its head, so 
that /c = 0, we have 

(161.07) X = i « = f. 

The motion of the shock front is then given by 

(161.08) r = R{0 = •Ef^ . 

The solution of the problem for k = 0, X = 5/2 was first formulated 
and determined numerically by G. I. Taylor [190] and [192] in an 
attempt to describe blast waves resulting from an explosion at the 
center. Obviously, the energy carried by the blast wave equals the 
energy supplied by the explosive and thus remains constant. Objec¬ 
tions have, however, been raised to using Taylor’s solution for the 
description of blast waves. First, one notes from (161.03), (161.05), 
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and (161.08) that the pressure behind the shock front, 

(161.09) P = A(1 - = A(1 - p)poS^R~\ 

approaches zero as < oo. Consequently the assumption that 
the shock is strong will eventually be violated. Furthermore, the 
very special property of Taylor’s wave that, for example, is 
constant on = constant does not agree with the actual pressure 
distribution near the center of the explosion. Nevertheless, it seems 
reasonable to assume that Taylor’s solution gives a good description 
of a blast wave at distances from the center which are large enough to 
ensure that the details of the explosion process no longer influence 
the wave shape and which at the same time are small enough to 
ensure that the shock is still strong. 

To construct Taylor’s progressing wave one first finds the solution 
of the differential equation (160.07) with X = 5/2, ac = 0, with the 
initial values U — (1 — p)^C = ixy/l + y? for rj = II, as given 
by (161.05). This solution is followed in the direction of increasing 
r; up to ?7 = 00 . If 7 < 7, it can be shown that U approaches 
a finite limit value while C becomes infinite like a power / of rj 
with an exponent greater than a. Consequently, when r approaches 
zero while t remains fixed, c = also approaches infinity while 

u = approaches zero. At the origin, therefore, the gas 

is at rest while the sound speed and, consequently, also temperature, 
density, and pressure are infinite. 

A certain solution of equation (160.07) can in every case be given 
explicitly, namely the “trivial” solution U = constant, C = constant. 
These two constants are solutions of the equations 

(161.10) A(J7, C) = J5(C/, 0=0. 

It is interesting to ask under what circumstances this solution 
is compatible with a strong shock. Inserting (161.05), [/ = (1 — /x^), 
I ^ U = i/j = p(l + g^) = 7 /i^(l — M^), and ac = 0 into(161.10), 
we find after some computation the condition 

g* = f or 7 = 7 

for g or 7 and X = 5/2. It is remarkable that this value of X is 
just the one that corresponds to the condition of constant energy 
while the value 7 for 7 can to a good approximation be used for 
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water, see Section 3. Thus progressing blast waves of Taylor^s type 
in water can be given explicitly: 

The motion of the shock front ahead of such a blast wave is 


with an appropriate constant H; velocity and sound speed in the 
wave are 

U — yV C = 0 < r < 

the pressure distribution is found from the third equation of (160.05), 
(160.08), and (161.05), 

P = -jVpo ?/H = -gVpo ^^r^^'VE, 0 < r < 

This explicit solution was discovered by H. Primakoff. 

162. Spherical quasi^simple waves 

As was suggested earlier, we now discuss in detail the spherical 
flows in which velocity, sound speed, pressure, and density are 
constant on rays r/t = constant. Such flows would be triple waves 
in the terminology introduced in Section 32. We prefer to call 
them quasi-simple because they have many features in common 
with simple waves. These waves are special cases of the progressing 
waves considered in Section 160; they correspond to X = a = 1, 
K = 0. The differential equations (160.05) reduce to 

DrjU, = {{I - Uf - 3C^}U, 

a62.01) DnC, = {(1 -[/)"- (t - l)c/(l - U) - C'jC, 

DvP, = 2{(1 - UY - yU{l -U)- C^}P, 

with 

(162.02) D = (1 - C/)* - 

We recall, see (160.08) and (160.01-.02), that ri — ir~^ = and 
(162.03) U = c = v~'C{r,), p = v~^P{r,), p = fi(,). 

Solutions of these differential equations can be obtained by first 
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finding C as function of U from the differential equation 

^ “ ^ 0 ' - (7 - - U) ~ C 

du ~~u 

and then determining ri and P as functions of U from the two remain- 
ing equations (162.01). The behavior of the solutions of equation 
(162.04) can be read off from the vector field in the (C7, C)-plane 
representing this equation. This vector field, shown in Figure 11, 
has singularities at various points, 7)+ , Z)_, 6 % , , A, B, as illus¬ 

trated. The region (7 > 0 corresponds to r; > 0, i.e. to ^ > 0, while 
the region (7 < 0 corresponds to r; < 0, ^ < 0. The arrow indicated 
in the figure gives the direction of increasing ry, i.e., of increasing time 
t for a fixed value of r. We note that this direction is reversed on 
crossing the ^‘criticaP’ lines Z) = 0 or | 1 - [/ | = | C |. No integral 
curve crossing these lines can therefore represent a real flow since the 
time must be increasing. Thus such a flow would lead to a “limit¬ 
ing” surface moving in space. 

We first investigate the wave motion produced by a sphere which 
expands with constant speed ^0 • At the surface of the expanding 
sphere, the velocity of the gas equals that of the surface, ^ f^ ; 
hence = ^ = or, by (162.03) f/ = 1 there. We assume that the 
wave is preceded by a shock front moving with the constant speed E, 
the value of which is to be determined. Gas and sound velocity 
behind the shock front are denoted by Us and Cs respectively. As 
transition relations across the shock front we use the relations 


(162.05) 


— S)^ + (1 — = —Sius 


S) 


__ 2^-^2 1/1 2\ 2 

= M A + (1 - jU )Co , 


which result from PrandtPs relation and the expression for in 
terms of the shock velocity S and the sound speed Cc ahead of the 
shock front, see (119.06) and (119.01). 

Dividing equations (162.05) by we obtain the formulas 


(162.06) 

(162.07) 


(1 - M = (1 - Us) - - Us)' 

= (1 - M^)(l - Us)' + Usd - Us). 
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Fig. 11. Vector field representing the differential equation 
for U = rl~'u and C = rr^c in spherical quasi-simple waves. 
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which establish relations between Cs and co/H. The points 
{Us , Cs) which satisfy (162.06) lie on an ellipse in the (C/, C)-plane. 
Relation (162.07) imposes the condition Us < (1 — m^) so that only 
a section of the “shock ellipse’^ represents states behind a shock 
front. For the state behind an expanding, outward-facing shock 
front the relations iis < S and Cs > a — Us hold, the former ex¬ 
pressing that the gas crosses the front from the right to the left, the 
latter expressing that the flow behind the shock front is subsonic 
relative to it. These two conditions give 

(162.08) 0 < 1 - Us < Cs 

for an expanding forward-facing shock front. Both relations are 
satisfied on the section 0 < U s < {I — m^) of the shock ellipse as 
seen from (162.06). 

Suppose now that the speed E ol the leading shock front is given; 
then the state behind the front determines a point U = Us , C = C s 
on the admitted section of the shock ellipse in the (C/, C)-plane. 
Through this point an integral curve of equation (162.04) passes. 
We should follow this cuiwe in the direction of decreasing ^ or in¬ 
creasing rj. As seen from Figure 11 , the integral curve continued in 
that direction ends somewhere at the line U — 1 without crossing 
the critical lines | 1 — U \ = \C \. The value of ^ at this end 
point can now be determined by integrating the first equation (162.01) 
from U == U s to U = 1. Thus Jo is a given function of E. It turns 
out that this function is monotone and that, accordingly, the shock 
speed E can be determined as function of the prescribed velocity fo 
of the surface of the sphere. The solution of the problem, first worked 
out by G. I. Taylor, is thus established. 

The dependence on the shock velocity of the velocity of the gas 
both at the surface of the sphere and also behind the shock front is 
shown in Figure 12, see also [195]. Note that these quantities would 
be equal for the corresponding one-dimensional problem of gas flow 
produced by the motion of a piston with constant speed. 

An interesting fact is that the gas particles, which on passing across 
the shock acquire a positive velocity Us = aUs , are further accelerated 
during their motion and attain asymptotically the velocity fo of 
the expanding sphere; at the same time the sound speed c = fC 
increases, which indicates that the gas suffers a further compression 
in its motion behind the shock front. 
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It may be mentioned that Taylor has compared the flow calculated 
by the theory just discussed with the flow calculated on the basis of 
sonic approximation as treated in the theory of sound in case the 
speed of the sphere is 0.2co. He found the agreement very good 
except for the distribution of the pressure near the surface of the 
sphere, for which the theory of sound gave too high a value. 





Fio. 12. The speed of the expanding sphere as a function 
of the speed H of the initiating shock front. The flow speed Ua 
behind the shock front as a function of H is added for comparison; 
it would represent the speed of a piston producing a shock of the 
same strength in one-dimensional motion. 


It is not obvious beforehand that every flow of the quasi-simple 
wave type resulting from the expansion of a sphere is preceded 
by a shock front. Nevertheless this is the case as follows from the 
fact that every integral curve which begins at the line [/ = 1 with 
C > 0 enters the point [7 = 0, C = 1 with increasing values of C and 
dU/dC = 0 which can be shown by a discussion of the singularity of 
the vector field at this point. Consequently these curves intersect 


SPHERICAL DETONATION AND DEFLAGRATION WAVES 429 

the shock ellipse before they intersect the critical line C = 1 - (7 at 
which the direction of f would be reversed. 

163, Spherical detonation and deflagration waves 

Other interesting quasi-simple waves, as solutions of the differential 
equation (162.04), are spherical detonation waves. Let us recall the 
situation for one-dimensional detonation waves. It was seen in 
Chapter III, Part E,that the process of detonation, considered as a dis¬ 
continuity like a shock, is uniquely determined by the nature of the 
burnt gas and by the energy available for release; the process is inde¬ 
pendent of the conditions behind it provided that we adopt the 
Chapman-Jouguet hypothesis, which states that the velocity of the 
gas immediately behind the detonation front is sonic. It was seen 
that the burnt gases behind the detonation front could adjust them¬ 
selves through a centered simple wave so as to come to rest, see 
Section 90. The problem now arises whether or not the same is 
possible for the flow of the burnt gases behind a spherical detonation 
front, if we assume again that the Chapman-Jouguet hypothesis 
is valid. This condition in terms of front speed H, gas and sound 
velocity Ub and Cd behind the front, h Z — Ub — Cd or 

(163.01) 1 - f7z> = Cz>. 

In other words, the state behind the front is represented by a 
point U = Ub j C = Cb j determined by the nature of the detona¬ 
tion, on the critical line I — U = C. The integral curve through 
this point is then to be continued in the direction of increasing rj. 
From Figure 11 one sees that such an integral curve ends at the 
point U = 0, C = I provided that the point {Ud , Cd) lies on a 
certain section 0 < C7 < C/if, 1 > C > of the critical curve. 

A simple discussion of the vector field in the neighborhood of 
the point U = 0, C = 1 shows that rj approaches a finite value rjo 
on approaching this point on any integral curve. Hence the detona¬ 
tion wave is terminated by an inner core which expands from the 
origin with sound speed Co = fo = . Inside this core the gas 

is at rest while the sound speed has the constant value Co = fo there. 
The pressure distribution in the wave can be found by solving the 
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third equation (162.01). This problem was first formulated and 
solved by G. I. Taylor. 

It appears from this solution that spherical detonation waves 
are possible in which the detonation front expands with constant 
speed as determined by the Chapman-Jouguet condition. At the 
same time, however, these waves show features which contradict 
certain basi^assumptions of the detonation theory. Differential 
equations (162.01) show that and dC/dr] are infinite at a point at 

which I — U = Cy because then Z) = 0. In other words, the rates of 
change of the quantities u and c, and also p, are infinite immediately 
behind the detonation front. Now, one of the basic assumptions 
of the discontinuity theory of the detonation process is that the 
changes of the significant (quantities in the flow process behind the 
front over a distance of the width of the detonation front are negligible. 
This assumption is evidently violated in the spherical detonation 
waves just discussed. A\'c may draw the conclusion that, in spherical 
detonation waves, the detonation process is no longer independent 
of the rarefaction process behind it and that this rarefaction process 
interferes with the internal mechanism of the detonation process. 
As a matter of fact the result of this interference, in an actual spherical 
detonation process, is that the front is propagated with a speed less 
than that derived from the Chapman-Jouguet hypothesis. 

We mention that spherical combustion or deflagration waves can also 
be described by our quasi-simple waves. We assume that the 
combustion process can be interpreted as a discontinuity progressing 
with a given burning speed relative to the unburnt gas ahead of it, 
see Section 91. Then the combustion process sends out a compression 
wave ahead of it which is preceded in its turn by a shock front. The 
compressed gas, on crossing the deflagration front, bums and comes 
to rest. 

The pre-compression wave is of the same nature as the wave 
produced by an expanding sphere and hence is represented by the same 
branches of the integral curves in the (C/, C)-plane. The only dif¬ 
ference is that this compression wave terminates at a value Uc of 
U less than one. This value Uc is then to be so adjusted that 

^ Uc — |c(l — J7c) is just the prescribed burning speed relative 
to the state of the unburnt gas ahead of it. The absolute speed 
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of the burning front can be determined from the condition that the 
burnt gas is at rest. 

164. Other spherical quasi-simple waves 

There are other interesting types of spherical quasi-simple waves. 
These are contracting compresrion waves terminated by an expanding 
'‘reflected" shock front behind which the. gas comes to rest. In the 
{U, C)-plane these waves are represented by curves starting either 
at the point f/ = 0, C = -1, or at [/ = 1, C - 0, crossing the 
point = 0, C = 0, and ending at the “shock ellipse” somewhere 
in the quadrant {/ < 0, C > 0. A simple discussion shows that y 
begins with a finite value ija on an integral curve starting at 17 = 0, 

= — 1 or at f/ = 1, C = 0. Thus these waves of the first type 
possess a contracting inner core inside of which the gas is at rest, 
while there is cavitation in the case of waves of the second type. 
A further discussion shows that on crossing the point U = 0, C - 0, 
the value of y becomes zero in such a way that the quantities u = y"' U 
and c = pass through finite values. We note that u is negative 
and c positive throughout the wave. At the point at which the 
integral curve meets the shock ellipse we have 1 — 1/ > C or 
^ — u > c; in other words, the flow relative to the front is supersonic 
there, as it should be ahead of a shock front. The shock front is 
therefore crossed in the proper direction. By letting r tend to infinity 
while t is kept constant, we have y -*0. Hence the quantities u and 
c approach for r ^ oo those values that they assume for f = 0; in 
other words at an infinite distance the flow has a finite negative ve¬ 
locity and a finite sound speed. 

It is natural to ask whether or not there are quasi-simple waves 
preceded by a contracting shock front and terminated by an expand¬ 
ing “reflected” shock front. The state behind a contracting shock 
front is represented in the (U, C)-plane by a point on the lower 
branch of the shock ellipse with C <0,0 < U < 1 — y. An integral 
curve through such a point continued in the direction of increasing 
y intersects the critical line 1 — U = —C. Consequently, no such 
wave flow exists behind a contracting shock front which could be 
continued to times t > 0. Flows involving reflected shock fronts 
can therefore not be quasi-simple waves. 



432 


FLOW IN THREE DIMENSIONS 


CHAP. VIC 


165. Reflected spherical shock fronts 

We add a few remarks about a treatment of the problem of 
reflected spherical shock fronts, by Guderley [193]. G uderley assumes 
the flow behind the contracting front to be of the progressing type 
considered in Section 161, with the leading shock ahead of the wave so 
strong that the relations (161.03) and (161.05) for the state behind it 
may be assyjBed; also /c = 0 is assumed according to (161.04). The 
vector field in the ({/, C)-plane corresponding to the differential 
equation (160.07) for values X 1 is more complicated than that for 
\ = 1, see Figure 11, but has several features in common with it. 
There are several singular points at which A = 13 = 0, see (160.06). 
From the relation 

2(1 - U)B - (y - 1)A = [2(1 - aU) - S{y - l)aU]D 

(to which one is naturally led in deriving the expressions (160.06)), 
one sees that 4 = B = 0 implies either 2(1 - aU) — S(y - l)aU = 0 
or D = 0. The singular points on the critical lines D = 0 are ob¬ 
tained by setting C'‘ = (1 - Uf in the equation .4=0. There are 
five, three, or one singular points depending on whether the quadratic 
equation (1 - aU)U - [3af7 - y-'(2 - 2a - ««)](! - U) = 0 has 
two, one, or no real roots. These singular points are of the saddle 
point type and it turns out that through each of them just one integral 
curve passes so that the sign of dri is not reversed on crossing the criti¬ 
cal line D = 0. Thus these points offer the possibility of crossing from 
a subsonic to a supersonic flow. Guderley has found that the integral 
curve which starts at the point [/=(!— i/), C = —juVl -f 
corresponding to the state behind an infinitely strong contracting shock, 
see (161.05), just passes through one of these singular points if a 
has the value a = .717 {a = .834 in the case of cylindrical flow). 
The curve then crosses the point U = C = 0 thus leading from points 
corresponding to < < 0 to points corresponding to < > 0. It is then 
not difficult to fit a reflected expanding shock front into the resulting 
flow in such a way that the gas behind this shock front is at rest in 
the center and, outside of the center, comes gradually to rest as the 
time increases indefinitely. The fact that « = .717 is less than one 
implies that the contracting strong shock front acquires infinite velo¬ 
city when it reaches the center. Also, the reflected shock leaves the 
center with infinite velocity, but then becomes gradually weaker. 
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One of Guderley’s important results is that the pressure behind 
the reflected shock front is about 26 times the pressure behind the 
incident shock front, as compared with the ratio 17 for cylindrical 
and the ratio 8 for one-dimensional strong shock reflections, see 
Chapter III, Section 70. 

Is this pattern of shock reflection an accidental possibility or is 
it typical in the sense that every process of shock reflection would 
involve a flow which behaves similarly in the neighborhood of the 
origin? The answer does not seem certain at present. 

166, Concluding remarks 

The discussions of the preceding chapter exhibit again the prelimi¬ 
nary character of the theory of nonlinear wave motion. All that has 
been achieved is the construction of particular solutions adapted to 
special situations, and we are far from a theory which determines the 
flow uniquely under given boundary and initial conditions. Never¬ 
theless, it is an encouraging fact that some of the flow patterns, 
obtained mathematically, agree well with physical phenomena. But 
it is conceivable that in some cases other solutions exist which may 
well represent observable flows. The confidence of the engineer and 
physicist in the result of mathematical analysis should ultimately 
rest on a proof that the solution obtained is singled out by the data 
of the problem. A great effort will be necessary to develop the 
theories presented in this book to a stage where they satisfy both the 
needs of applications and the basic requirements of natural 
philosophy. 
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front. 

in shallow water, 132 
Boundary conditions, for hyperbolic 
differential equations, 56, 57 
for steady plane flow, 367 
Boundary layer, 345, 376 
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in centered rarefaction wave, 98, 
104, 107, 273 

r-, 44 

straight, 60, 97 
Chen, 395 
Chien, 403 

Circulation, conservation of, 19 
Circulatory flow, 252 
Collision. See Interaction. 
Combustion, 204, 206, 429. See also 
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Condensation wave. See Compression 
wave. 
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non-linear, 74 
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70 

totally hyperbolic, 70, 72 
two functions of several variables, 
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two functions of two variables, 37 
Diffuser, 394, 414 

Direction, characteristic, 40, 42, 72 
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Discontinuity. See also Shock. 
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turbance. 
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Donov, 364 
Double wave, 77 
Drag, 363,404. See also Thrust. 
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cylindrical, 377 

two-dimensional, flow in, 282, 317, 
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Earnshaw, 1,87,118 
Edge direction, 64 
Elastic, 237 

Elastic-plastic material, 10, 235 
Elementary interactions, 174 
analysis, 182 

Elliptic differential equations, 41 
End point in hodograph plane, 411 
Energy, binding, 205 
binding molecular, 205 


Energy, carried by spherical wave, 
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complete, 205, 207 
conservation of, 15,122,206,297,299 
internal, 4, 205 
of formation, 205, 208 
of progressing wave, 421 
separable, 6, 132 
Engineering stress, 236 
Enthalpy, 4, 17, 125, 207 
complete, 207 
specific, 4, 17 

Entrance Mach number, 369 
Entropy, 4, 7 

across a shock, increase of, 122,141, 
301 

in a Chapman-Jouguet process, 212 
Envelope in compression wave, 108, 

no, 168, 281 

Epicycloid, 262, 275, 353 
Equation of continuity, 14, 26 
Equation of state, 6 
caloric, 4, 6, 121 

Equations of motion. See Differ¬ 
ential equations of motion. 

Escape speed, 101. See also Cavita¬ 
tion. 

Euler's equations of motion, 12 
Exceptional direction, 63, 258 
Excess pressure ratio, 154 
Existence of solution of flow equa¬ 
tions, 58, 59, 109, 219 
Existence of si-eady state, 367 
Exothermic character, 208 
Expansion wave. See Rarefaction 
wave. 
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Ferrari, 403 
Ferri, 395, 416 
Finite differences, 57,197 
Flame front, 204 

Flow, adjacent to region of constant 
state, 61. Sea also Simple waves. 
against projectile, 407 
along body of revolution, 398 
around bump, 278, 356 
around concave bend, 273, 278, 817 
around convex bend, 27Q 
circulatory, 252 
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Flow, conical, 406 
cylindrical, 27, 29, 416 
in a cone, 377 
in a conical duct, 414 
in a duct, 282, 317, 368 
in jet, 289, 377, 387 
in nozzle, 377, 387 
irrotational, 19, 26 
isentropic, 18, 20, 88, 421 
isentropic irf^ffesitional steady plane, 
26, 38, 46, 247 
mixed,370 
nonsteady, 28 
one-dimensional, 28, 36^ 37 
isentropic, 37, 38, 45, 79, 88 
non-isentropic, 38, 70 
parallel, 284 

past airfoil, 296, 350, 356, 369 
past body of revolution, 398 
past obstacle, 369 
past wedge, 277, 296, 317 
plane. See Plane flow. 
radial, 253 
Ringleb’s, 255 

spherical, 29, 30, 37, 46, 396, 416 
spherical isentropic, 37, 46-, 421 
steady, 18, 22, 25 
non-isentropic, rotational in two 
dimensions, 70 

with cylindrical symmetry, 27,38, 
48, 397 

subsonic, 10,18, 250, 314, 369 
supersonic, 18, 47 

through a two-dimensional sector, 
377 

Flow equations. See Differential 
equations of motion. 

Flow speed, 16 

relative to reaction front, 215 
relative to shock front, 141,147,304 
Fluid motion, equations of. See 
Differential equations of motion. 
Folium of Descartes, 308. See also 
Shock polar. 

Formation, energy of, 205 
Forward-facing simple wave, 93 
Frankl, 371,395 
Front, flame, 204 
shock. See Shock front. 
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7, 6, 9 

7 = - 1,10 

r-characteristics, 44, 80, 88, 262 
Gases, ideal, 6, 8 

polytropic. See Polytropic gases. 
Giese, 78 
Gortler, 371 
Guderley, 420, 432, 433 

H 

Hadamard, 2, 110 
Harmonic function, 369 
Hartmann, 389 
Head of wave, 93 

Heat conduction, 118, 134 , 233, 345 
Heat content. See Enthalpy. 
Hodograph, 39, 62, 248, 381 
Homogeneous differential equations, 
39 

Hooke’s law, 11 
Hugoniot, 1, 119, 121, 126 
Hugoniot conditions. See Shock con¬ 
ditions. 

Hugoniot function, 138, 142, 209 
Hugoniot relation, 126, 138, 148, 208 
Hydraulic method for nozzle flow, 382 
Hyperbolic differential equations, 41 
boundary conditions for, 57 
canonical, 44 

Riemann theory of, 90, 192 
Hypergeometric function, 90,195 
Hysteresis, 243 

I 

Ideal gases, 6, 8 
Impact-loading, 240 
Impact velocity, 241 
Impedance, acoustic, 5, 31, 81 
Impulse, of progressing wave, 421 
of spherical wave, 418 
Incidence, angle of, 320 
Incident shock front, 152, 319 
Incomplete rarefaction wave, 101,105, 
270, 277 

Indeterminacy, degree of, 221,234 
Influence, range of, 51, 82, 83 
Initial value problem, 48, 56, 73 
Instability, 367 

Interaction, in elastic-plastic mate¬ 
rial, 245 
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Interaction, one-dirnensional flow 
173 

plane flow, 283, 286, 318, 335, 350 
Interior ballistics. See also Detona¬ 
tions and Deflagrations. 
Lagrange's problem in, 173 
Internal energy, t, 205 
Internal mechanism, of deflagration, 
227, 232 

of detonation, 232 
of shock, 135 

Intersection. See Interaction. 
Invariants, Riemann, 87, 156, 192 
Inverted Mach configuration, 335 
Irreversible processes, 4,116 
Irrotational flow, 19 
Irrotational steady plane flow, isen- 
tropic, 25, 38, 46, 247 
Isentropic flow, 18, 20, 88, 421 
Isentropic process, 5 
Iteration, 49, 73 

J 

Jacobian, 39 
Jet detachment, 376 
Jets, 289, 387 
Jouguet, 204, 212, 276 
Jouguet-Chapman. See Chapman. 
Jouguet's rule, 215 
Jump conditions across shock front, 
121, 299 

K 

V. Kdrmdn, 403, 404, 405 
Kinematic shock condition, 133 
Kisenko, 395 
Kopal, 414 

L 

Lagrange’s equations of motion, 12,30, 
38, 106, 238 

Lagrange’s problem, 173 
Lagrangian representation, 12, 30, 91, 
106, 132, 236 
Lazarus, 389 
Le Chatelier, 204 
Legendre function, 196 
Legendre transforms, 249, 251 
Lewy, 48 
Liepmann, 345 
Lift of airfoil, 363 


Lighthill, 403, 405 

Limiting cases of oblique shock, 313 
Limiting line, 68, 250, 253, 254, 256 
Linear differential equations, 44, 73 
Linear waves, 2 
Love, 173 
Ludloff, 395 

M 

Maccoll, 403, 408, 412, 414 
Mach, 332 

Mach angle, 259, 260, 262, 264, 275 
Mach configuration, 334 
direct, 335 
inverted, 335 
stationary, 335, 373 
Mach lines, 47, 54, 70, 259, 262, 304. 
See also Characteristics. 
cross, 267, 271 

Mach number, 18, 149, 154, 262, 338 
Mach reflection, 331, 342, 372 
Mach shock disc, 387 
Mach shock front, 334, 373 
Mach shock line, 336 
Mallard, 204 

Mass, conservation of, 14, 122, 134, 
206, 297, 299 
Mechanical models, 130 
Mechanical shock conditions, 130,206, 
301 

Mechanism, internal. See Internal 
mechanism. 

Mixed flow, 370 
Moderate shock, 353 
Molecular binding energy, 205 
Momentum, conservation of, 15, 122, 
134, 206, 297, 299 
Moore, 403, 404 

N 

n-tuple wave, 77 
AT-wave, 164 

V. Neumann, 177, 178, 226, 227, 232, 
321, 327, 332, 342 

Non-exceptional direction, 64, 258 
Non-isentropic flow, 38, 70, 199 
Non-linear waves, 2 
Non-steady flows, 28 
Non-uniform shocks, 160 
Normal shock, 313. See also Shock, 
one-dimensional. 
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Nozzle, 371,377,387 
de Laval, 377, 380 
hydraulic method for, 382 
perfect, 394 

with diverging opening, 389 
with non-diverging opening, 388 

O 

Oblique reflec^jign, 318 
Oblique shockfronts, 294 
One-dimensional flow, 79 ' 
boundary conditions for, 82 
characteristics for, 45^80 
differential equations of, 28, 30, 37, 
80 

shocks in, 116 
Oswatitsch, 396 

Overtaking of waves. See Inter action . 

P 

Parallel flow, duct to deflect, 284 
duct to induce, 285 
Particle path, 98, 104. See also 
Streamline. 

Path, 79 

of shock front, 162 
Payman, 182 

Penetration, of rarefaction waves, 179, 

191 

Permanent strain, 244 
Perturbation method, 357, 360, 364, 
398 

Pidduck, 173 

Piston, moving in gas, 79,99, 111, 120, 
218 

Piston path, 79 
Plane flow, 247 
boundary conditions for, 367 
characteristics for, 46, 259 
differential equations of, 25, 38, 46, 
247 

shocks in, 294 
subsonic, 250, 314, 369 
Plastic, 237 
Poisson, 118 
Polachek, 339 
Polars, shock, 306, 353 
Poly tropic gases, 6 
Bernoulli's law, 22 
Hugoniot relation, 148 
shock polars, 306 


Poyltropic gases, shock relations, 
148, 302 

shock strength, 154 
Potential, 19, 248, 250, 382 
Potential equation, 369 
Potential lines, 258, 259 
Prandtl, 137, 142, 147, 395 
Prandtl-Meyer waves, 267. See also 
Simple waves. 

PrandtPs boundary layer theory, 137 
PrandtPs relation, 146, 302 
Pre-compression wave, 224 
Pressure, expansion in shock strength, 
158 

expansion in simple wave strength, 
95, 292 

Pressure-density relation, 5, 6, 10 
Pressure ratio, excess, 154 
reflected, 154, 327, 342, 433 
Primakoff, 424 
Progressing waves, 419 
Projectile, flow against, 407 

Q 

Quasi-linear differential equations, 37 
Quasi-simple waves, spherical, 424 

R 

Radial flow, 253 
Range of influence, 51, 82, 83 
Rankine, 1, 119, 121 
Rankine-Hugoniot conditions. See 
Shock conditions. 

Rarefaction wave, 79,94,99,275. See 
also Simple wave. 

and contact discontinuity, 180, 197 
cavitation, 102 

centered, 103,104,107,194, 223, 241, 
268 

complete, 101, 105, 270, 278, 291 
incomplete, 101, 105, 270, 277 
Lagrangian, 107 

overtaking shock, 161,176, 180, 202, 
350,353 

shock overtaking a, 175,180 
velocity profile, 96 
Rayleigh, 2,119 

Reaction, internal mechanism, 232 
Reaction front, determinacy of gas 
flow with, 218, 234 
flow speed relative to, 215 
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Reaction processes, 204. See also 
Detonations and Deflagrations, 
Reaction rate, 228, 232 
Reaction zone, width, 232 
Receding shock waves, 128,129 
Reducible differential equations, 39, 
44, 59 

Reflected shock front, 152, 319 
Reflection, 152, 318 
angle of, 320 
conical shock, 416 
elastic-plastic material, 245 
head-on shock, 152, 178, 326 
Mach, 331, 342, 372 
oblique shock, 318 
one-dimensional shock, 152, 178 
regular, 319, 372 

of shock waves on contact surfaces, 
178, 318 

simple wave, 288 
sonic, 154 

spherical shock fronts, 417, 432 
strong oblique, 323, 391 
weak oblique, 323 
Refraction of shocks, 178, 197, 318 
Regular reflection, 319, 372 
in poly tropic gas, 329 
Resistance, of airfoil, 363 
of cylindrical body, 404 
Reversible process, 4 
Revolution, flow along a body of, 398 
Riemann, 1, 87, 90, 118, 181 
Riemann invariants, 87,156,192 
Riemann problem, 181 
Riemann's function jB, 196 
Riemann theory of linear hyperbolic 
differential equations, 90,192 
Ringleb^s flow, 255 
Rocket, 392 

S 

Sector, flow through a two-dimen¬ 
sional, 277, 296, 377 
Seeger, 327, 342 
Separable energy, 6, 132 
Shallow water theory, 32,132 
Shaw, 196 
Shock, conical, 411 
determinacy of, 138, 317 
entropy change across, 122,141,301 
in elastic-plastic material 243 
internal mechanism, 135 


Shock, in water, 132 
moderate, 161, 353 
non-uniform, 160 

normal, 313. See also Shock, one¬ 
dimensional. 
oblique, 294 
limiting cases, 313 
one-dimensional, 116 
sonic, 314, 323, 343. See also Sonic 
and Sound. 
spherical, 421 

strong, 154, 155, 314, 325, 421 
two-dimensional, 294 
unstable, 317 

weak, 131, 132, 147, 155, 301, 312, 
320, 353 

Shock condition(s), invariance of, 125 
kinematic, 133 
Lagrangian, 132 
mechanical, 130, 206, 301 
one-dimensional, 121, 134, 148 
plane, 299 
spherical, 421 

Shock curve, 294. See also Shock 
path. 

Shock discontinuities, 109. See also 
Shock, Shock wave, and Shock 
front. 

Shock front, 1, 3, 79, 119. See also 
Shock wave and Shock. 
back side, 119,127, 299 
configurations of three, 332 
conical, 411 

front side, 119, 127, 299 
incident, 152,320 
Mach, 334, 373, 387 
meeting contact surface, 178, 197, 
318 

meeting simple waves, 175,191,199, 
350 

oblique, 294 

overtaken by rarefaction wave, 161, 
175,180, 202, 350, 353 
overtaking rarefaction wave, 175, 
180, 350 

position of, 162, 353 
reflected, 152, 320 
reflection. See Reflection. 
refraction, 178,197,318 
speed, 119,141,159,304 
spherical, 417,421 
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Shock front, stationary, 129, 298, 300, 
320, 335, 373 

velocity, 119,122,127,141,159, 304, 
422 

Shock lines, 119, 316 
Shock motion, models, 129 
Shock path, 162. See also Shock 
curve. 

Shock polar, 306, 353 
Shock refiecti«%. See Reflection. 
Shock strength, 154 
expansions in, 158 
Shock tubes, 181 

Shock velocity, 119,122,427,141, 159, 
304, 422 

Shock wave, 99, 119. See also Shock 
front and Shock. 
decaying, 164, 354 
in elastic-plastic material, 236 
in tube, 1^ 
receding, 128 
width, 164 

Shock zone, width, 137 
Simple wave, 59,77,88,92,99,265,273 
centered, 62, 103, 107, 194, 223, 241, 
268,277 

compared with weak shocks, 156, 
350 

complete, 101, 105, 270, 278, 291 
compressive. See Compression 
wave. 

cross-characteristics in, 98,104,107, 
267, 271 

elastic-plastic material, 236,240,243 
expansions for pressure, etc. 95, 292 
expansive. See Rarefaction wave, 
formula for, 95, 290 
incomplete, 101,105, 270, 278, 291 
in Mach configuration, 332 
interaction, 176,180,189, 283, 286 
Lagrangian, 106 

meeting shocks, 161, 175, 199, 350 
particle path in, 98, 271 
reflection, 288 

straight characteristics in, 60, 97 
tables of quantities, 293 
velocity profile, 96 
Smith, 342 

Solution, determinacy of, 86,138, 218, 
234, 375 

existence and uniqueness, 51,58,85, 
109,219, 367 


Solution, stability, 367 
Sonic. See also Sound. 

Sonic discontinuities, 116 

Sonic disturbance, 84, 121, 301, 313 

Sonic propagation, 116 

Sonic reflection, 154 

Sonic shock, 314, 323, 343 

Sonic wave, 320 

Sound. See also Sonic. 

Sound speed, 2, 5, 7, 84 
Sound waves, 82, 94, 131 
Space-like curves, 57, 84, 219 
Specific energy, 4 
Specific enthalpy, 4, 17 
Specific heat, 17 
Specific volume, 4 
Speed. See also Velocity. 
critical, 23, 146, 308 
escape, 101 

flow. See Flow speed. 
limit, 23 

of shock front. See Shock velocity. 
of sound, 2, 5, 7, 84 
Spherical blast waves, 417, 422 
Spherical detonation and deflagration 
waves, 429 

Spherical flow, 29, 30, 37, 46, 416 
Spherical quasi-simple waves, 424 
Spherical shock front, 421 
reflection, 417, 432 
Spherical waves, 416 
Stability of solution, 367 
Stagnation point, 318 
Stationary Mach configuration, 335, 
373 

Stationary shock front, 129, 298, 300 
Steady flow, 18, 22, 25 
with cylindrical symmetry, 27, 38, 
48, 397 

Steady plane flow, boundary condi¬ 
tions for, 367 

isentropic irrotational, 25,38,46,247 
Steady state, 88 
existence of, 367 
Stoker, 34 
Stokes, 1,108,118 
Stokes* stream function, 398 
Stopping shocks, 243 
Straight characteristids of simple 
wave, 60, 97 
Strain, 11, 235 
permanent, 244 
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Stream function, 27, 28, 70, 248, 250, 
369, 382 
Stokes’, 398 
Streamlines, 27, 70, 271 
Stream surfaces, 28 
Strength, shock, 154,^323 
Stress, 11, 235 
engineering, 236 

Stress-strain relation, 11, 236, 246 
Strong deflagration, 211, 218, 229 
Strong detonation, 211 
Strong reflection, 323 
Strong shock, 154, 155, 314, 325, 421 
Subsonic flow, 10,18, 250, 314,367,369 
Supersonic flow, 18, 47 
Surface, contact, 119, 126, 178, 298 

T 

Tail of wave, 93, 101 
Taylor, 383, 408, 412, 414, 422, 423, 
427 , 428 

Terminal state, 179 
Thermodynamic notions, 3 
Thomas, 137 

Three-dimensional flow, 377 
Throat, 380 

Thrust, 392. See also Drag. 
Time-like, 57, 84, 219 
Total energy, 15 
Tin spherical wave, 418 
Totally hyperbolic differential equa¬ 
tions, 70, 72 

Transformation, hodograph, 39, 62, 
248, 381 

Transforms, Legendre, 249, 251 
Transition curve, 69, 258, 382 
Transition lines, 256 
Tricomi, 371 
Tubes, shock, 181 

Two-dimensional flow. See Plane 
flow, 

U 

Uniform compressive motion, 150 
Uniqueness of solution, 51,58,85,109, 
219, 367 

Unstable shock, 317 
V 

Velocity. See also Speed, 
burning, 228, 232, 2^ 


Velocity deflagration, 204, 209, 212, 
215 

detonation, 204, 209, 212, 215 
impact, 241 

shock, 119, 122, 127, 141, 159, 304, 
422 

sound, 2, 5, 7, 84 
Velocity potential, 21 
Velocity profile, 96 
Vielle, 20 i 

Viscosity, 118, 134, 345, 371, 374 
Viscous boundary layer, 376 
Volume, specific. 4 
Vortices, 289, 298, 347 

W 

Water, 8, 32, 132, 424 
Wave, backward facing. See Back¬ 
ward-facing simple wave. 
blast, 417, 422 

combustion. See Dedagration wave. 
compression. See Compression wave. 
condensation. See Compression 
wave. 

cylindrical. See Cylindrical wave. 
deflagration. See Deflagration wave. 
detonation. See Detonation wave. 
disturbance. See Disturbance wave. 
double, 77 

expansion. See Rarefaction wave. 
forward-facing. See Forward-fac¬ 
ing simple wave, 
head of, 93 

isentropic progressing, 421 

linear, 2 

n-tuole, 77 

AT-, i64 

nonlinear, 2 

pre-compression. See Pre-comprea- 
sion wave. 
progressing, 419 
in water, 424 

rarefaction. See Rarefaction wave. 
reflected. See Reflected wave. 
shock. See Shock wave. 
simple. See Simple wave. 
sound. See Sound and Sonic 
spherical, 416 
spherical blast, 417 422, 
spherical detonation or deflagration 
429 
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Wave, spherical quasi-simple, 424 
tail of, 93 

Wave equation, 19, 370, 402 
Wave form, 96 

Wave propagation in elastic-plastic 
material, 235 

Weak deflagration, 211, 234 
Weak detonation, 211, 218, 231 
Weak reflection, 323 
Weak shock,*fBl, 132, 147, 155, 301, 
312, 320, 353 

Wedge, flow past, 277, 296, 377 


Weyl, 141, 142, 144, 215 
Width of deflagration zone, 227, 
of detonation zone, 231 
of shock zone, 137 
of shock wave, 164 

Z 

Zone of deflagration, 227, 232 
Zone of detonation, 231 
Zone of penetration, 179 
Zone of shock, 137 
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